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ABSTRACT

Due to diversity in nature, fluids are present everywhere in universe. We go through

air, a form of fluid. We use water in our everyday life, which is much important fluid

for the perpetuity of living organism. We use fluid in the form of gases for breathing

and for different activities of everyday life. The whole universe is covered with the

invisible layers of gas. A gas flows through conduction, convections and radiations.

The flow of such gaseous materials attracted different researchers of mathematical

society. The main theme of this Thesis is the investigation of the behavior of thermal

diffusion in the radiating flow of gases. Flow is studied in an open ended channel,

which is stationary and having uniform temperature. Fluid is gradually moving

under the effect of temperature. We used Laplace transform for the solutions of non

dimensional fractional governing equations of radiating flow. Moreover Caputo time

fractional derivative have been used for the dealing of temporal derivative. Closed

form analytical solutions for Velocity field and thermal expansions are expressed

as Robotnov function, Wright and Hartley function. The effects of factional order

parameter α, Prandtl number Pr, Grashof number Gr, Radiative parameter R are

examined by the graphical interpretations. It is observed that small value of time

t has a role activator at the fluid velocity for increasing values of factional order

parameter α. Where, large value of time ’t’ inhibits the flow of fluid for increasing

values of factional order parameter α. Large values decreases velocity but the effect

of large value of time with increasing value of Prandtal is not significant. Increased

in value of radiating parameter R decrease the speed of gas and finally Grashof

number Gr has direct relation with velocity. The fractional differential equation

for temperature distribution operated by Laplace transform. The partial differential

equation of velocity is solved numerically with nanoparticle namely copper with the

water as based fluid by using Stehfests algorithm. The effects of fractional order

derivative and physical parameters are graphically investigated.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

This chapter containing the introductory preliminaries of the current thesis

work. In subparts of the thesis we included problem statement, research objectives

and methodology and outlines of the thesis.

1.1.1 Fluid and Solid

Matter exists only in two forms, fluid and solid. A solid can resist an external

shear, which may be a cause of a possible deformation in the shape of solid. Fluid

deforms continuously under the action of that external shear. Moreover that shear

produces a role of activator and produce the motion in fluid. Liquid and gases both

are classifieds as fluid. In universe each object is either fluid or moving in the layers

of fluid.

1.1.2 Newtonian and Non Newtonian Fluids

The applied shear to a fluid element causes a deformation at the element,

continuously. If this deformation is a linear function of the shear stress, then fluid

is Newtonian. Air, water and glycerin are examples of Newtonian fluid. On the other

hand if the relation of shear and deformation is not linear, we say that the fluid is

non-Newtonian, e.g. Honey and blood clots.
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1.1.3 Steady and Unsteady Flows

In a moving fluid if each property (velocity V, pressure p, density temperature

and so on) of fluid is a function of time, the flow is called steady flow otherwise

unsteady flow. For unsteady flows we must have initial condition at the fluid property.

1.1.4 No slip, no temperature jump condition

In a wall driven flow of a viscous heat conducting fluid, the following

condition is known as no slip condition.

Vwall = Vfluid particles attached to the wall

Where no temperature jump condition is

Twall = Tfluid particles attached to the wall

1.1.5 Laplace transform

Integral transform namely Laplace transform is useful in various initial and

boundary value problems which governed the different physical phenomenal. It is

used in transients in dynamics and is applicable in electrical circuits. Researchers

used Laplace transform to investigate the properties of Convectional, Impulsive,

rotational and different types of flows [1–7] The Laplace transform of a function φ (t)

is defined as L {φ (t)} = F (p) =
∞∫
0

φ (t) exp(−pt)dt with p ∈ C L−1 {F (p)} =

φ (t) is the inverse Laplace transform of F (p) where exp(−pt) is identified as Kernel

function of Laplace Transform [8]. Piece wise continuity of the function f (t) for

t ≥ 0 and of exponential order are considered as sufficient conditions for the existence

of Laplace transform of φ (t). Where Exponential order α > 0 of can be defined as

|φ(t)| ≤ k1e
αt for t > 0 and k1 > 0 such that here exists t1 > 0 and this inequality

holds for all t > t1.

1.1.6 Conservation of mass (Equation of Continuity)

Mass is neither generated nor distressed, this statement is a well-known

universal law of Conservation of mass, it is also famous as Continuity relation. The
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mathematical form of Continuity equation is as follow

Dρ

Dt
+ ρ div V = 0 (1.1)

with D
Dt

= ∂
∂t

+ V.∇ containing D
Dt

as material, ∂
∂t

as Local and V.∇ as convective

part of derivative. V = u1

_

i + u2

_

j + u3

_

k is Velocity, ρ = ρ (x, y, z, t) is density of

the compressible fluid and∇ =
(
∂
∂x
, ∂
∂y
, ∂
∂z

)
is divergent or vector gradient operator.

Leftward side of this equation is known as Lagrangian part where right hand side

is recognized as Eularian part of the derivative of a fluid particle. Furthermore the

simplified form of equation eq (1.1) is

∂ρ

∂t
+

∂

∂x
(ρu1) +

∂

∂y
(ρu2) +

∂

∂z
(ρu3) = 0 (1.2)

is continuity equation having phenomena of compressibility and unsteadiness. For

steady and incompressible flow eq (1.2) gets the following form,

∇.V = 0 (1.3)

Equation (1.3) is also valid for unsteady and incompressible flows.

1.1.7 Law of Conservation of Momentum (Navier Stokes Equations)

In a moving frame of fluid, the particles of viscous fluid twisted Momentum

where this Momentum may not constant as the variations in velocity will be a cause

of deviation in Momentum. These variations occur due to external forces, identified

as surface and body forces of the fluid particles. This whole Phenomenon can be

ruled by the following constitutive equations. For the viscous fluid having density ρ,

absolute viscosity µ, which is flowing with velocity V = u1

_

i + u2

_

j the axial and

tangential form of the Momentum equations are

ρ

(
∂u1

∂t
+ u1

∂u1

∂x
+ u2

∂u1

∂y

)
= ρgx −

∂p

∂x
+
∂τxx
∂x

+
∂τyx
∂y

(1.4)

ρ

(
∂u2

∂t
+ u1

∂u2

∂x
+ u2

∂u2

∂y

)
= ρgy −

∂p

∂y
+
∂τxy
∂x

+
∂τyy
∂y

(1.5)

these equations expressed unsteady and incompressible flow on viscous fluid. τij =

µ
(
∂ui
∂zj

+
∂uj
∂zi

)
is second order tensor, with x1 = x and x2 = y . Here ρgx and ρgy
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are the body forces and ∂p
∂x

and ∂p
∂y

are pressure gradients. For incompressible and

unsteady flow these equations will be reduced to the following form

ρ
∂u1

∂t
= ρgx −

∂p

∂x
+ µ

(
u1
∂2u1

∂x2
+ u2

∂2u1

∂y2

)
(1.6)

ρ
∂u2

∂t
= ρgy −

∂p

∂y
+ µ

(
u1
∂2u2

∂x2
+ u2

∂2u2

∂y2

)
(1.7)

The above two dimensional equations are derived with the help of equation of

continuity.

1.1.8 Energy equation (First law of Thermodynamics)

According to this law the entire energy of a surrounding is the sum of work

done and heat delivered to the system. In the case of flowing system, the total energy

will moreover contain the Kinetic and Potential energy of the fluid particles. For

unsteady and incompressible unidirectional flow of viscous fluid, the energy equation

resolves in the following form

ρcp
DT

Dt
= k∇2T + φ (1.8)

Here ρ entitles density of the fluid, CP symbolizes specific heat, T is temperature, D
Dt

is total derivative, k is thermal conductivity,∇ is gradient operator and φ is viscous

dissipation function defined as φ = µ
(
∂u1
∂y

)2

with velocity V = (u1 (t) , 0).

1.1.9 Caputo time fractional derivative

The Caputo derivative of a function is

Dα
t t(y, t) =


1

Γ(1−α)

t∫
0

(t− τ)−α ∂T (y,τ)
∂τ

dτ ; 0 < α < 1

∂T (y,t)
∂t

; α = 1

(1.9)

β is fractional parameter such that 0 < β < 1 and Γ(x) =
∞∫
0

e−yyx−1dy is Gamma

function with <e (x) > 0. [9]
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1.1.10 Heat transfer

The traveling of heat from one phase to another is recognized as Heat transfer

and the heat flow signifies the drive of thermal energy [10,11]. These phenomena can

be organized by three different terminologies.

1.1.11 Conduction of Heat

The transformation of thermal energy from one portion to another, due to the

collision of heat particles is known the conduction of heat. The particles having more

kinetic energy accelerates those particles which are slower and heat flows from the

colder face to hottest portion. Conduction of heat can spot in a heated metal rod in

which the colder face of the rod will be heated after some time due to the transfer of

heat energy of closed pack atoms of rod.

1.2 Convection of Heat

A heated fluid is a carrier of thermal energy, which provides heat to the

surrounding. Such nature of heat transfer is called convection of heat. The example

of convection of heat is to place heater in a room in winters, after some time we will

realize that the thermal energy is spreading in all over the room.

1.3 Radiation of Heat

Physical mechanism of heat transfer through radiation is relatively different.

Thermal radiation generates from the discharge of electromagnetic waves. No bulk

is swapped and no medium is needed in the process of radiation. Electromagnetic

waves are the carrier of the thermal energy away from the radiating object. Thermal

expansion of heat from the sun is a best example of the radiation of heat.

1.4 Radiating Gas Flow

Thermal radiation takes place from the release of electromagnetic waves,

which are carrier of energy from discharges objects. Depending on quite a lot of
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factors, the emission may produce visible light. Radiation arises through translucent

media which may be solid or fluid. The phenomenon of radiation can be observed

through vacuums. Radiation of heat is the straight consequence of unsystematic

movements of atoms and molecules in a material. In gaseous medium, the flow

of electric current results in the discharge of electromagnetic radiation. It is a

well-known phenomenon that all materials (either solid or fluids) release thermal

energy. This emission based on the temperature of the material. The warmer

materials radiate more with the comparison of the colder ones. For example, Sun

radiates heat through the solar system, which is a form of thermal radiation which

depends upon atmospheric conditions. In the process of radiation when the heat

particles strikes to a surface, it can be seen that material object absorbed some part

of the radiating energy, some part transmits and the reflection of heat particles also

takes place. The mechanism of reflection is further divided in two types, namely

(i). Specular reflection (ii). Diffuse reflection. When the radiant energy strikes

to a material surface, some part of heat energy reflects, if the angle of incident

and angle of reflection are equal then such reflection is Specular reflection. After

reflection, if the incident stream of energy disperse regularly in all directions then such

reflection mechanism is known as diffuse reflection. Furthermore, material having

rough surfaces exposes diffuse demeanor, better than those surfaces which are highly

polished. On the other hand, in the case of specular, this behavior is quite opposite as,

highly polished surfaces are better specular than rough surfaces. In thermal sciences

the concept of radiating heat transfer through absorbing and transmitting media is

a well known phenomenon. Radiating gas flow is one best example of such type.

A complex situation can be seen during the radiation exchange of gases and those

surfaces which are responsible for heat transfer. In various situations gases are more

transparent to medium. Nitrogen N2 and Oxygen O2 are best examples of such type.

These gases show more transparent behavior at low temperature. On the other hand

the water H2O and Carbon di Oxide CO2 are very good in radiation. In the case of

gases we can assume that the media are nonreflecting.
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1.5 Fractional order derivative

More than 300 years ago the response of Leibnitz to L.Hospital gave birth to

the calculus of non-integer order derivative, known as fractional calculus. Later on

in a letter to J. Wallis and J. Bernulli (two contemporaries of Leibnitz), he provided

a possible approach to fractional order derivative. After that, this new branch of

calculus attracted many researchers and mathematicians. They provided gradually,

several definitions of the non-integer order derivative of a function. The list of

these mathematicians is long, but the famous ones are; Starkey, Fourier, Holbrook,

Goldman, Scott, Rose, Reimann-Liouville, Miller, Mauro Caputo, Grunwald-

Litnikov, Oldham and spanier, Rose Kolwankar, Gangal, Caputo- Fabrizio [12] and

Atangana-Balenua [13]. Applications of fractional order derivative can be seen in

various fields of Applied Mathematics [14–21].

1.6 Problem statements

(i) How to model the governing equation of natural convective flow in a channel?

(ii) What is the effect of channel on flow?

(iii) What are the main components of radiating gas flow?

(iv) What will be the appropriate non dimensional parameters?

(v) What is the role of temperature on radiating gas flow?

(vi) How to use Laplace transform in governing equation?

(vii) How can we use fractional model for radiating gas flow with Caputo time

fractional parameter?

(viii) What will be the effect of fractional parameter on the flow?

(ix) How to use the generalize functions to obtain closed form results?

(x) How to analyze the flow behavior from graphs?
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1.7 Research objectives

The specialities of this thesis are

(i) To study the radiating gas flow behavior of fractional viscous fluid, flowing

within a channel.

(ii) How much possessively the fractional parameter works in the radiating gas flow

in a channel?

(iii) How radiating parameter works in flow of gaseous substances?

(iv) What is the role of temperature in flow of gases within channels?

(v) What is the effect of fractional parameter on nano-fluids?

(vi) How to use Stehfest and Tezous algorithm for Laplace inversion?

1.8 Thesis Outlines

This Thesis book covered the mathematical and theoretical parts of the

radiating gas flows of multi substances. The whole book is divided into five chapters.

In chapter 1 we included the main preliminaries which are related to our model.

Research objectives, statement of the problem and thesis outlines also contributes

in this chapter. Chapter 2 contains an informative review of the literature regarding

to the natural convection in fractional fluids. In this chapter we highlighted various

model investigated by different researchers. In chapter 3 we discussed our own model

which describes the radiating gas flow in a channel. Exact Solutions, numerical

discussions and graphical observations are the main parts of this chapter. In Chapter 4

we summarized our work and claimed the final observations with future suggestions

for the new researchers, regarding to the gap in the research area of our model.



CHAPTER 2

LITERATURE SURVEY

2.1 Introduction

Some published literature is reviewed and included in this chapter. The whole

chapter consist a brief description related to radiating flows of gases.

2.1.1 Literature Review

In recent year a period of natural convection radiating flow has become one of

the most rapidly developed research fields. Numerous experimental, numerical and

theoretical studies of ordinary convection radiating stream of viscous fluids flowing

over an infinitely stretch plate, in vertical cylinders as well as in a channel have

been reported in the literature. For example, Preliminarily investigations study of

heat transfer from an enclosed assemblage of vertical cylinders by Arshad et al. [22].

Considerable work of Fujii et al [23] on the same area can be observed. He deliberated

the phenomenon of heat transfer with the influence of nano particles [24]. Numerical

investigation at the same line can be observed by Eldabe et al. [25], the same flow

over an inclined plane by Fujii et al. [26]. similarly flow which is nearer to a vertical

plate that employs a shearing force to the fluid, is scrutinized by Rubbab et al. [27]. A

flow with natural convection deliberated sideways an Isothermal vertical widen sheet

with viscousness hanging on hotness by Molla et al [28], Narahari et al. [29, 30] and

Tippa et al. [32], explored the natural convection flows in vertical channel. In the

past decades, theory of fractional calculus has gained considerable interest due to its

widely applications in different areas of Physics and Engineering [33]. Fractional

calculus has remarkable benefactions in reporting diverse scientific and industrial

implementation: theory of capacitors, viscoelasticity, electro-investigative chemistry,

electrical routes, nervous system studies and dispersion [34, 35]. Various researchers
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recommended several approaches to handle fractional differential equations of non-

linear and linear both types [36, 37]. Although there are lot of research works on

the fluid flows of frequent Mathematical representations employed the fractional

calculus to crack a diversity of applied fluid motion problems [38–45]. Although,

based on the previous inspections, we examined the definite results of the unsteady

normal convection radiating flow in open ended Upright/Straight up channel. The

channel is motionless with non-uniform temperature. The approach of fractional

derivative is adopted in the constitutive association of fluid model. The expressions

for the thermal expansion and velocity are constructed by mechanism of Laplace

transform. These solutions are symbolized with Wright function, Robotnov and

Hartley function. Finally, a debate about the outcomes of the various relevant

dimensionless parameters upon the flow characteristics closes to this work. In the

survey of thermal expansions, the contributions of various researchers in the field of

radiating gas flow can be found. A brief description of such flow can be examined by

the published article of Ping Cheng [49], who discussed the two dimensional radiating

gas flow. Where, the asymptotic behavior of such flows, with three different cases has

been investigated by Syozo Kubo [50]. He investigated the stagnation point flow

of gaseous substances. Radiated Gas flows of the space automobiles having large

size and super orbital velocity, is deliberated by Sergey Surzhikov [51]. Fetecau

et al [52] reported closed form solutions for Nanofluids. He considered Thermal

radiation in over the isothermal plate and used Caputo time derivative for the dealing

of Mathematical models of Nanofluids.

2.2 Nanofluid and Nano Technology

Nanofluids plays an important role in various branches of engineering, for

instance industrial cooling systems, nuclear reactors, solar collectors, transportation

industries, biochemical applications, heat exchangers, electronic cooling devices and

so forth. Therefore, numerous theoretical and computational investigations have

been performed on nanofluids in regular surfaces for saving energy as well as getting

better performance and minimizing operating costs. However, flow over roughened

surface is very common in industries and in several heat transfer devices since
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irregular surfaces transfer more heat energy compared to flat surfaces. Thus effects

of irregular surfaces on convective heat transfer enhancement have been carried out

by several investigators.

The idea of a nanofluid has been approached by Choi [53]. Xuan and Li [54]

introduced a procedure for preparing a nanofluid consisting of water and 5 volume

nanoparticles and revealed a great potential of nanofluid in enhancing the thermal

conductivity. Khanafer and Vafai [55] analyzed thermo-physical characteristics of

nanofluids. They introduced several relative correlations for the thermo-physical

premises of nanofluids based on available innovative data. Khanefer et al. [56]

explored the problem of buoyancy carrier heat transfer improvement of nanofluids

in an arena which is two-dimensional . They analyzed four disparate versions

deploy on the physical properties of nanofluid for a domain of Grashof numbers as

well as volume fractions. It was established that the ejected nanoparticles notably

increase thermal diffusivity rate with a suitable value of Grashof number. Santra et

al. [57] carried an investigation of heat transfer augmentation in a differently heated

squared cavity with copper-water nanofluid. Oztop and Abu-Nada [58] examined

natural convection flow in nanofluid filled partly heated rectangular envelopment

with different types of nanoparticles. Some interesting results exist in literature

about natural convection nanofluids are [59-64]. The review of literature clearly

indicates that the natural convection flow is mainly related to heated enclosures

of regular surfaces filled with nanofluids. Fractional calculus bargains with the

probes of integrals as well as derivatives of real valued functions (Oldham and

Spainier [65–68]). These models are more tolerable than the integer order models

which were commonly used. Because these derivatives and integrals depict the

memory and transmissible properties of various substances (Poddulony [69]).

Recently, the effect of fractional order for different fluid have been studied by

researchers [70-75].



CHAPTER 3

Analysis of Unsteady Natural Convective Radiating Gas Flow in a Vertical

Channel by Employing the Caputo time-Fractional Derivative

3.1 Introduction

This chapter consist the solutions for the flow models of gas flows having

radiation. The non-dimensional set of equation are operated be integral transform and

then the solutions are captured graphically.

3.2 Formulation of the Problem

Let us consider the natural convection flow of an unsteady viscous fluid is

viewed in a vertically oriented channel formed by opposite parallel plates placed

at gap of d apart. y-axis is taken along the direction of gas flow where x-axis is

considered normal to the gas flow direction. Initially, at time t = 0 the temperature

of the both plates and the fluid are assumed to be constant T∞. After t = 0+, the

temperature of the plate at y = 0, is maintained the initial temperature T∞ and

the temperature of plate at y = d, is raised, causing the flow of natural convection

current. Except density disparities along temperature T in the body force portion, all

the fluid possessions are persistent, under the traditional assumption of Boussinesqs

approximation, the flow can be view from following partial differential equations:

∂u

∂t
= ν

∂2u

∂y2
+ βg (T − T∞) (3.1)

ρcp
∂T

∂t
= k

∂2T

∂y2
− ∂qr
∂y

(3.2)



13

with the following initial as well as boundary conditions

u(y, 0) = 0, T (y, 0) = T∞ ,

u(0, t) = 0, T (0, t) = T∞,

u(d, t) = 0 , T (d, t) = Tw,

(3.3)

where g is gravity, cp is specific heat, β is coefficient of thermal expansion, at constant

pressure, ρ is density of gas, ν is kinematic viscosity, σ is the electric conductivity,

k is thermal conductivity and qr is the radiating parameter. Cogley et al. [46], show

that [47, 48]:

∂qr
∂y

= 4(T − T∞)

∞∫
0

kλw

(
debλ
dt

)
w

dλ, (3.4)

where kλ and ebλ are absorption coefficient and plank function respectively.

Substituting Eq.(3.4) into Eq. (3.2), which gives

ρcp
∂T

∂t
= k

∂2T

∂y2
− 4(T − T∞)I, (3.5)

where I =
∞∫
0

kλw
(
debλ
dt

)
w
dλ Using the non-dimensional variables

u∗ = ud
ν
, t∗ = tν

d2
, y∗ = y

d
, T ∗ = T∞−T

T∞−Tw ,

Gr = gβ(Tw −T∞)
ν2

d3 , Pr = µcp
k
, R = 4Id2

k
,

(3.6)

into Eqs. (3.1), (3.5), (3.3), we get

∂u

∂t
=
∂2u

∂y2
+GrT ; y ∈ [0, 1], t ≥ 0, (3.7)

Pr
∂T

∂t
=
∂2T

∂y2
−RT, (3.8)

u(y, 0) = 0, u(0, t ) = 0, u(1, t) = 0,

T (y, 0) = 0, T (0, t) = 0, T (1, t) = 1,
(3.9)

where Gr is the Grashof number, Pr is Parandtl number and R is the radiative

parameter. In this paper, we consider an ordinary model of velocity field and a time-

fractional model with Caputo derivatives for temperature described by a system of

equations, namely,

Dα
t u(y, t) =

∂2u(y, t)

∂y2
+GrT (y, t), (3.10)



14

PrDα
t T (y, t) =

∂2T (y, t)

∂y2
−RT (y, t), (3.11)

where, the Caputo derivative operator Dα
t T (y, t) is defined as

Dα
t T (y, t) =


1

Γ(1−α)

t∫
0

1
(t−τ)α

∂T (y,τ)
∂τ

dτ ; 0 < α < 1

∂T (y,t)
∂t

; α = 1.

(3.12)

3.3 Solution of the problem

3.3.1 Temperature Field

Utilizing Laplace transform to Eq.(3.11) and Eq.(3.9), we obtain the problem

in transform domain

(Pr qα +R) T̄ (y, q) =
∂2T̄ (y, q)

∂y2
, (3.13)

T̄ (0, q) = 0, T̄ (1, q) =
1

q
. (3.14)

The solution of the partial differential Eq.(3.13) subject to the conditions in Eq.(3.14),

can be written as

T̄ (y, q) =
1

q

sinh
[
y
√

Pr
√
qα + R

Pr

]
sinh

[√
Pr
√
qα + R

Pr

] (3.15)

Writing Eq.(3.15) in the below equivalent form, one can obtain the inverse Laplace

T̄ (y, q) =
1

q1−α

sinh
[
y
√

Pr
√
qα + R

Pr

]
qα sinh

[√
Pr
√
qα + R

Pr

] (3.16)

Now, utilizing results given in Appendix (A2) , the convolution theorem and the

formula

g(t) = L−1
{

1
q1−α

}
=

 t−α

Γ(1−α)
, 0 < α < 1,

δ(t), α = 1,

L−1
{

qα

q+a

}
= R1, α (t,−a) ,

(3.17)

where Rb, c (t, d) = L−1
{

qc

qb−d

}
=
∞∑
n=0

dnt(n+1)b−c−1

Γ[(n+1)b−c] ; Re(b− c) > 0 , is the Robotnov

and Hartley [17], we obtain.
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3.3.2 For 0 < α < 1

T (y, t) =
t∫

0

(t−τ)−α

Γ(1−α)
h
(
y
√

Pr, τ, R
Pr
,
√

Pr
)
dτ

=
∞∫
0

f
(
y
√

Pr, u, R
Pr
,
√

Pr
) t∫

0

(t−τ)−α

Γ(1−α)
τ−1φ (0, −α, −uτ−α) dudτ,

(3.18)

where h and f are two functions which are introduced in Appendix and φ is the

generalized Wright function. It is shown that the temperature can be expressed in

terms of Wright functions. For that, we take the image function, V (q) = 1
q
e−aq

σ
, a ≥

0, 0 < σ < 1 with the inverse Laplace transform z(t) = L−1 {Z(q)} (t) =

φ(1,−σ;−ay−σ) . Since, z (0) = lim
t→0+

z (t) = lim
q→∞

qZ (q) = lim
q→∞

q 1
q
e−aq

σ
= 0,

we have L {z′(t)} = qZ(q) − Z(0) = qZ(q) = e−aq
σ , respectively. L {z′(t)} =

qZ(q)− Z(0) = qZ(q) = e−aq
σ . Therefore,

t−1φ
(
0, −σ, −at−σ

)
=
dΦ (1, −σ, −at−σ)

dt
. (3.19)

Using Eq.(3.19), we have
t∫

0

(t−τ)−α

Γ(1−α)
τ−1φ (0, −α, −uτ−α) dτ =

Dα
t Φ(1, −σ, −ut−α) and Eq.(3.18), becomes

t∫
0

(t− τ)−α

Γ(1− α)
τ−1φ

(
0, −α, −uτ−α

)
dτ = Dα

t Φ(1, −σ, −ut−α). (3.20)

3.3.3 For α = 1

T (y, t) = f

(
y
√

Pr, u,
R

Pr
,
√

Pr

)
. (3.21)

3.3.4 Velocity field

Utilizing Laplace transform in Eq.(3.10), we get

qαū(y, q) =
∂2ū(y, q)

∂y2
+Gr

sinh
[
y
√

Pr
√
qα + R

Pr

]
q sinh

[√
Pr
√
qα + R

Pr

] (3.22)

ū(0, q) = 0, ū(1, q) = 0. (3.23)
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Solution of Eq.(3.22) subject to conditions in Eq.(3.23) is

ū(y, q) =
Gr

(1− Pr)

qα−1

qα + a0

 sinh
[
y
√

Pr
√
qα + R

Pr

]
qα sinh

[√
Pr
√
qα + R

Pr

] − sinh [y
√
qα]

qα sinh [
√
qα]

, (3.24)

where a0 = R
Pr−1

, Pr 6= 1. Inverse Laplace transform gives the velocity field u(y, t)

as

u(y, t) = Gr
1−Pr

Rα,α−1(t, a0) ∗
[
h
(
y
√

Pr, y, R
Pr
,
√

Pr
)
− h (y, t, 0, 1)

]
,

Pr 6= 1,
(3.25)

where “*” represents the convolution product, h(a, t, b, c) is defined in Appendix,

Rb, c (t, a) = L−1
{

qc

qb−a

}
=

∞∑
n=0

ant(n+1)b−c−1

Γ[(n+1)b−c] ; Re(b − c) > 0 is the Robotnov and

Hartley. In the case α = 1 R1, 0(t, −a0) = e−a0t and h(a, t, b, c) = f(a, t, b, c)

defined in Appendix.

3.4 Solution of the problem for left ( Pr = 1)

3.4.1 Temperature distribution

For 0 < α < 1:

solutions in this case are

T (y, t) =

∞∫
0

f (y, u, R, 1)Dα
t Φ(1, −σ, −at−α)du; 0 < α < 1. (3.26)

3.5 For α = 1:

Solutions in this case are

T (y, t) = f (y, t, R, 1) (3.27)

u(y, t) =
Gr

1− Pr
g(t) ∗ [h (y, t, 0, 1)− h (y, t, R, 1), (3.28)

where g(t) is defined in Eq. (3.17).

3.6 Numerical results and discussions

In this problem, we discussed radiating gas flow. Solutions for the set of

governing equations are obtained and equations are operated with Laplace transform
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and Caputo time-fractional derivative. These results can be useful for some practical

problems. Based on theoretical results and on experimental data, it can choose a

fractional mathematical model for which the experimental data are in agreement with

the theoretical results. In Fig. 3.1, the influence of α on temperature profile is present

for changed standards of t. This figure depicts that, by enlarging the value of α

temperature declines and by growing the rate of time the temperature increases. The

effect of the radiative parameter R with α variations are accessible in Fig. 3.2. It is

observe that, through rising the value of fractional parameterR temperature decreases

and by increasing the value of radioactive parameter the temperature decreases. In

Fig. 3.3, we present the influence of α on velocity profile for different values of time

t. It is observe that for small time t, by enlarging the value of α velocity increases

as presented in Fig. 3.3(a). On the other hand for great rates of t, by increasing

the values of fractional parameter the decreases as presented in Fig. 3.3(b). It is

important to note that the velocity is decreasing function with respect to time t, it

means that by increasing the time velocity decrease. The effect of Prandtl number Pr

on velocity field is presented in Fig. 3.4, for small as well as for large value of time

t. By enlarging the values of Pr the velocity drops but for large time has significant

influence. The effect of Grashof number Gr on velocity field is presented in Fig.

3.5, for small as well as for large value of time t. By enlarging the value of Gr the

velocity increases but for large time has significant influence and the boundary layer

difference increases. The influence of radiative parameter R over velocity (u) field is

presented in Fig. 3.6, for small as well as for large assigned time t. By growing the

value of R the velocity drops.
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Figure 3.1: Graphical views of temperature for α variation versus y with Pr =

0.7, R = 0.1 and two values of time t.

Figure 3.2: Graphical views of temperature for α variation versus y with Pr =

0.7, t = 0.05 and two values of R.
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Figure 3.3: Graphical views of velocity for α variation versus y with Pr = 0.7, R =

0.1, Gr = 2 and two values of time t.
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Figure 3.4: Graphical views of velocity for α variation versus y with t = 0.2, 2, R =

0.1, Gr = 2 and for two values of Pr.
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Figure 3.5: Graphical views of velocity for α variation versus y with t =

0.2, 2, Pr = 0.7, R = 0.1 and for two values of Gr.
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Figure 3.6: Graphical views of velocity for α variation versus y with t =

0.2, 2, Pr = 0.7, Gr = 2 and for two values of R.



CHAPTER 4

Transient MHD convective flow of nanofluid between vertical plates with

fractional derivative

4.1 Introduction

In this chapter we discussed the effects of nanoparticles on the flow of viscous

fluid which is flowing between two plates.

4.1.1 Statement of the problem

Let us consider the flow of electrically conducting nanofluid, flowing between

two parallel heated plates. One plate is heated isothermally while the other one

is insulated thermally. The plates are T units away from each other. The Initial

temperature of the said plates and of the fluid particles is T∞. At time t > 0, the plate

placed at y = 0 is maintained insulated but the temperature of the plate placed at

y = L is grown to Tw. The fluid is considered as water based nanofluid carrying two

types of nanofluids namely copper-water and alumina-water. Here water has been

viewed as the base fluid with Pr = 6.2 and nanofluid is considered as a mixture

of water as well as solid spherical copper and alumina nanoparticles. The involved

parameters of nano fluid such as effective density, specific heat capacity, viscosity and

thermal conductivity are given as

ρnf = (1− φ)ρf + φρs, (4.1)

(ρcp)nf = (1− φ)(ρcp)f + φ(ρcp)s, (4.2)

µnf =
µf

(1− φ)2.5
, (4.3)

knf
kf

=
ks + 2kf − 2φ(kf − ks)
ks + 2kf + φ(kf − ks)

, (4.4)
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under these conditions, the governing equation of the problem are [75]:

ρnf
∂u

∂t
= µnf

∂u2

∂y2
+ g(ρβ)nf (T − T∞)− σB2

0u, (4.5)

(ρcp)nf
∂T

∂t
= knf

∂T 2

∂y2
, (4.6)

with the following condition

u = 0, T = T∞; for 0 < y < L and t = 0, (4.7)

u = 0,
∂T

∂y
= 0; for y = 0 and t > 0, (4.8)

u = 0, T = Tw; Note y = L and t > 0. (4.9)

Introducing the following dimensionless parameters and variables

y∗ =
y

L
, t∗ =

vf t

L2
, u∗ =

Lu

vf
, T ∗ =

T − T∞
Tw − T∞

, Gr =
gβfL

3(Tw − T∞)

v2
f

,

P r =
µcp
kf

,M2 =
ρB2

0L
2

µ2
f

(4.10)

into Eqs. (5)-(9), we obtain the dimensionless governing equations, initial and

boundary conditions as follow

∂u(y, t)

∂t
=

1

(1− φ)2.5
[
(1− φ) + φ ρs

ρf

] ∂2u(y, t)

∂y2
+Gr

(1− φ) + φ (ρβ)s
(ρβ) f

(1− φ) + φ ρs
ρf

T (y, t)−

− M2

(1− φ) + φ ρ5
ρf

u(y, t), (4.11)

∂T (y, t)

∂t
=

knf

Prkf

[
(1− φ) + φ (ρcp)s

(ρcp)f

] ∂2T (y, t)

∂y2
, (4.12)

u(y, 0) = 0, T (y, 0) = 0; 0 < y < 1, (4.13)

u(0, t) = 0,
∂T (y, t)

∂y
|y=0 = 0; t > 0, (4.14)
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u(1, t) = 0, T (1, t) = 1; t > 0, (4.15)

where Gr and Pr are the Grashof and Prandtl numbers respectively and M2 is the

magnetic parameter. Introduce the Caputo-time fractional derivative into Eq. (12),

we have

∂u(y, t)

∂t
=

1

(1− φ)2.5
[
(1− φ) + φ ρs

ρf

] ∂2u(y, t)

∂y2
+Gr

(1− φ) + φ (ρβ)s
(ρβ)f

(1− φ) + φ ρs
ρf

T (y, t)−

− M2

(1− φ) + φ ρs
ρf

u(y, t), (4.16)

Dα
t T (y, t) =

knf

Prkf

[
(1− φ) + φ (ρcp)s

(ρcp)f

] ∂2T (y, t)

∂y2
, (4.17)

where Dα
t T (y, t) is defined as

Dα
t T (y, t) =


1

Γ(1−α)

t∫
0

1
(t−s)α

∂T (y,s)
∂s

ds; 0 < α < 1

∂T (y,t)
∂t

; α = 1.

(4.18)

4.2 Solution of the problem

4.2.1 Temperature distribution

Applying Laplace transform to Eqs. (17), (14) and (15) and using Eq. (13),

we obtain

qαT (y, q) =
knf

Prkf

[
(1− φ) + φ (ρcp)s

(ρcp)f

] ∂2T (y, q)

∂y2
, (4.19)

∂T (y, q)

∂y
|y=0 = 0;T (1, q) =

1

q
. (4.20)

Solution of the partial differential equation (19) subject to conditions in Eq. (20) can

be written as

T (y, q) =
cosh

[
y
√
a1

√
qα
]

qcosh
[√
a1

√
qα
] , (4.21)
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where a1 =
Prkf b1
knf

, b1 = (1− φ) + φ (ρcp)s
(ρcp)f

.

In order to obtain the inverse Laplace transform of T (y, t) given by Eq. (21), we

consider the auxiliary function

F (y, q) =
1

q

cosh(y
√
q)

cosh(
√
q)

=
1

q

ey
√
q + e−y

√
q

e
√
q + e−

√
q

=
1

q
=

1

q

[
e−(1−y)

√
q + e−(1+y)

√
q
]

∞∑
k=0

(−1)ke−2k
√
q =

∞∑
k=0

(−1)k
[
e−(2k+1−y)

√
q

q
+
e−(2k+1+y)

√
q

q

]
,(4.22)

with the inverse Laplace transform

F (y, t) =
∞∑
k=0

(−1)k
[
erfc

(
2k + 1− y

2
√
t

)
+ erfc

(
2k + 1 + y

2
√
t

)]
. (4.23)

The Laplace transform (21) can be written in the equivalent form

T (y, q) =
a1q

α

q

cosh
[
y
√
a1

√
qα
]

a1qαcosh
[√
a1

√
qα
] =

a1

q1−αF (y, a1q
α). (4.24)

Using the inverse Laplace transform of the composed functions, we obtain

L−1
{
F (y, a1q

α)
}

=

∞∫
0

F (y, z)g(z, t)dz, (4.25)

where

g(z, t) = L−1
{
e−za1q

α}
=

 t−1Φ(0,−α;−a1zt
−α), 0 < α < 1

δ(t− za1), α = 1
(4.26)

and

tβ−1Φ(β,−σ; at−σ) = L−1

{
1

qβ
e−aq

σ

}
, 0 < σ < 1. (4.27)

In the above relations Φ is the Wright function [25] and δ(t) is the Dirac’s distribution.

Now, we have

L−1
{
F (y, a1q

α)
}

=


∞∫
0

F (y, z)t−1Φ(0,−α;−a1zt
−α), 0 < α < 1

1
a1
F (y, t/a1), α = 1

(4.28)

On the other hand, the inverse Laplace of the function a1
q1−α

is

L−1

{
1

q1−α

}
=

 a1t−α

Γ(1−α)
, 0 < α < 1

a1δ(t), α = 1
(4.29)
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Finally, we obtain the temperature field given by

T (y, t) =

 a1

∞∫
0

F (y, z)
t∫

0

(t−τ)−α

Γ(1−α)
τ−1Φ(0,−α;−a1zτ

−α)dτdz, 0 < α < 1

F (y, t/a1), α = 1

(4.30)

It is easy to look like the relations

Φ(1,−σ; at−σ) = L1

{
1

s
e−as

σ

}
=

t∫
0

L−1
{
e−as

σ}
(τ)dτ =

t∫
0

τ−1Φ(0,−σ;−aτ−σ)dτ,
d

dt
Φ(1,−σ;−at−σ) = τ−1Φ(0,−σ;−aτ−σ) (4.31)

Using Eqs. (30) and (31), we obtain that

t∫
0

(t− τ)−α

Γ(1− α)
τ−1Φ(0,−α;−a1zτ

−α)dτ =

t∫
0

(t− τ)−α

Γ(1− α)

d

dτ
Φ(0,−α;−a1zτ

−α)dτ = Dα
t Φ(1,−α;−a1zt

−α) (4.32)

and, Eq. (30) becomes

T (y, t) =

∞∫
0

F (y, z)Dα
t Φ(1,−α; a1zt

−α)dz, 0 < α < 1, (4.33)

therefore, the temperature field is expressed with the Caputo derivative of the Wrights

functions.

4.2.2 Velocity field

Applying the Laplace transform to Eqs. (16), (14)1, (15)1, using the initial

condition (13)1 and Eq. (21), we obtain the transformed equation for velocity

(b2q + b3)u(y, q) =
∂2u(y, q)

∂y2
+ b4

cosh [y
√
a1qα]

qcosh [
√
a1qα]

, (4.34)

along with the boundary conditions

u(0, q) = 0, u(1, q) = 0, (4.35)
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where

b2 = (1− φ)2.5

[
1− ϕ+ ϕ

ρs
ρf

]
, b3 = M2(1− φ)2.5,

b4 = Gr(1− ϕ)2.5

[
(1− φ) + φ

(ρβ)s
(ρβ)f

]
(4.36)

The solution of the differential equation (34) along with conditions (35) is given by

u(y, q) = u1(q)u2(y, q), (4.37)

where

u1(q) =
b4

(b2q + b3 − a1qα)qcosh (
√
a1qα) sinh

(√
b2q + b3

)
,

u2(y, q) = cosh(y
√
a1qα)sinh(

√
b2q + b3)−

cosh(
√
a1qα)sinh(y

√
b2q + b3)− sin((1− y)

√
b2q + b3). (4.38)

The analytical expression of the Laplace transform u(y, q) of velocity u(y, t) being

very complicated, we will determine the inverse Laplace transform of velocity using

the Stehfests formula [25], namely

uS(y, t) ≈ ln(2)

t

2p∑
j=1

dju

(
y, j

ln(2)

t

)
, (4.39)

where

dj = (−1)j+p
min(j,p)∑
i=[ j+1

2 ]

ip(2i)!

(p− i)!i!(i− 1)!(j − 1)!(2i− j)!
, (4.40)

in which [x] is the integer part of the real number x and p is a positive integer. In order

to have a validation of the above results, we used Tzous [26] algorithm to obtain the

inverse Laplace transform of u(y, q). Based on Tzous algorithm [24], the inverse

Laplace transform is given by

uT (r, t) =
e4.7

t

[
1

2
u

(
r,

4.7

t

)
+Re

{
N1∑
k=1

(−1)ku

(
r,

4.7 + kπi

t

)}]
. (4.41)

where Re(.) is the real part, i is the imaginary unit and N1 is a natural number.
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4.3 Numerical results and discussions

For a clear penetration of the problem, the numerical results are viewed for

several values of physical parameters such as α, φ,M and Gr by considering the

copper-water nanofluid and are illustrated graphically. For the graphs the parameters

values are ρf = 998.19, ρs = 4179,

βf = 21× 10−5, βs = 1.67× 10−5, kf = 0.613, ks = 401, (cp)f = 4179,

(cp)s = 8933, φ = 0.05, M = 0.1 and Gr = 5.

Fig. 4.1, represent the profiles of dimensionless temperature versus y for the variation

of fractional parameter α at t = 0.5 and 2.5. It is noted that for small interval of

time for growing value of fractional parameter the temperature decreases while the

influence is opposite at large value of time. The effect of volume fraction φ at t = 0.5

and 2.5 on temperature profiles are presented in Fig. 4.2. The temperature is increase

by increasing the number of nanoparticles as well as the time.

Fig. 4.3, represent the profiles of dimensionless velocity versus y for the variation of

fractional parameter α at t = 0.5 and 2.5. It is further noted that for small interval of

time, for growing values of fractional parameter the velocity decreases because from

Fig. 4.1a the temperature is decreases. The influence is opposite at large value of

time because from Fig. 4.1b the temperature decreases. Fig. 4.4, is plotted versus

t for the variation of fractional parameter at y = 0.2 and 0.7 in order to show the

critical value of time graphically that is at what time in influence of velocity is change

from decreasing to increasing. The effect of volume fraction φ at α = 0.2 and 0.8 on

velocity profiles are presented in Fig. 4.5. It is observed that velocity is a decreasing

function with respect to number of nanoparticles means that increasing the number

of nanoparticles the velocity is decreases. The effects of magnetic parameter M and

Grashof number Gr are presented in Fig. 4.6, respectively, Fig. 4.7. By increasing

the magnetic field the velocity is decreases while increasing the Grashof number the

velocity is increasing. For Figs. 4.8 and 4.9 our observations are similar, with (yi =

0.015i, tj = 0.01j), i, j = 1, 2 . . . 100.

Comparison has been made between Stehfest’s and Tzou’s algorithms is presented in

tables 1-4 and it is found to be in excellent agreement.
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Table 4.1: Comparison of temperature profiles by using Stehfests and Tzous

algorithm

Table 4.2: Comparison of temperature profiles by using Stehfests and Tzous

algorithm
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Table 4.3: Comparison of velocity profiles by using Stehfests and Tzous algorithm

Table 4.4: Comparison of velocity profiles by using Stehfests and Tzous algorithm



CHAPTER 5

CONCLUSION

5.1 Introduction

We concluded our work in this chapter and summarized the whole

mathematical and theoretical discussions. Moreover, we suggest some proposals for

other researchers to developed our model with some new physical facts.

5.2 Summary of Research

In this thesis, we investigate the unsteady natural convection radiating flow

in an open ended vertical channel with fractional derivative. Mathematical solutions

and theoretical discussions over radiating flow of gaseous materials in a channel are

reported. The channel is stationary with non-uniform temperature. Boussinesqs

approximation is assumed. The governing equations are fractional differential

equations with Caputo time-fractional derivative and the solutions obtained by means

of Laplace transform. The obtained solutions are expressed with Wright function,

Robotnov and Hartley function. The impact of corporeal parameters and fractional

order on the fluids velocity is demonstrated graphically and the important points are

following:

(i) With raising the value of fractional parameter temperature decreases.

(ii) Increase in the values of time results in the increment of temperature.

(iii) Raising the values of radiative constraint R the temperature reduces.

(iv) For lesser values of time with growing the values of fractional parameter α the

motion of the stream increasing while later for some particular values of time

tc the influence is opposite.
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(v) The velocity of the fluid is seen reduced by increment in time t .

(vi) Fluid velocity is seen decreased by mounting the Prandtl number value Pr as

well as the radiative parameter R.

(vii) The stream’s velocity is increases by increasing the Grashof number Gr.

5.3 Future suggestions

(i) The same flow model can be considered through porous medium.

(ii) Moreover this model can be investigated in the presence magnetic field.

(iii) Channel flow of gaseous materials can be observed in two dimensions.

(iv) Mass diffusion can be considered with the same model.

(v) Slip effect can be analyzed on such flow models.

(vi) Laplace inverse can be try analytically instead of Stehfest and Tezous’s

algorithm.

(vii) Both models can be solve for two dimensional and 3-dimensional flows.
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APPENDIX

F (a, q, b, c) =
sinh
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qsinh
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q
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q+b

]
(A1)

f(a, t, b, c) = L−1F (a, q, b, c) =
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n=0
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sinh

[
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qαsinh
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] = F (a, qα, b, c) (A2)

h(a, t, b, c) = L−1H(a, q, b, c) =


∞∫
0

t−1f(a, x, b, c)φ(0,−α,−xt−α)dx; 0 < α < 1

f(a, t, b, c), α = 1
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