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Abstract 

Many conventional fluids, such as water, sodium alginate, organic liquids (e.g., propylene 

and ethylene glycols, etc.) and some others, are quite often used in various engineering and 

industrial processes as coolants. The use of water in car radiators is a very basic example. 

Nowadays, scientists are keenly looking for ways to enhance the performance of engines 

and such equipment where these coolants are being used. Conventionally, the heat transfer 

capability of these liquids is not up to the mark. Therefore several attempts have been made 

to enhance their thermo-physical capabilities. The use of nanofluids is one of such efforts. 

Scientists, over the past few decades, have been working on the idea of mono-nanofluids 

(nanofluids with single nanomaterials), to enhance the thermal efficiency of these 

traditional fluids. However, to improve the number of desirable features of mono-

nanofluids, a novel subject of hybrid nanofluids (nanofluids with two or more 

nanomaterials) has come into existence. It exhibits superior thermo-mechanical properties 

when compared to mono nanofluids. In this manuscript, a number of thermal conductivity 

models, for both mono and hybrid nanofluids, have been employed to see the working of 

these models in different geometries. In the case of hybrid nanofluids, the modified 

versions of the models (such as Renovated Hamilton and Crosser’s model, Bruggeman’s 

model, Hamilton and Crosser’s model, Maxwell’s model, and Xue’s model) for thermal 

conductivity have been considered. The flow of mono as well as hybrid nanofluids inside 

an expanding\contracting domains, rectangular conduit with the lower stretchable wall, 

curved stretching surface, and curved channels, have been studied in details. A novel 

analysis of hybrid nanofluid flow between two Riga plates is also a part of this manuscript. 

Moreover, the squeezing flow of a hybrid nanofluid inside a rotating rectangular conduit, 

with lower stretchable walls, has also been investigated. The impact of the externally 

applied magnetic field, along with the internal heat generation phenomena, on the flows 

and heat transport mechanism of some mono and hybrid nanofluids have thoroughly been 

examined. Heat and mass transfer under the influence of nonlinear thermal radiation and 

chemical reaction effects in several geometries have been studied in this manuscript. 



xi 

In our analysis, we have used certain similarity transformations and scaling parameters to 

reduce the governing partial differential equations to the corresponding systems of 

nonlinear ordinary differential equations (dimensionless). This process reduces the number 

of variables, and parameters, which leads to a relatively more straightforward mathematical 

treatment. However, the resulting systems are still complicated enough to have an exact 

solution. For their treatment, we have discussed the implementation of several 

approximation techniques based on the method of weighted residuals and wavelet methods. 

We have also proposed some modifications in wavelet methods for a better and more 

flexible implementation. The plots for velocity, together with temperature, and 

concentration profiles (wherever applicable) are presented to capture the effects of 

involved parameters on the respective profiles. It has been found that the addition of 

nanomaterials significantly boosts the thermal and heat transport properties of the host fluid 

and that these phenomena are more prominent for the hybrid nanofluids. 
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Preamble 

Fluid dynamics is the science of liquids and gases in motion. Research related to fluid 

dynamics helps us in cost-effective travelling, clean energy generation, climate and 

weather predictions, efficient cooling systems, and structural damage prevention. Most 

recently, nanotechnology has brought an entirely new era of fluid dynamics which can 

rightly be termed as nanofluid dynamics. It enables us to manipulate fluids at a scale, 

smaller than a thousand of a millimetre. For example, in the context of cooling systems, to 

bring down the temperature of high-performance CPUs and GPUs, a vast array of 

nanoscale tubes filled with nanofluid could result in an unprecedented evaporative cooling. 

This array could significantly improve the efficiency and performance of modern electronic 

systems [1–3]. Nanostructured surfaces can help to manipulate the behaviour of incident 

liquid, dissolved impurities such as dust and other containment of the vehicles. Antifouling 

at a level less than a Nano-millimeter size would result in low-friction surfaces. These 

smooth antifouling will enable future transport mechanisms to be far more safe, efficient, 

and cleaner. These mechanisms include transport means such as cars, aircraft, and ships, 

etc. [4–6]. 

In health care, nanoparticles offer new modes of drug delivery [7–9]. By virtue of their 

size, nanoparticles, nowadays, have become a preferable choice to improve the existing 

treatments for many deceases such as diabetes, the rate of heart disease, cancer, and 

HIV/AIDs. Moreover, nanotechnology has also contributed a lot to the latest therapeutic 

strategies, including immunotherapy and gene therapy, etc. Furthermore, it has also paved 

new ways of optimisation in numerous engineering and industrial applications, including 

petroleum engineering, chemical engineering, material sciences, food systems, and 

agriculture, etc. [10–14]. 
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The recent progress in nanotechnology has revolutionised the field of heat transfer. With 

its latest developments, the production of nanoscale materials and their wide range of 

applicability in modern devices, have now become a reality. In this context, i.e., related to 

the concept of nanofluids, a pioneering contribution has been made by Choi [15], in 1995. 

Nanofluids, which are engineered colloidal suspensions of nanometer-sized small particles 

in the single-phase heat transfer liquids (such as water, sodium alginate, lubricants, engine 

oil, organic fluids (e.g., propylene and ethylene glycols, etc.) and polymeric solutions), 

have a tremendous potential of enhancing the heat transport properties of the many 

industrial and engineering processes. Some of these processes have already been discussed 

in the above paragraphs. 

Till date, a number of significant features, related to nanofluids, have been discovered 

including enhancements in thermal efficiency of conventional coolants [16, 17], behaviour 

temperature-dependent thermal diffusivity [18, 19], nonlinear correlation between thermal 

conductivity and nanoparticles’ concentration [17, 20, 21], and a significant improvement 

in heat transport mechanisms [20, 21]. In recent years, various host-fluid–nanocomposite 

combinations have been employed by many scientists during different experimental works. 

Among the variety of nanomaterials, some commonly used nanomaterials are: Ag, Cu, Al, 

Fe, Au (metals), 𝐶𝑢𝑂, 𝐴𝐼2𝑂3 (metal oxide), SiN, SiC, AIN, TiC (Ceramics), TiO2, SiO2 

(Semi − conductors), graphite, nano-diamond, carbon nanotubes including single, double 

and multi walls, etc. Some of the host fluids are water, sodium alginate, lubricants, engine 

oil, organic liquids (e.g., propylene and ethylene glycols, etc.). 

With the recent advancements in nanotechnology, scientists are exploring more avenues to 

enhance heat transfer in different scenarios. Besides mixing nanoparticles in host fluids, 

there are some other factors which contribute to enhancing the thermal efficiency and heat 

transport features of nanofluids. One such factor is the shape of nanoparticles. In this 

regard, Elena et al. [22] presented a comprehensive study on the shapes of nanomaterials 

by explaining five different shapes and their mathematical representations. They discussed 

sphere, brick, blade, cylinder, and platelet-shaped nanocomposites during their analysis. 

From this comparative study, we have come to know that the blade-shaped nanocomposites 

contribute more to improve the thermal efficiency of nanofluids. Nowadays, researchers 
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have taken more steps forward and have incorporated various other shapes of 

nanocomposites such as Hexahedron, Tetrahedron, Column, Lamina, Needle, and Cube-

shaped nanoparticles [23, 24]. It is now a well-established fact that the shapes of nano-

meter sized materials have a powerful impact on the thermal conductivity besides the size 

of the nanoparticles. It has been suggested, from different experimental studies such as [25, 

26], that the significant impact of nanoparticles shape-factor on various thermal and 

physical properties of nanofluids is possibly due to the difference in the surface areas of 

different shapes. 

The selection of the material is another parameter, for obtaining nano-meter sized particles, 

that influences the thermal efficiency of nanofluids. The remarkable study of Murshed et 

al. [27] suggested that the appropriate selection of nanoparticles’ material can appreciably 

enhance the thermal properties of nanofluids. They employed carbon nanotubes in their 

study and examined that, at room temperature, the thermal properties of the nanofluids got 

enhanced up to six times more than the conventional nanomaterials. Carbon nanotubes are 

cylindrical shaped nano-fullerene made up of graphite. They were first discovered by a 

Japanese scientist ‘Iijima’ in 1991 [28]. They can be classified into two categories: (i). 

Single-walled carbon nanotubes, and (ii). Multi-walled carbon nanotubes. A single-walled 

carbon nanotube is made up of a single graphene sheet, which holds millions of atomic 

particles. However, a multi-walled carbon nanotube is a bunch of nested tubes with rapidly 

increasing diameter. Moreover, the unusual features of carbon nanotubes have made them 

a preferable choice in various industrial and engineering applications including chemical 

engineering, optical devices, electronic systems, mechanical engineering, transport 

systems, and multiple disciplines of material sciences [29, 30]. 

To achieve the aforementioned thermal enhancements, a variety of theoretical models, as 

well as experimental correlations, have been derived by many scientists to evaluate the 

effective thermal conductivity of nanofluids. A model suggested by Maxwell [31] is 

probably the first model to calculate the thermal conductivity of nanofluids. This model is 

useful for the spherically shaped nanostructures with a relatively small volume 

concentration. In 1935, Bruggeman suggested a theoretical model [32] by taking into 

account the particle-particle interactions between the spheres-shaped nanomaterials. The 
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main shortcoming of both the Maxwell and Bruggeman models is their limited 

applicability. As they are only for spheres-shaped nanomaterials, they cannot be used to 

study the flows where the particles involved are of any other shape. To overcome this 

difficulty, Hamilton and Crosser [33] presented a modified version of Maxwell’s model. 

Their model not only is based on the volume concentration of nanomaterials but also the 

shape of the particles. Hamilton and Crosser’s model can effectively predict the thermal 

properties of the nanofluids by considering various non-spherical shapes of nanomaterials. 

After this groundbreaking study, scientists from all across the world presented a significant 

amount of experimental as well as theoretical research works, by considering different 

shapes of nanomaterials. With progressive research, the scientist became aware of some 

shortcoming of Hamilton and Crosser’s model. The model fails to incorporate the effects 

of the interfacial layer, aspect ratio, and the axial distribution of nanomaterials. By taking 

into account the concept of average polarization, Xue [34] presented a theoretical model, 

by considering rotational elliptical nanotubes, with the assumption that the axial ratio is 

very high. Moreover, he also studied the space distribution effects on carbon nanotubes. 

Recently, a renovated Hamilton-Crosser model (RHCM) has been introduced by Yang and 

Xu (2017) [35]. Their model incorporates the impact of aspect ratio and diameter of carbon 

nanotubes. Moreover, it takes into account the effect of the interfacial layer to compute the 

thermal properties of nanofluids. Also, some other theoretical and experimental studies 

related to different types of thermal conductivity models can be found in [36–42]. 

With an ever-growing need for high-performance equipment, a continuous effort both in 

terms of production as well as innovations is required. The latest trend in the attainment of 

thermal enhancement is the use of multi-material nanoparticles. Technically, the nanofluid 

composed of more than one types of nanoparticles is called a hybrid nanofluid. In the case 

of mono nanofluids (based on only a single kind of nanoparticles), we may face few 

restrictions based upon the type of material used. Some types of nanoparticles possess good 

thermal networks, while others bear better rheological properties. Nanomaterials, single 

handily, may not possess all the favourable characteristics that are required for engineering 

and industrial purposes. For example, metallic oxide nanomaterials such as 𝐴𝐼2𝑂3 are 

chemically stable, but possesses poor thermal properties, however, the metallic nano-

additives like copper, aluminium, and silver bear high thermal conductive properties, but 
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they are chemically unstable. We can achieve chemically stable, yet thermally efficient, 

nanocomposites by combining metallic nanoparticles with metal oxides or ceramics. It 

enables us to reap the benefits of both thermal and rheological properties in an optimised 

way. Due to these benefits, hybrid nanofluid mechanics is gaining considerable popularity 

nowadays. The composition of hybrid nanofluid can either be achieved by dispersing two 

or more nanomaterials within a carrier fluid, or by scattering other type/types of 

nanoparticles in an already composed nanofluid. The final mixture, in turn, results in a 

hybrid nonfluid which possesses all the physical and chemical properties of nano-additives 

[43]. Hybrid nanofluids can be used for improving heat transport mechanisms in numerous 

scenarios like vehicle radiators, generator cooling, engine cooling mechanism, thermal 

storage devices, nuclear reactor cooling systems, and refrigerators, etc. [44]. 

The distinctive features of hybrid nanofluids have caught the sights of a great part of the 

global research community. Therefore, several experimental, as well as theoretical studies, 

have been carried out in the last few decades [45–52]. Niihara [45] incorporated 

nanometer-sized particles within the host fluid and provided a detailed description related 

to the improvement of the physical and chemical characteristics of the host fluid. Suresh et 

al. [46] employed a two-step method to study the synthesis of hybrid (𝐴𝐼2𝑂3 − 𝐶𝑢 𝑤𝑎𝑡𝑒𝑟⁄ ) 

nanofluid. The rate of heat transfer influenced by 𝐻2𝑂 based (𝐴𝐼2𝑂3 − 𝐶𝑢) hybrid 

nanofluid was examined by Suresh et al. [47]. Momin [48] investigates the laminar flow 

of a hybrid nanofluid experimentally along with mixed convection inside an inclined tube. 

A numerical investigation related to Magnetohydrodynamic (MHD) flow of a hybrid 

𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄  nanofluid over a permeable expanding sheet along with suction has been 

presented by Devi et al.[49]. To analyze the entropy generation, Das et al. [50] took into 

account the magnetohydrodynamic (𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) based hybrid nanofluid flow 

between porous walls. Olatundun and Makinde [51] analyzed the convective Blasius 

hybrid nanofluid flow over a heated surface. Moreover, Hayat et al. [52] studies the water 

based (𝐴𝑔 − 𝐶𝑢𝑂) hybrid nanofluid over a stretching surface and reported the thermal 

enhancements gained by the use of hybrid nanofluid. 

There are more than one means of heat transfer. To understand heat transfer accurately and 

thoroughly, a deep understanding of all modes of heat transfer is essential. Radiation is one 
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of the ways how heat gets transferred from one place to another as the energy crisis has 

become a significant cause of concern in the modern world. In order to meet a growing 

thirst of energy, a new wave of innovative models is required that can replace the traditional 

ones. The resources for renewable energy, including solar and wind power, are now well 

placed to contribute to energy requirements in both mature and developing economies. 

Thermal radiation gains a great significance for such processes where the systems are 

running at very high temperatures, e.g., heating and cooling chambers, solar power 

technology, electrical power generation, thermal energy storage, nuclear power plants, and 

many other industrial areas. Due to these essential applications, many authors have 

contributed to studying the radiative flows of different fluids in various geometrical 

configurations [53, 54]. 

Besides conduction and radiation, another means of heat transfer, i.e., convection also plays 

a pivotal role in many real-life problems. Heat transfer via convection has been a core 

subject of many scientific investigations. Its role is very prominent in a wide range of 

energy-related applications like automobile radiators, lubricants, and coolants in various 

mechanical processes, etc. An asymptotic solution, by involving the homotopy analysis 

method, to the stagnation point nanofluid flow (with a heat generation source) over a 

dilating permeable sheet was explained by Malvandi et al. [55]. Tsai et al. [56] focused on 

the influence of flow and heat transfer coupled with non-uniform heat source over an 

unsteady stretching surface. Pal, in one of his studies [57], examined the radiative flow 

over an unsteady expanding surface with variable heat generating/consuming mechanism. 

In the previous paragraphs, we have already mentioned that the use of hybrid nanofluids is 

the latest trend. Some of the studies that had been carried out in this regard have also been 

mentioned. However, this area of research is still very open and requires a continuous 

research effort. In the next few paragraphs, we would discuss some of the scenarios where 

the use of hybrid nanofluids is yet to be investigated. We have assembled the paragraphs 

according to the geometry of the problem. In each paragraph, we first highlight the previous 

studies related to a particular geometry and then indicate the gaps which are required to be 

filled for a better understanding of the flows in that specific geometry. The geometries of 

interest include expanding\contracting domains, rectangular conduit with the lower 
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stretchable wall, Riga plates, three-dimensional rotating channel flow, curved stretching 

surfaces, and a curved channel with the lower stretchable wall. In the paragraphs to follow, 

we have discussed them one by one. 

The flows between parallel walls, where either one or both of the walls exhibit embracing 

or parting motion, can be found in various industrial and biological situations. Those 

include the process of inhaling and exhaling, active fluid transportation in the body, 

aerospace engineering, cleansing processes in industry and transmission of coolant, etc. 

Also, the walls can be permeable and allow the fluid to enter or exit during successive 

dilations or contractions. Several researchers showed their interest to understand the flow 

mechanisms inside dilating and squeezing domains. The pioneering work in this regard 

was done by Berman, who explored the laminar behaviour of the fluid within a porous 

channel in 1953 [58]. Uchida and Aoki [59] took the initiative towards the study of viscid 

flow within a permeable squeezing pipe. A number of laminar flow problems, inside a 

porous dilating channel, were simultaneously investigated by Majdalani et al. [60], 

Dauenhauer and Majdalani [61], Majdalani and Zhou [62] and Ganji et al. [63]. Mohyud-

din et al. [64] analyzed the simultaneous effects of chemical reaction and heat transfer for 

the viscid fluid flow inside a deformable porous channel. Ahmed et al. [65] investigated 

numerically the flow and heat transport system of carbon nanotubes based nanofluid within 

an asymmetric channel with deformable walls. Moreover, for the geometries consisting of 

dilating and squeezing domains, many researchers have studied different phenomena 

incorporating both regular as well as nanofluids [66–69]. However, we have come to know, 

after a keen literature survey, that the flow of a hybrid nanofluid between expanding-

contracting domains had never been investigated. Due to its significant applications (that 

we have already mentioned earlier), it is imperative to study the flow of hybrid nanofluids 

inside these domains. To cover this gap in the literature, we have presented a thorough 

investigation related to the flow of water-based (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) nanofluid inside a 

dilating and contracting permeable channel. Moreover, the flows of water-based hybrid 

(𝐶𝑁𝑇 − 𝐹𝑒3𝑂4), (𝐶𝑢 − 𝐴𝐼2𝑂3) nanofluids in an asymmetric channel has also been 

investigated. These investigations can be found in Chapters 2 and 3 of this manuscript, 

respectively. 
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The next geometry of interest is a channel composed of two parallel walls with the lower 

wall being stretchable. During the past few years, the study of heat diffusion processes and 

the flow behaviour inside a rectangular channel, with stretchable walls, have gained 

attraction of many scientists. It is due to its number of practical applications in various 

disciplines of sciences. In this regard, the very first study was presented by Borkakoti and 

Bharali [70], in 1983. They studied hydromagnetic flow together with the heat exchange 

properties inside a rectangular conduit, with a stretchable lower wall and a permeable upper 

wall. By employing perturbation techniques, Banerjee [71] expanded the research work of 

[70] for the rotatory flow of a viscid fluid and obtained the results for small values of the 

Reynolds number. Sheikholeslami and Ganji [72] employed the homotopy perturbation 

technique to study the heat transfer behaviour of (𝐶𝑢 𝐻2𝑂⁄ ) nanofluids inside a semi-

infinite rectangular channel. In another study, Sheikholeslami et al. [73] inspected the 

behaviour of a time independent flow of a nanofluid, under the influence of a uniform 

magnetic field along with heat and mass transfer. They modelled the problem for nanofluid 

by considering the thermophoresis and Brownian motion effects. Mahmoodi and 

Kandelousi [74] investigated the characteristics of heat flux, due to convection, of a 

Kerosene-Alumina nanofluid inside a regenerative cooling chamber of a semi-cryogenic 

engine. Moreover, they analyzed the entropy generation under the impact of thermal 

radiation. In continuation of their previous work, in another study [75], Mahmoodi and 

Kandelousi examined the hydrothermal behaviour of a Kerosene-Alumina nanofluid, in the 

absence of thermal radiant effects. They employed differential transform method (DTM), 

to obtain an approximate analytical solution of the resulting nonlinear system of ordinary 

differential equations. In 2016, Khan et al. [76] analyzed the magnetohydrodynamic flow 

of 𝐶𝑢 water-based nanofluids. They examined the properties of heat flux by taking three 

different shapes (brick, cylinder and platelet) of nanocomposites and concluded that the 

temperature attains its maximum values for the platelet-shaped nanostructures. Despite all 

these studies, this area of research is still quite open, and a lot of work can be done in this 

regard. For example, we could not find any study related to the flow of hybrid nanofluids 

in a rectangular conduit (with the lower stretching wall). To fill this gap, we have included, 

in this manuscript (Chapter 4), a study related to the flow of Sodium Alginate-based 
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(𝐴𝑔 − 𝐶𝑢) hybrid nanofluid inside a channel with the lower wall stretching (only in 𝑥 − 

direction). 

All the studies mentioned in the above paragraph are related to the flows in a rectangular 

channel where the lower wall is stretching in a unidirectional manner. However, we face a 

more complicated scenario when the wall is stretching bi-directionally. There are only a 

few studies available, where the bi-directional stretching scenario has been studied. In 

2007, Mehmood and Ali [77] found the analytical solution, employing homotopy analysis 

method, to the three-dimensional flow of a viscous fluid inside a rectangular channel (with 

bi-directionally stretching lower wall and a permeable upper wall). Later on, Mehmood 

and Ali [78, 79] extended their previous work and considered suction and injection effects 

at both walls of the channel and discussed the across-mass-transport (AMT) phenomenon. 

They also studied the effects of viscous drag and heat transport mechanism in details. Ijaz 

et al. [80], considered the slip effects on the three-dimensional channel flow of a viscid 

fluid with the lower bidirectional stretchable wall. They inspected the across-mass-

transport (AMT) phenomenon in the presence of the externally applied magnetic field. 

They also reported a significant decrement in the viscous drag coefficient on the stretchable 

surface, due to the presence of the slip condition. As we have already mentioned, the studies 

related to this particular geometric configuration are too few. Therefore, a new contribution 

in this area would be very important for a deep understanding of the flows inside a 

rectangular channel with bi-directionally stretching walls. After a careful literature review, 

we could not find any studies related to the flow of nanofluids inside a rectangular channel 

with bidirectional stretching walls. In this regard, we have furnished a detailed study related 

to the flow of 𝛾𝐴𝐼2𝑂3 nanofluid flow inside a channel with permeable walls and a 

bidirectional stretching lower wall (see Chapter 5). 

Another geometry of interest is the flow between parallel Riga plates. Gallites and Lilausis 

[81] came up with the idea of an electromagnetic actuator device (usually indicated as Riga 

plate [82]) to set up the crossed magnetic and electric fields which appropriately provoke 

Lorentz forces parallel to the wall. The purpose of that device, which usually involves 

alternating arrays of permanent magnets that are mounted explicitly over a plane surface, 

is to control the flow characteristics such as pressure drag, turbulence production, boundary 
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layer separation, and wall friction. As these characteristics play a vital role in transport 

mechanisms that are an integral part of many industrial processes, it is very crucial to 

understand the flows above or between the Riga plates. In this regard, a number of research 

articles have been published to explore the distinctive features of the laminar flow between 

Riga plates. By assuming the least electrical conductivity effects, Pantokratoras and 

Magyari [83] investigated the flow behaviour under free convection. 1n 2011, 

Pantokratoras [84] reported the performance of Blasius flow enforced by the Riga plate. 

He also discussed the Sakiadis flow in the same study. Later on, Magyari and Pantokratoras 

[85] took into account the mixed convective flow of a viscid fluid over a Riga plate and 

analyzed the supporting and opposing effects of Lorentz force. The electro 

magnetohydrodynamic flow of a nanofluid induced by Riga plate along with the slip 

consequences have been examined by Ayub et al.[86]. In 2017, Hayat et al. [87] discussed 

the squeezing flow of a fluid between two parallel Riga plates together with the convective 

heat transfer. The thermal radiative effects accompanied by chemical reaction were also a 

part of their study. Moreover, Hayat et al. [88] investigated the electro magneto squeezing 

flow of a carbon nanotube suspended nanofluid between two parallel rotatory Riga plates 

along with viscous dissipation effects. Despite all these efforts, there is still a great room 

of research in understating the flow between Riga plates in different scenarios. To bridge 

this gap a bit, we have investigated the behaviour of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid 

that flows between two parallel Riga plates. This investigation had never been done in the 

past and its findings are a part of this thesis (see Chapter 6). 

The next geometry of interest is a three-dimensional rotating channel. Due to various 

engineering applications, fluid flowing inside a channel with squeezing walls has been an 

important subject of research. It appears in the polymer industry, biomechanics, automotive 

devices, food industry, home equipment, blood flow in veins, etc. The study in this field 

was initiated in the 19th century, and Stefan [89] was the man behind this rudimentary 

work. He presented the asymptotic solution for the squeezing flow of a viscid fluid between 

parallel plates. In the absence of inertial effects, Langlois [90] and Salbu [91] briefly 

discussed the flow behaviour of a squeezed film flow. Later on, the inertial effects on the 

same kind of flow were studied by Thorpe [92]. Munawar et al. [93] extended the previous 

works on two-dimensional squeezing flows to three-dimensional fluid flow by taking a 
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rotatory flow inside a channel. Butt and Ali [94] examined the effects of entropy generation 

on the channel flow presented by Munawar et al. [93]. The investigation of a CNT based 

nanofluid inside a three-dimensional rotating channel was conducted by Khan et al. [95]. 

They also considered that the lower wall is stretchable and porous. Most recently, 

Ghadikolaei et al. [96] extended the work of Butt and Ali [94] and discussed the influence 

of shape factors along with thermal radiation on the ethylene glycol-water based 

(𝐹𝑒3𝑂4 − 𝐴𝑔) hybrid nanofluid. According to our literature survey, the flow of a carbon 

nanotubes-based hybrid nanofluid inside a three-dimensional rotating channel has never 

been investigated before. We have conducted this research and have examined the flow 

behaviour of three-dimensional (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluids inside a rotating 

channel. The details of this investigation are presented in Chapter 7. 

A curved stretching sheet is another geometry of interest. It is a part of many engineering 

and industrial processes such as the production of papers, glass sheets, polymer sheets, 

manufacturing of plastic and glass sheets. Despite being so useful, we could not find much 

work on the flows over the curved stretching sheet. In our opinion, there is a lot to explore, 

and we hope that this area would soon be a subject of very active research. For the very 

first time (in 2010), Sajid et al. [97], came up with an idea of using a system of curvilinear 

coordinates to model the flow over a curved stretching sheet. They investigated a viscid 

flow over a curved surface which could be stretched with a linear velocity. Their study 

revealed that the boundary layer enhances for the case of a curved stretching surface as 

compared to a flat stretching surface. Abbas, with his coworkers [98], applied a similar 

approach and presented a thermal analysis of the flow over a bent sheet. In 2016, Abbas et 

al. [99] studied the hydromagnetic and radiative slip flow of a nanofluid over a curved 

stretching surface. They also took into account the internal heat generation. Hayat et al. 

[100], discussed the flow of a nanofluid (composed of copper and silver additives) over a 

curved stretching sheet. In their work, they also examined the nonlinear thermal radiation 

and convective heat transfer effects. Lu et al. [101] investigated the hybrid nano liquid flow 

under the influence of various embedded factors like a magnetic field, nonlinear thermal 

radiation, and heat absorption/generation. They have also inspected the mass and heat 

transport phenomena during their study. Some of the other studies related to the flow over 

a curved surface are [102–104]. In literature, no one ever has attempted to study the flow 
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of CNT based nanofluid over a stretching sheet. Moreover, we could not find any study 

related to the flow of a hybrid fluid over a curved stretching sheet. To fill these gaps, we 

have investigated CNT based nanofluid flow and a sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based 

(𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid flow over a curved stretching surface. These investigations 

are included in Chapter 8 of this document. 

The last geometry that we are interested in is a curved channel. Its study is essential to 

understand better the flows inside curved chambers. The studies we could find related to 

the flows inside a curved channel are mentioned in the following lines. The Stokes flow 

inside a curved conduit has been discussed by Khuri [105]. Nasir et al. [106, 107] inspected 

several aspects of the perista ltic flow in a curved channel. Abbas et al. [108] examined the 

nonlinear radiative and Hall effects on a viscid fluid, flowing inside a curved channel. Sajid 

et al. [109] investigated the joule heating and MHD effects on ferrofluid flow inside a semi-

porous curved channel. Abbas et al. [110] analyzed the flow of Eyring-Powell liquid in a 

curved channel. They have also considered the Cattaneo-Christov heat flux model in their 

study. However, in literature, no study has been conducted related to the nanofluid flow 

through a curved channel with the linearly stretchable lower wall. Keeping this in mind, 

Chapter 9 has been designed in which the study related to CNT based nanofluid have been 

studied in detail. 

By reading the above paragraphs, one can easily understand the chapter-wise sequence of 

this document. However, to further clarify the composition of this document, we present a 

chapter-wise overview of the whole thesis. We hope it would help readers to go through 

the thesis in a smooth manner. This document comprises 10 chapters, and it ends with a 

dedicated section which enlists the cited literature. A brief chapter-wise overview of the 

thesis is provided in the following paragraphs. 

In Chapter 1, a detailed description related to the solution methodologies and some 

necessary information regarding the thermal and physical characteristics of the mono and 

hybrid nanofluids has been given. 

We have included Chapter 2 to examine the flow and heat exchange behaviour of 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid. The fluid is flowing through a rectangular 



13 

conduit whose upper wall is permeable, and it experiences an embracing or parting motion 

with respect to the lower wall (which is placed at the bottom of the channel and is kept 

fixed, solid and heated). Moreover, the impact of the nonlinear radiative heat transfer 

phenomenon on the viscid flow is also a part of this study. In this study, Maxwell’s model 

for spherical shaped composite hybrid nanomaterials has been considered. With an 

appropriate selection of similarity transformation, a system of nonlinear ordinary 

differential equations has been obtained. The solution of the resulting system is 

accomplished by employing the Galerkin method. Moreover, with the graphical 

simulations, the impact of several meaningful entities on the velocity as well as temperature 

distributions have been thoroughly examined.  

Chapter 3 of this manuscript provides a comprehensive analysis related to the flow and 

heat transport mechanism of water-based hybrid nanofluids inside a rectangular channel. 

Both the walls of the channel are permeable, and they are capable of moving in such a way 

that the channel experiences dilation or contraction in height. The chapter has further been 

divided into two sections. In Section (3.1), the fluid under consideration is a water-based 

hybrid (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4) nanofluid. The models adopted for calculating the thermal 

conductivity of the hybrid nanofluid are: Hamilton and Crosser’s model (for spherical-

shaped 𝐹𝑒3𝑂4 nanoparticles) and Xue’s model (for CNTs nanoparticles). By following 

these thermal conductivity models, the equations corresponding to mass, momentum and 

energy conservations have been modelled accordingly. By making use of similarity 

transformations, a set of nonlinear ordinary differential equations have successfully been 

achieved. In order to get a numerical solution of the resulting equations, shooting method 

coupled with Runge−Kutta−Fehlberg algorithm has been employed. Furthermore, a 

graphical simulation of the problem is presented to interpret the influential behaviours of 

various emerging parameters on the velocity and temperature distributions. This research 

work has been published in the International Journal of Heat and Mass transfer 

(Impact Factor=4.346) [111]. In the second part of this chapter, i.e. Section (3.2), the 

geometry remains the same but the fluid under consideration, this time, is a water-based 

(𝐶𝑢 − 𝐴𝐼2𝑂3) hybrid nanofluid. The main objective of this section is to analyse the 

influence of nanocomposite shape factor on the temperature and heat transfer behaviour of 

water-based (𝐶𝑢 − 𝐴𝐼2𝑂3) hybrid nanofluid. The analysis has been carried out by 
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scattering different shapes (brick, cylinder, platelet) of 𝐶𝑢 nanocomposites in already 

composed (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid. The rest of the solution methodology remains the same 

as it was in the previous section and the impact of various embedded parameters on the 

temperature and heat transfer distributions have again been demonstrated with the help of 

graphs. The published contents of this study can be found in Applied Sciences (Impact 

Factor=2.217) [112]. 

Chapter 4 explores the role of various shapes of nanoparticles on the MHD flow, with 

radiative heat transfer, of a Sodium Alginate-based (𝐴𝑔 − 𝐶𝑢) hybrid nanofluid. The flow 

is between two parallel plates, with a stretchable lower wall. During the modelling of the 

flow phenomenon, the viscous dissipative effects have also been incorporated. The 

parameters associated with the hybrid nanofluid and their impact on the flow and heat 

transfer regimes have been examined in detail. Hamilton and Crosser’s model has been 

considered to present the effective thermal conductivity of the hybrid nanofluids containing 

five different shapes (spherical, lamina, column, tetrahedron and hexahedron) of 

nanocomposites. The resulting set of ordinary differential equations, related to the current 

flow scenario, have been solved by a newly developed numerical algorithm, namely the 

modified fourth kind Chebyshev wavelets method (MFKCW). The results of our modified 

scheme are also backed by another numerical scheme, i.e. the combination of shooting and 

RKF method. 

Chapter 5 presents the investigation regarding the flow of water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids inside a channel whose lower surface is permeable 

and bilaterally stretchable. In order to attain a balanced across–mass–transport (AMT) 

phenomenon, the fluid has been injected from the upper wall of the channel. The heat 

transport mechanism, along with nonlinear thermal radiative effects, has also been studied 

in details. Moreover, the viscosity and thermal conductivity models, proposed by Maiga et 

al. [39–41], along with effective Prandtl number relation, proposed by Pop et al. [42], have 

been used in this study. Also, a novel Galerkin-based Legendre wavelet method has been 

proposed in this chapter. This new version of Legendre wavelet method is expected to be 

a more effective numerical tool for solving nonlinear ordinary differential equations, 

especially the ones arising in the field of fluid dynamics. This complete investigation has 
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been published in the journal Physica A: Statistical Mechanics and its Applications 

(Impact Factor=2.500) [113]. 

The main concern of Chapter 6 is to explore the electro-magneto hydrodynamic (EMHD) 

squeezing flow of a (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, between stretchable parallel 

Riga plates. The benefits of the use of this hybrid nanofluid and the parameters associated 

with it have been analyzed mathematically. A modified form of Bruggeman’s model for 

sphere-shaped composite based hybrid nano-additives has been utilized to model the flow 

phenomenon. This particular problem has a lot of importance in several branches of 

engineering and industry. Heat transfer, including by the nonlinear radiation, and mass 

transfer under the effects of a chemical reaction are the main concerns of this study. An 

appropriate selection of dimensionless variables enables us to develop a mathematical 

model for the present flow situation. The equations representing the mathematical model 

have been solved by a numerical scheme named as the method of moments. This chapter 

has been published as a paper in Energies (Impact Factor=2.707) [114]. 

Chapter 7 has been dedicated to the study of a three-dimensional squeezing flow of a 

(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. The flow is confined inside a rotating channel 

whose lower wall is stretchable as well as permeable. Heat transfer with viscous dissipation 

is a main subject of interest. We have analyzed mathematically the benefits of hybridizing 

𝑆𝑖𝑂2-based nanofluid with CNTs nanoparticles. To describe the effective thermal 

conductivity of the CNTs-based nanofluid, a renovated Hamilton-Crosser model (RHCM) 

(introduced by Yang and Xu [35] in 2017) have been employed. This model is an extension 

of Hamilton and Crosser’s model [33] because it also incorporates the effect of the 

interfacial layer. For the present flow scenario, the governing equations (after the 

implementation of similarity transformations) results in a set of ordinary differential 

equations (ODEs). We have solved that system of ODEs, coupled with suitable boundary 

conditions (BCs), by implementing a newly proposed Modified Hermite Wavelet Method 

(MHWM). The credibility of the proposed algorithm has been ensured, by comparing the 

procured results with the results obtained by the Runge-Kutta-Fehlberg solution. 

To analyze the heat transfer capabilities of mono as well as hybrid nanofluids over a curved 

stretching surface, Chapter 8 has been included. In Section (8.1), the two-dimensional 



16 

radiative flow of a boundary layer nature has been investigated. The fluid under 

consideration is CNTs- based nanofluid, and it flows over a curved surface. The heat 

transfer during the flow is analyzed under the influence of internal heat generation. Single 

or multi-walled carbon nanotubes, added to the base fluid (water), have been used to model 

the flow. After introducing the suitable similarity variables, the resulting equations have 

been reduced to a system of nonlinear ordinary differential equations. The solution to the 

system is computed by using the shooting method accompanied by Runge-Kutta-Fehlberg 

algorithm. The outcomes of this study can be found in Applied Sciences (Impact 

Factor=2.217) [115].  

Section (8.2) the boundary layer flow of a hybrid nanofluid (the sodium alginate (𝑁𝑎𝐴𝑙𝑔)-

based (𝐶𝑢 − 𝐶𝑢𝑂)) over a curved expanding surface. Heat and mass transport phenomena 

have also been analyzed. Moreover, the impacts of chemical reaction, magnetic field, and 

nonlinear thermal radiation are also a part of this study. This arrangement has great 

practical relevance, especially in the polymer and chemical industries. We have extended 

the Bruggeman model to make it capable of capturing the thermal conductivity of 

(𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid. We have again employed some suitable 

transformations to obtain the governing system of nonlinear ODEs. Runge–Kutta–Fehlberg 

algorithm accompanied by a shooting technique has been employed to solve the governing 

system numerically. The changes in the flow and heat transfer distribution, due to various 

parameters, have been captured and portrayed in the form of graphs. 

Chapter 9 of the manuscript explores the flow and heat transport mechanism of a nanofluid 

(CNT-water) inside a semi-permeable curved channel. The lower wall of the curved 

channel is assumed to be nonpermeable and linearly stretchable. On the other hand, the 

upper wall is non-stretchable but permeable. Moreover, the study also analyzes the heat 

transfer due to nonlinear thermal radiation. The mathematical model, describing the current 

flow scenario, has been developed in terms of partial differential equations structured in 

curvilinear coordinates. These PDEs have been reduced to a system of nonlinear ODEs by 

means of some suitable similarity transformation. After this reduction, the system of ODEs 

has been solved by Shooting-RKF method. It is worth mentioning that the mathematical 

modelling of nanofluid flows inside a curved channel (whose lower wall is stretchable) is 
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a new area of research. We hope that this research work would open new avenues for 

researchers in this regard. 

A thorough conclusive overview of the whole manuscript is presented in Chapter 10. It 

summarizes the conclusions based on the findings of all the previous chapters. In the end, 

all the cited work is displayed in the form of a reference list. 
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Chapter 1. Preliminaries and Basic Concepts 



19 

 

This chapter is categorically divided into different segments. First of all, a detailed 

description of the weighted residual methods such as the Galerkin method and method of 

moments have been presented. Later on, different wavelet techniques, including Hermite 

wavelet method, Chebyshev wavelet method, and Legendre wavelet method, along with 

their modified versions, have been discussed. These modified versions of the traditional 

wavelet techniques are a convenient tool to solve the highly nonlinear fluid dynamics 

problems. Finally, a brief overview of the terminologies, which have been used in the 

upcoming chapters, have also been given.  

1.1 Weighted Residual Method [116, 117] 

A Weighted Residual Method is a collection of some numerical techniques of unified 

characteristics. It can be employed for the cases when the exact solution of a particular 

problem does not exist, or for some specific reasons, an approximate solution is needed. In 

those scenarios, a trial function Ϝ̃, with a finite number of unknown constants (say 𝒸𝑖s; 

𝑖 𝜖 𝒩), have been developed, with the help of an appropriate choice of basis functions 

(either trigonometric or polynomial type functions). 

To understand the underlying theme of the method, let us consider an arbitrary differential 

operator 𝒟, which when acting upon Ϝ̌(𝜒) yield a function ℊ(𝜒), which is given as 

𝒟 (Ϝ̌(𝜒)) = ℊ(𝜒). (1.1) 

To approximate the solution of the problem mentioned above, a trial function Ϝ̃(𝜒) has 

been considered, which is a linear combination of the orthonormal basis function selected 

from a set of functions which possesses the property of linearly independent. 

Mathematically, it can be expressed as 

Ϝ̌(𝜒) ≅ Ϝ̃(𝜒) = 𝜓0 + ∑ 𝒸𝑖𝜓𝑖
𝑛
𝑖=1 , (1.2) 

where the essential boundary conditions are usually incorporated in 𝜓0. Moreover, 𝒸𝑖’s are 

undetermined constants, which is then calculated by minimizing the residual error. By 
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plugging Eq. (1.2) into Eq. (1.1), if the original equation is satisfied, then the trial solution 

is the exact solution, which is extremely a rare situation. However, most of the time, the 

equation is not satisfied and therefore, an expression for the error or the residual have been 

achieved, which is defined as 

ℛ̃(𝜒) = 𝒟 (Ϝ̃(𝜒)) − ℊ(𝜒) ≠ 0. (1.3) 

In the next step, a weighted residual error has been constructed with proper weight 

functions, and on minimizing it, one can get the values of unknown constants 𝒸𝑖’s, that is 

∫ ℛ̃(𝜒) 𝒲𝑖(𝜒)𝑑𝜒𝜒
= 0,         𝑖 = 1,2, … , 𝑛. (1.4) 

From the above equation, a set of algebraic equations have been accomplished whose 

solution, then, yields the undetermined constants 𝒸𝑖’s. By substituting back the values of 

undetermined constants into the trial solution (1.2), gives the numerical solution of the 

original differential equation (1.1). 

Based on an appropriate choice of weight functions 𝒲𝑖, the method of weighted residual 

can further be classified into the following methods. 

1.1.1 Method of Least Square 

In this particular method, the minimization procedure has been performed on the 

continuous summation of the squared residual ℛ̃, i.e., 𝒬 = ∫ ℛ̃(𝜒) ℛ̃(𝜒)𝑑𝜒
𝜒

=

∫ ℛ̃2(𝜒) 𝑑𝜒
𝜒

. Thus, in that case, all the derivatives of 𝒬 w.r.t undetermined constants 𝒸𝑖’s 

must be equal to zero. Mathematically 

𝜕𝒬

𝜕𝒸𝑖
= 2∫ ℛ̃(𝜒) 

𝜕ℛ̃(𝜒)

𝜕𝒸𝑖
𝑑𝜒

𝜒
= 0. (1.5) 

By making a comparison of the above equation with Eq. (1.4), the weight functions are, 

thus, given as 
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𝒲𝑖(𝜒) =
𝜕ℛ̃(𝜒)

𝜕𝒸𝑖
. (1.6) 

1.1.2 Galerkin Method 

In this method, the process of the selection of weight functions is quite different from the 

method of least square. The replacement of ℛ̃(𝜒) with Ϝ̃(𝜒) in Eq. (1.6), yields the 

corresponding weight functions. This method offers 𝜓𝑖’s as weight functions. 

1.1.3 Method of Moments 

The weight functions involve in the method of moments (MM), are defined as [114]: 

𝒲𝑖(𝜒) =
𝜕

𝜕𝒸𝑖
𝒸𝑖𝜒

𝑖. (1.7) 

1.2 Wavelets 

Wavelet is an oscillation just like a wave with the amplitude initiated from zero, increases 

to its maximum extent, and then reduces back to the zero amplitude. The benefits of the 

use of wavelets can be found in different fields like extracting the useful information from 

the biomedical signals such as an electroencephalogram (EEG), electromyogram (EMG), 

electrocardiogram (ECG), data compression, image processing, audio messages, etc. These 

days, wavelets can be opted as an approximated function to solve the physical problems of 

diversified nature. 

1.2.1 Time-scale Wavelets 

In wavelets, a continuous variation in the dilation parameter �̆� and a translation parameter 

𝛽 of a mother wavelet, successfully generates the following class of continuous wavelets 

where, �̆�, 𝛽 ∈ ℝ,   �̆� ≠ 0. Moreover, by assigning some discrete values to the parameters 

�̆� and 𝛽 such as �̆� = �̆�0
−𝓀, 𝛽 = �̆�𝛽0�̆�0

−𝓀, where �̆�0 > 1, 𝛽0 > 0, the subsequent set of 

discrete wavelets have been accomplished 

𝜓�̆�,�̆�(𝜒) =
1

|�̆�|1 2⁄ 𝜓(
𝜒−�̆�

�̆�
), (1.8) 
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where, 𝜓𝓀,�̆� indicates the wavelet basis for 𝕃2(ℝ). It is noteworthy that 𝜓𝓀,�̆�(𝜒) yields a 

set of orthonormal basis function, when we assume �̆�0 = 2 and 𝛽0 = 1. 

A function ℱ̆(𝜒) from 𝕃2(ℝ)- space over the domain [0, 1) maybe expressed in terms of 

the wavelets method as 

where, 

where the inner product space is represented by ⟨. , . ⟩𝕃�́�
2 [0,1). Since the expression in Eq. 

(1.10) is an infinite series. It may be truncated to compute the approximate solution, which 

is as follows 

where 𝚳 and 𝚿(𝜒) are matrices of order 2𝓀−1𝒩 × 1 and are expressed as follows 

1.2.2 Types of Wavelets 

1.2.2.1 Hermite Wavelets 

Hermite wavelets 𝜓�́�,�́� = 𝜓(𝓀, �́�, �́�, 𝜒), defined on the interval [0, 1), are 

mathematically expressed as [118] 

𝜓𝓀,�̆�(𝜒) =
1

|�̆�|−1 2⁄ 𝜓(�̆�0
𝓀𝜒 − �̆�𝛽0),       ∀ �̆�, 𝛽 ∈ ℝ,   �̆� ≠ 0, (1.9) 

ℱ̆(𝜒) = ∑ ∑ 휂𝒾𝒿𝜓𝒾𝒿(𝜒)
∞
𝒿=0

∞
𝒾=1 , (1.10) 

휂𝒾𝒿 = ∫ ℱ̆(𝜒)𝜓𝒾𝒿(𝜒)�́�𝒾𝑑𝜒 = ⟨ℱ̆(𝜒),𝜓𝒾𝒿(𝜒)⟩𝕃�́�
2 [0,1)

1

0
, (1.11) 

ℱ̆(𝜒) = ∑ ∑ 휂𝒾𝒿𝜓𝒾𝒿(𝜒)
𝒩−1
𝒿=0

2𝓀−1
𝒾=1 = 𝚳𝑇𝚿(𝜒). (1.12) 

𝑴 = [
휂10, 휂11, … , 휂1𝒩−1, 휂20, 휂21, … ,
휂2𝒩−1, … , 휂2𝓀−10, … , 휂2𝓀−1𝒩−1

]
T

,and  

 𝚿(𝜒) = [
𝜓10, 𝜓11, … , 𝜓1𝒩−1, 𝜓20, 𝜓21, … ,
𝜓2𝒩−1, … , 𝜓2𝓀−10, … , 𝜓2𝓀−1𝒩−1

]
T

. 

(1.13) 
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where, ℋ�́�(𝜒) symbolizes the �́�th order Hermite polynomials, which can be appraised 

via following recurrence formulae 

The Hermite polynomials, associated with the weight function 𝑒−𝜒
2
, significantly obeys 

the orthogonality relation. In Eq. (1.14), �́� ∈ [0,𝒩 − 1] represents the order of Hermite 

polynomials, 𝓀 ≥ 1 denotes the level of wavelet resolution, and the translation parameter 

is symbolized by �̆� = 2�́� − 1, where �́� = 1,2, … , 2𝓀−1. 

1.2.2.2 Modified Hermite Wavelets 

This innovative version of traditional Hermite wavelet method involves a new set of 

undetermined coefficients, which significantly reduces the computational complexity. 

Moreover, the boundary conditions are restricted to satisfy the proposed trial solution. The 

general procedure is given as under: 

Step 1: let us consider an arbitrary differential operator 𝒟, which when acting upon ℱ̆(𝜒) 

yield a function ℊ(𝜒), which is given as 

𝒟 (ℱ̆(𝜒)) = ℊ(𝜒). (1.16) 

Step 2: By employing the traditional Hermite Wavelet Method, the subsequent trial 

solutions for Eqs. (1.16) can further be endorsed as 

where, 

𝜓�́�,�́�(𝜒) = {
2𝓀 2⁄ √ 2−�́�

�́�!𝜋0.5
ℋ�́�(2

𝓀𝜒 − �̆�),     
�̆�+1

2𝓀
≥ 𝜒 ≥

�̆�−1

2𝓀

                   0,                                              otherwise

, (1.14) 

ℋ0(𝜒) = 1,                                                                         

ℋ1(𝜒) = 2𝜒,                                                                      

ℋ�́�+1(𝜒) = 2𝜒ℋ�́�(𝜒) − 2�́�ℋ�́�−1(𝜒),      �́� ≥ 1.

} (1.15) 

ℱ̆(𝜒) ≅ ℱ̃(𝜒) = ∑ ∑ 휂𝒾𝒿
1 𝜓𝒾𝒿(𝜒)

𝒩−1
𝒿=0

2𝓀−1
𝒾=1 = 𝚳1

𝑇𝚿(𝜒), (1.17) 
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and 

The above expressions for trial solutions can be written as 

In the above equation, �́�𝓲, 𝒾 = 1, represents the matrices, which are defined as 

and 

Now, a new class of undetermined coefficients as {휂́0
𝒾, 휂́1

𝒾, 휂́2
𝒾 , … }, 𝒾 = 1, have been taken 

into account, which satisfies the subsequent relations 

By plugging these new coefficients in the above trial solution, subsequently, generates the 

following new trial solution, which can be written as 

The boundary conditions are now restricted to satisfy the proposed trial solution (1.24). 

After introducing the relevant boundary conditions into the above expressions (1.24), the 

𝚳𝒾 = [휂10
𝒾 , 휂11

𝒾 , 휂12
𝒾 , 휂13

𝒾 , … ]𝑻,   𝒾 = 1, (1.18) 

𝚿(𝜒) = 𝜋−1 4⁄ [1, 2(2𝜒 − 1), 2(8𝜒2 − 8𝜒 + 1),… ]𝑻. (1.19) 

ℱ̃(𝜒) = �́�1𝚽(𝜒), (1.20) 

�́�𝒾 = 𝜋−1 4⁄ [
휂10
𝒾 − 2휂11

𝒾 + 2휂12
𝒾 + 4휂13

𝒾 −⋯ ,4휂11
𝒾 − 16휂12

𝒾

+24휂13
𝒾 +⋯ ,16휂12

𝒾 − 96휂13
𝒾 +⋯ ,64휂13

𝒾 −⋯ ,…
]

𝑻

. (1.21) 

𝚽(𝜒) = [1, 𝜒, 𝜒2, 𝜒3, … ]𝑻. (1.22) 

휂10
𝒾 − 2휂11

𝒾 + 2휂12
𝒾 + 4휂13

𝒾 −⋯ = 휂́0
𝒾,

4휂11
𝒾 − 16휂12

𝒾 + 24휂13
𝒾 +⋯ = 휂́1

𝒾,

16휂12
𝒾 − 96휂13

𝒾 +⋯ = 휂́2
𝒾 ,

64휂13
𝒾 −⋯ = 휂́3

𝒾 ,
⋮ }

 
 

 
 

 (1.23) 

ℱ̃(𝜒) = ∑ 휂́𝒿
1𝜒𝒿𝒩−1

𝒿=0 , (1.24) 
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resulting trial solution can be plugged back into the Eq. (1.16), which, in turn, generate a 

residual vector 𝓡ℱ̃ as follows 

𝓡ℱ̃ = 𝒟 (ℱ̃(𝜒)) − ℊ(𝜒). (1.25) 

Step 4: Further, the concept of the Galerkin Method (see Section 1.1.2) has been adopted 

to explore the undetermined coefficients. Thus, the subsequent system of equations have 

been achieved: 

𝑬
ℱ̃
𝑝
= ∫ 𝓡ℱ̃

𝒹

𝒹�́�𝑝
1 ℱ̃(𝜒)𝒹𝜒

1

0
,    𝑝 = 1,2, … , 2𝓀−1𝒩− 4. (1.26) 

Step 5: From Eq. (1.26), a set of algebraic equations have been accomplished whose 

solution reveals the undetermined constants 휂́’s and then substituting them back into Eq. 

(1.23) yields the unknown coefficients 휂’s. Finally, an approximate solution of Eq. (1.16) 

have been found, by plugging all 휂’s back into the reduced trial solution (1.17). 

1.2.2.3 Legendre Wavelets 

Legendre wavelets 𝜓�́�,�́� = 𝜓(𝓀, �́�, �́�, 𝜒) defined on the interval [0, 1), are specified as 

[119] 

where, �́� ∈ [0, (𝒩 − 1)] symbolizes the �́�th −order of Legendre polynomials. �́� =

1,2,3, … , 2𝓀−1, where 𝓀 can be any positive integer. The coefficient (�́� +
1

2
)
0.5

 is used 

for orthonormality. 𝒫�́�(𝜒) are Legendre polynomials of �́�th −order, which can be 

described at the interval [−1,1]. Furthermore, these polynomials can be evaluated with the 

help of following recursive formulae 

𝜓�́�,�́�(𝜒) = {
(�́� +

1

2
)
0.5

20.5𝓀𝒫�́�(2
𝓀𝜒 − 2�́� + 1),     

�́�−1

2𝓀−1
≥ 𝜒 ≥

�́�

2𝓀−1

                   0,                                              otherwise
, (1.27) 
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1.2.2.4 Galerkin-based Legendre Wavelets 

The concept of Galerkin method (see Section 1.1.2) have been employed in the original 

Legendre wavelet method, and a new version has been developed, to find the numerical 

solution of nonlinear ordinary differential equations, arising in the field of fluid dynamics. 

The main steps of Galerkin-based Legendre wavelets method are similar to the ones as 

discussed earlier for the modified Hermite wavelets method. However, the difference is 

that the Hermite polynomials are replaced with the Legendre polynomials. In this particular 

method, the Eqs. (1.19) and (1.21) can take the following form 

and 

1.2.2.5 Fourth kind Chebyshev Wavelets 

The fourth kind Chebyshev wavelet �̃��̀�,�̀� = �̃�(�̆�, �̀�, �̀�, 𝜒), over an interval [0, 1), are 

defined as [120–122]: 

where, 𝐶ℎ�̀�(𝜒), signifies the �̀�𝑡ℎ order Chebyshev polynomials of the fourth kind, whose 

recurrence formulae can be expressed, mathematically as 

𝒫0(𝜒) = 1,                                                                                                    

𝒫1(𝜒) = 𝜒,                                                                                                    

𝒫�́�+1(𝜒) = (
2�́� + 1

�́� + 1
)𝜒𝒫�́�(𝜒) − (

�́�

�́� + 1
)𝒫�́�−1(𝜒),      �́� ≥ 1.}

 

 
 (1.28) 

𝚿(𝜒) = [1, √3(2𝜒 − 1), √5(6𝜒2 − 6𝜒 + 1),… ]
𝑻
. (1.29) 

�́�𝒾 = [
휂10
𝒾 − √3휂11

𝒾 + √5휂12
𝒾 − √7휂13

𝒾 −⋯ ,2√3휂11
𝒾 − 6√5휂12

𝒾

+12√7휂13
𝒾 +⋯ ,6√5휂12

𝒾 − 30√7휂13
𝒾 +⋯ ,20√7휂13

𝒾 −⋯ ,…
]

𝑻

. (1.30) 

�̃��̀�,�̀�(휁) = {
20.5�̆�

𝜋0.5
𝐶ℎ�̀�(2

�̆�𝜒 − �̆�),     
�̀�+1

2�̆�
≥ 𝜒 ≥

�̀�−1

2�̆�

                   0,                                otherwise
, (1.31) 
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These polynomials satisfy the orthogonality relation, concerning the weight function 

√(𝜒 + 1) (𝜒 − 1)⁄ . Furthermore, in Eq. (1.31), �̆� ≥ 1 signifies the level of wavelet 

resolution, while, �̀� ∈ [0, (𝒩 − 1)] denotes the �̀�𝑡ℎ order of Chebyshev polynomials of 

the fourth kind. The translation parameter is characterized by �̆� = 2�̀� − 1, where �̀� =

1,2, … , 2�̆�−1. 

1.2.2.6 Modified Fourth kind Chebyshev Wavelets (MFKCWM) 

This segment is dedicated for the innovative version of traditional Chebyshev wavelet 

method (fourth kind), which has been successfully introduced to approximate the solution 

of Eqs. (1.16). A novel class of undetermined constants has been accomplished by the 

proposed modification, which significantly lessens the computational complexity as 

compared to the traditional Chebyshev wavelet method (fourth kind). The proposed 

method followed the same procedure as described earlier in the case of Hermite wavelets 

method. However, the difference is that in Step 4, instead of the Galerkin concept, the 

concept of the method of moments (MM) [114] have been employed, to select the 

appropriate weight function. The detailed description related to the method of moments 

[114] can also be found in Section 1.1.3. Therefore, in this particular method, the Eqs. 

(1.19) and (1.21) can take the following form 

and 

Moreover, in step 4, to evaluate the undetermined coefficients {휂̀0
�́� , 휂̀1

�́� , 휂̀2
�́� , … }, �́� = 1, the 

concept of Method of Moments [114] have been employed, which implies the following 

equation 

𝐶ℎ0(𝜒) = 1,                                                               

𝐶ℎ1(𝜒) = 2𝜒 + 1,                                                     

𝐶ℎ�̀�+1(𝜒) = 2휁𝐶ℎ�̀�(𝜒) − 𝐶ℎ�̀�−1(𝜒),      �̀� ≥ 1.

} (1.32) 

𝚿(𝜒) = 𝜋−2 4⁄ [√2, √2(4𝜒 − 3), √2(16𝜒2 − 20𝜒 + 5),… ]
𝑻
. (1.33) 

�́�𝒾 = 𝜋−2 4⁄ [
√2(휂10

�́� − 3휂11
�́� + 5휂12

�́� − 7휂13
�́� −⋯),√2(4휂11

�́� − 20휂12
�́�

+⋯),√2(16휂12
�́� − 112휂13

�́� +⋯),√2(64휂13
�́� −⋯),…

]

𝑻

. (1.34) 
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𝑬
ℱ̃
𝑝
= ∫ 𝓡ℱ̃

𝒹

𝒹�́�𝑝
1 (휂́𝑝

1𝜒𝑝)𝒹𝜒
1

0
,    𝑝 = 1,2, … , 2𝓀−1𝒩− 4. (1.35) 

1.3 Modelling of the features of nanofluids (Mono and Hybrid 

Nanofluids) 

In order to estimate the thermophysical properties corresponding to the mono and hybrid 

nanofluids, the nano-additives were supposed to be uniformly distributed in the host fluid. 

A number of correlations, defining the thermophysical traits of mono nanofluid, have been 

proposed by many scientists, whose results were well matched with the experimental 

outcomes. In comparison to this, the empirical correlations, relative to the thermophysical 

traits of hybrid nanofluid, are limited in number. Therefore, this segment has been designed 

for the correlations, which can be used for estimating the viscosity, density, specific heat, 

electrical, thermal conductivity and mass diffusivity of both mono and hybrid nanofluids 

[44]. 

1.3.1 Dynamic Viscosity 

In real-life situations, the credibility of the nanofluid is greatly challenged by copious 

factors including friction forces, pressure variations and, consequently, pumping powers. 

Therefore, the importance of the viscosity of a mono nanofluid cannot be neglected. 

Brinkman [123], in 1952, suggested a correlation for the estimation of dynamic viscosity 

of regular nanofluid (�̂�𝓃𝒻), which is defined as 

�̂�𝓃𝒻 = �̂�𝒻(1 − Φ1)
−25 10⁄ , (1.36) 

where, �̂�𝒻 symbolizes the dynamic viscosity for host fluid and Φ1 denotes the volumetric 

concentration of nano-additives. On the basis of mixture formula, the case when different 

type/types of nanometer-sized particles have been dispersed in the already composed 

nanofluid, the dynamic viscosity for hybrid nanofluid (�̂�𝒽𝓃𝒻), is defined as [49, 112] 

�̂�𝒽𝓃𝒻 = �̂�𝓃𝒻(1 − Φ2)
−25 10⁄ , (1.37) 
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where, �̂�𝓃𝒻 depicts the dynamic viscosity of the mono nanofluid, which is specified by the 

Eq. (1.36). Moreover, Φ2 is the volumetric concentration of nanometer-sized particles. 

When the composite nanostructures have been added into the host fluid, the dynamic 

viscosity (�̂�𝒽𝓃𝒻) for hybrid nanofluids, can be written as [124] 

�̂�𝒽𝓃𝒻 = �̂�𝒻(1 − Φℎ)
−25 10⁄ , (1.38) 

where, Φℎ = Φ1 +Φ2 is a net volume fraction of distinct nanoparticles. 

1.3.2 Density 

Pak and co-workers [125] derived a model for calculating the density of regular nanofluid, 

denoted by �̂�𝓃𝒻, which is given as 

�̂�𝓃𝒻 = {�̂�𝒻 −Φ1(�̂�𝒻 − �̂�𝓈1)}, (1.39) 

where, �̂�𝒻 represents the density of a host fluid, while the density of a nanomaterial is 

specified by �̂�𝓈1. By employing the same mixture formula, by adding different type/types 

of tiny particles in an already composed nanofluid, the density (�̂�𝒽𝓃𝒻) for hybrid nanofluids 

is given by the following expression [49, 112] 

�̂�𝒽𝓃𝒻 = �̂�𝓈2Φ2 + (1 − Φ2){�̂�𝒻 −Φ1(�̂�𝒻 − �̂�𝓈1)}, (1.40) 

Moreover, in the case of a composites nanomaterials, the density (�̂�𝒽𝓃𝒻) for hybrid 

nanofluid takes the following form [124, 126] 

�̂�𝒽𝓃𝒻 = �̂�𝓈1Φ1 + �̂�𝓈2Φ2 + (1 − Φℎ)�̂�𝒻, (1.41) 

where, �̂�𝓈2 signifies the density of the second nanoparticle. 

1.3.3 Heat Capacity 

In the case of regular nanofluids, the theoretical correlation for heat capacity (�̂��̂�𝓅)𝓃𝒻
 was 

offered by Pak et al. [125], which can be mathematically expressed as [49, 112] 
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(�̂��̂�𝓅)𝓃𝒻
= {(�̂��̂�𝓅)𝒻

−Φ1 ((�̂��̂�𝓅)𝒻
− (�̂��̂�𝓅)𝓈1

)}, (1.42) 

where, (�̂��̂�𝓅)𝒻
 illustrates the heat capacity of a host fluid. By the same mixture principal, 

the heat capacity for hybrid nanofluid (�̂��̂�𝓅)𝒽𝓃𝒻
 can be computed through the following 

correlation [112] 

(�̂��̂�𝓅)𝒽𝓃𝒻
= (�̂��̂�𝓅)𝓈2

Φ2 + (1 − Φ2) {(�̂��̂�𝓅)𝒻
−Φ1 ((�̂��̂�𝓅)𝒻

− (�̂��̂�𝓅)𝓈1
)}, (1.43) 

For composites nano-additives, the heat capacity for hybrid nanofluid (�̂��̂�𝓅)𝒽𝓃𝒻
 is given 

by [124, 126] 

(�̂��̂�𝓅)𝒽𝓃𝒻
= (�̂��̂�𝓅)𝓈1

Φ1 + (�̂��̂�𝓅)𝓈2
Φ2 + (1 − Φℎ)(�̂��̂�𝓅)𝒻

, (1.44) 

where, Φℎ = Φ1 +Φ2. (�̂��̂�𝓅)𝓈1
 and (�̂��̂�𝓅)𝓈2

 denotes the heat capacity of two different 

types of nanomaterials, respectively.  

1.3.4 Electrical Conductivity 

The following correlations can be utilized for the estimation of electrical conductivity, for 

both mono nanofluid (�̂�𝓃𝒻) and hybrid nanofluid (�̂�𝒽𝓃𝒻), which can be given by [49] 

�̂�𝓃𝒻 = �̂�𝒻
�̂�𝓈1(2Φ1+1)−2�̂�𝒻(Φ1−1)

�̂�𝒻(Φ1+2)−�̂�𝓈1(Φ1−1)
, (1.45) 

�̂�𝒽𝓃𝒻 = �̂�𝒻
�̂�𝓈1(2Φ1+1)−2�̂�𝒻(Φ1−1) �̂�𝓃𝒻(Φ2+2)−�̂�𝓈2(Φ2−1)⁄

�̂�𝒻(Φ1+2)−�̂�𝓈1(Φ1−1) �̂�𝓈2(2Φ2+1)−2�̂�𝓃𝒻(Φ2−1)⁄
. (1.46) 

where the electrical conductivity of two different kinds of nano-meter sized materials are 

represented by �̂�𝓈1 and �̂�𝓈2, respectively. 

1.3.5 Thermal Conductivity 

Thermal conductivity is one of the prime thermophysical trait, which plays a counterpart 

in improving the heat transport mechanism, in the case of regular nanofluid. The 
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suspension of nano-additives, bearing highly thermal conductive properties, can 

significantly enhance the thermal efficiency of regular nanofluid, which is mainly be due 

to the convective transport of current between the host fluid and the solid nanomaterials. 

The same reason applies to hybrid nanofluids as well. An existing study provides a number 

of theoretical models that can effectively predict the thermal conductivity of nanofluids. 

Some of them are as follows:  

1.3.5.1 Maxwell’s Model 

The coined work of Maxwell [31] offered a theoretical model for thermal conductivity, 

which is effectively valid for the low concentration of sphere-shaped nano-additives. 

Mathematically 

Κ̂𝓃𝒻 = Κ̂𝒻
Κ̂𝓈1(2Φ1+1)−Κ̂𝒻(Φ1−1)

Κ̂𝒻(Φ1+2)−Κ̂𝓈1(Φ1−1)
. (1.47) 

In the case of hybrid nanofluid, it can be adapted as [44, 49, 112, 114] 

Κ̂𝒽𝓃𝒻 = Κ̂𝓃𝒻
Κ̂𝓈2(2Φ2+1)−Κ̂𝓃𝒻(Φ2−1)

Κ̂𝓃𝒻(Φ2+2)−Κ̂𝓈2(Φ2−1)
. (1.48) 

where, Κ̂𝓃𝒻 represents the thermal conductivity of a regular nanofluid, which can be 

evaluated by the mathematical expression given by Eq. (1.47). 

The condition when the composite nanomaterials have been dispersed into the regular fluid, 

the thermal conductivity ratio can be accomplished by modifying the Maxwell correlation 

[114, 124] as 

Κ̂𝒽𝓃𝒻

Κ̂𝒻
=

Φ1Κ̂𝓈1+Φ2Κ̂𝓈2
Φℎ

+2Κ̂𝒻+2(Φ1Κ̂𝓈1+Φ2Κ̂𝓈2)−2ΦℎΚ̂𝒻

Φ1Κ̂𝓈1+Φ2Κ̂𝓈2
Φℎ

+2Κ̂𝒻−(Φ1Κ̂𝓈1+Φ2Κ̂𝓈2)+ΦℎΚ̂𝒻
. (1.49) 

where, Φℎ = Φ1 +Φ2. 

1.3.5.2 Bruggeman Model 

In 1935, Bruggeman [32] developed a correlation, which is valid for the spherical shaped 

nanometer-sized structures and can be employed for any %V/V. This model usually 
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considers the impact of nanoclusters on thermal conductivity. For regular nanofluids, it can 

be defined as 

Κ̂𝓃𝒻 =
Κ̂𝒻

4
[(3Φ1 − 1) (

Κ̂𝓈1

Κ̂𝒻
) − (3Φ1 − 2) + (Δ1)

0.5], (1.50) 

where,  

Δ1 = [(3Φ1 − 1 )
2 (

Κ̂𝓈1

Κ̂𝒻
)
2

+ (2 − 3Φ1)
2 + 2(2 + 9Φ1 − 9Φ1

2) (
Κ̂𝓈1

Κ̂𝒻
)], (1.51) 

where, the thermal diffusivities of a host fluid and nano-meter sized small particles, are 

denoted by Κ̂𝒻 and Κ̂𝓈1, respectively. Furthermore, by following the mixture formula, the 

Bruggeman model can be upgraded for the hybrid nanofluid, which can be written as [44, 

114, 127] 

Κ̂𝒽𝓃𝒻 =
Κ̂𝓃𝒻

4
[(3Φ2 − 1) (

Κ̂𝓈2

Κ̂𝓃𝒻
) − (3Φ2 − 2) + (Δ2)

0.5], (1.52) 

where, 

Δ2 = [(3Φ2 − 1)
2 (

Κ̂𝓈2

Κ̂𝓃𝒻
)
2

+ (2 − 3Φ2)
2 + 2(2 + 9Φ2 − 9Φ2

2) (
Κ̂𝓈2

Κ̂𝓃𝒻
)], (1.53) 

where the thermal conductivities of a mono nanofluid is represented by Κ̂𝓃𝒻, whose 

mathematical expression is given by Eq. (1.50). Also, Κ̂𝓈2 specifies the thermal 

conductivity of a nano-additives.  

In the case of composite nanomaterials, the Bruggeman model can be extended for the 

estimation of thermal conductivity ratio of the hybrid nanofluid and is given by [44, 114, 

127] 

Κ̂𝒽𝓃𝒻

Κ̂𝒻
=

1

4
[(3Φℎ − 1)(

Φ1Κ̂𝓈1+Φ2Κ̂𝓈2
Φℎ

Κ̂𝒻
) + (2 − 3Φℎ) + (Δ)

1 2⁄ ], (1.54) 
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where, 

Δ =

[
 
 
 
 
 
(3Φℎ − 1)

2 (

Φ1Κ̂𝓈1+Φ2Κ̂𝓈2
Φℎ

Κ̂𝒻
)

2

+ (2 − 3Φℎ)
2 +

2(2 + 9Φℎ − 9Φℎ
2) (

Φ1Κ̂𝓈1+Φ2Κ̂𝓈2
Φℎ

Κ̂𝒻
)

]
 
 
 
 
 

. (1.55) 

In the above equations (Eqs. (1.54) and (1.55)), Φℎ is the net volume fraction of nanometer-

sized particles, which is equivalent to Φ1 +Φ2. 

1.3.5.3 Hamilton and Crosser Model 

An efficient model for thermal conductivity has been proposed by Hamilton and Crosser 

[33], which applies to different shapes of nanocomposites. Mathematically, it can be 

written as 

Κ̂𝓃𝒻 = Κ̂𝒻
Κ̂𝓈1+(𝓃−1)Κ̂𝒻−(𝓃−1)Φ1(Κ̂𝒻−Κ̂𝓈1)

Κ̂𝓈1+(𝓃−1)Κ̂𝒻+Φ1(Κ̂𝒻−Κ̂𝓈1)
. (1.56) 

In context to hybrid nanofluids, the expression is defined as [128] 

Κ̂𝒽𝓃𝒻 = Κ̂𝓃𝒻
Κ̂𝓈2+(𝓂−1)Κ̂𝓃𝒻−(𝓂−1)Φ2(Κ̂𝓃𝒻−Κ̂𝓈2)

Κ̂𝓈2+(𝓂−1)Κ̂𝓃𝒻+Φ2(Κ̂𝓃𝒻−Κ̂𝓈2)
. (1.57) 

In the above relations (Eqs. (1.56) and (1.57)), 𝓂 and 𝓃 represents the shape factor of 

nano-sized particles, respectively. 

1.3.5.4 Xue Model 

By taking into account the concept of average polarization, Xue [34] (in 2005) presented a 

theoretical model, by considering the rotational elliptical nanotubes, with the assumption 

that the axial ratio is very high. Moreover, the space distribution effects on carbon 

nanotubes have also been studied. Mathematically, the thermal conductivity ratio is given 

by 
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Κ̂𝒽𝓃𝒻

Κ̂𝓃𝒻
=

1−Φ+2Φ
Κ̂CNT

(Κ̂CNT−Κ̂𝓃𝒻)
ln (

Κ̂CNT+Κ̂𝓃𝒻

2Κ̂𝓃𝒻
)

1−Φ+2Φ
Κ̂𝓃𝒻

(Κ̂CNT−Κ̂𝓃𝒻)
ln (

Κ̂CNT+Κ̂𝓃𝒻

2Κ̂𝓃𝒻
)

. (1.58) 

In the above equation, the thermal conductivity of CNTs-based nano-meter sized materials 

is denoted by Κ̂CNT, while Κ̂𝓃𝒻 depict the thermal conductivity of the host fluid, which is 

either regular fluid (in the case of nanofluid) or mono nanofluid (in the case of hybrid 

nanofluid). 

1.3.5.5 Renovated Hamilton and Crosser Model 

In 2017, Yang and Xu [35] introduced a renovated Hamilton-Crosser model, which 

effectively predicts the thermal conductivity of nanofluid engineered by dispersing CNTs. 

This model usually incorporates the influence of aspect ratio and CNTs diameter along with 

the interfacial layer. By following the mixture principle, this model can be expressed as 

Κ̂𝒽𝓃𝒻 = Κ̂𝓃𝒻
Κ̂𝔭ℯ+(𝓃1−1)Κ̂𝓃𝒻−(𝓃1−1)(1+𝒞)(Κ̂𝓃𝒻−Κ̂𝔭ℯ)Φ

Κ̂𝔭ℯ+(𝓃1−1)Κ̂𝓃𝒻+(1+𝒞)(Κ̂𝓃𝒻−Κ̂𝔭ℯ)Φ
,           𝓃1 = 3𝜓−ℊ,        

Κ̂𝔭ℯ =
1

𝜋
∫ √Κ̂𝔭ℯ𝓏2 sin2 𝛼 + Κ̂𝔭ℯ𝓍2 cos2 𝛼 𝒹𝛼
𝜋

0
,        Κ̂𝔭ℯ𝓍 =

𝒜Κ̂CNTΦ+ℬ𝒞Κ̂ℓ𝓇Φ

𝒜Φ+ℬ𝒞Φ
,

Κ̂𝔭ℯ𝓏 =
Κ̂CNT+𝒞Κ̂ℓ𝓇

1+𝒞
,        Κ̂ℓ𝓇 =

Κ̂CNT[𝕥+ℛ(1−Κ̂𝓃𝒻 Κ̂CNT⁄ )]𝑙𝑛[(𝕥 ℛ⁄ )+1]

𝕥Κ̂𝓃𝒻𝑙𝑛[{(𝕥 ℛ⁄ )+1}Κ̂CNT Κ̂𝓃𝒻⁄ ]
,                   

𝒜 = −
2Κ̂ℓ𝓇

Κ̂CNT+Κ̂ℓ𝓇
,         ℬ =

ℛ

ℛ+𝕥
(
Κ̂CNT−Κ̂ℓ𝓇

Κ̂CNT+Κ̂ℓ𝓇
− 1) ,          𝒞 =

(ℛ+𝕥)2−ℛ2

ℛ2
,         

𝜓 =
2ℯ(𝕦)[1−ℯ2(𝕦)]

1 6⁄

ℯ(𝕦)√1−ℯ2(𝕦)+sin−1(ℯ(𝕦))
,      ℯ(𝕦) = √1 −

(ℛ2+𝕦)

((ℒ 2⁄ )2+𝕦)
.                              

}
 
 
 
 
 

 
 
 
 
 

  (1.59) 

In the above equation, 𝓃1 represents the empirical shape factor which depends upon the 

sphericity 𝜓 and the empirical parameter ℊ. Yu and Choi [36, 37] followed by Jiang et al. 

[38], through their studies, found that this parameter ℊ should be equal to 1.55, for CNTs-

based nanofluids. ℯ(𝕦) denotes the eccentricity. ℒ and ℛ respectively indicates the length 

and radius of the CNTs with the assumption ℒ > ℛ. Moreover, the interfacial layer 

thickness around the CNTs is symbolized by 𝕥 and which is equal to 2𝑛𝑚. The thermal 

conductivity of the CNT/layer composites, in the radial direction, is represented by Κ𝔭ℯ𝓍, 

while Κ𝔭ℯ𝓏 denotes the same in the axial direction. Κℓ𝓇 elucidates the thermal conductivity 
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of the interfacial layer around the CNTs and its mathematical expression was reported by 

Jiang et al [38]. 

1.3.6 Mass Diffusivity 

By making use of the mixture formula, the correlation expressions for the mass diffusivity, 

for both mono and hybrid nanofluids, are specified as [114, 129, 130] 

�̂�𝓃𝒻 = (1 − Φ1)�̂�𝒻, (1.60) 

�̂�𝒽𝓃𝒻 = (1 − Φ2)�̂�𝓃𝒻. (1.61) 

By considering the composite nanomaterials, the molecular diffusivity [124, 129–131] of 

the species concentration for hybrid nanofluid can be written as 

�̂�𝒽𝓃𝒻 = (1 − Φℎ)�̂�𝒻. (1.62) 

where, Φℎ = Φ1 +Φ2. Moreover, in the above equations (Eqs. (1.60)-(1.62)), �̂�𝓃𝒻 and 

�̂�𝒻 denotes the mass diffusivities of a mono nanofluid and a host fluid, respectively. 
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Chapter 2. Finite Element Method for the 

Radiative Flow of a Water-based 

(𝑮𝒓𝒂𝒑𝒉𝒆𝒏𝒆 − 𝑨𝑰𝟐𝑶𝟑) Hybrid Nanofluid in 

Dilating and Squeezing Permeable Channel 
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2.1 Overview 

This chapter has been designed to investigate the behaviour of the viscid radiative flow of 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid, inside a channel whose lower wall remains 

at rest, while the upper permeable surface has a capability of dilation and contraction. 

Furthermore, the lower wall is assumed to be heated. By employing the similarity 

transforms, a set of highly nonlinear ordinary differential equations have been achieved, 

which is then solved by a finite element algorithm, named as ‘Galerkin method.’ Moreover, 

a comparability analysis process has been performed between the outcomes obtained via 

Galerkin method and the results achieved by a numerical algorithm, so-called Runge-

Kutta-Fehlberg (RKF) scheme. In this context, Tables have been provided, which displays 

compatibility between the obtained solutions. Also, the graphical aid, along with a detailed 

explanation, has been provided in Section 2.4 that enabled us to clearly understand the flow 

and heat transfer phenomena due to numerous embedded entities. 

2.2 Mathematical Analysis 

An infinitely long channel has been under consideration through which a time-dependent, 

the incompressible viscid flow of (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid has been 

flowing. The lower wall coincides with the horizontal axis (�̂� =  0) and is assumed to be 

at rest. On the other hand, the wall situated at �̂� =  𝒷(�̂�) is porous and it also experiences 

a successive dilation and contraction at the uniform time-dependent rate, i.e., �̇� = 𝑑𝒷 𝑑�̂�⁄ . 

Figure 2.1 displays the configuration of the channel. 

It has been further assumed that the lower wall is heated. In order to cool it down, a coolant, 

with a uniform speed �̂�𝑤, has been injected through the porous wall. We have also 

considered the case when the fluid, with the same speed, has been sucked out from the 

same wall. The nonlinear thermal radiative effects have also been taking into account. 

Other ingredients like fluxes due to conduction and viscous dissipation effects have been 

neglected. 
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Figure 2.1: Geometrical illustration of the channel. 

In the current flow scenario, the governing equations can be written as [62, 68] 

𝜕�̂�

𝜕�̂�
+
𝜕�̂�

𝜕�̂�
= 0, (2.1) 

𝜕�̂�

𝜕�̂�
= �̂�ℎ𝑛𝑓 [𝜐ℎ𝑛𝑓 (

𝜕2�̂�

𝜕�̂�2
+
𝜕2�̂�

𝜕�̂�2
) − (

𝜕�̂�

𝜕�̂�
+
𝜕�̂�

𝜕�̂�
�̂� +

𝜕�̂�

𝜕�̂�
�̂�)], (2.2) 

𝜕�̂�

𝜕�̂�
= �̂�ℎ𝑛𝑓 [𝜐ℎ𝑛𝑓 (

𝜕2�̂�

𝜕�̂�2
+
𝜕2�̂�

𝜕�̂�2
) − (

𝜕�̂�

𝜕�̂�
+
𝜕�̂�

𝜕�̂�
�̂� +

𝜕�̂�

𝜕�̂�
�̂�)], (2.3) 

𝜕Τ̂

𝜕�̂�
+
𝜕Τ̂

𝜕�̂�
�̂� +

𝜕Τ̂

𝜕�̂�
�̂� = 𝛽ℎ𝑛𝑓 (

𝜕2Τ̂

𝜕�̂�2
+
𝜕2Τ̂

𝜕�̂�2
) −

1

(�̂�𝐶𝑝)ℎ𝑛𝑓
(
𝜕�̂�𝑟

𝜕�̂�
+
𝜕�̂�𝑟

𝜕�̂�
), (2.4) 

where, �̂� indicate the velocity constituent in �̂� −direction, while, the velocity constituent 

along the �̂� −direction is represented by �̂�. �̂� and Τ̂ symbolizes the dimensional pressure 

and temperature, respectively. Furthermore, 𝜐ℎ𝑛𝑓 = 𝜇ℎ𝑛𝑓 �̂�ℎ𝑛𝑓⁄  is the effective kinematic 

viscosity, 𝜇ℎ𝑛𝑓 is the ratio of dynamic viscosity and �̂�ℎ𝑛𝑓 is the density [132, 133]. Besides, 

the thermal diffusivity is denoted by 𝛽ℎ𝑛𝑓 = 𝓀ℎ𝑛𝑓 (�̂�𝐶𝑝)ℎ𝑛𝑓⁄ , where 𝓀ℎ𝑛𝑓 is the thermal 

conductivity and (�̂�𝐶𝑝)ℎ𝑛𝑓 represents the volumetric heat capacity of the 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid. Table 2.1 displays the thermo-mechanical 

expressions for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid. 
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Table 2.1: Thermo-mechanical relations for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3/𝐻2𝑂) Hybrid Nanofluids [114, 124]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̂�ℎ𝑛𝑓 = 𝜑1�̂�𝑠1 + 𝜑2�̂�𝑠2 + (1 − 𝜑)�̂�𝑓  

Specific Heat (�̂�𝐶𝑝)ℎ𝑛𝑓 = 𝜑1(�̂�𝐶𝑝)𝑠1 + 𝜑2(�̂�𝐶𝑝)𝑠2 +
(1 − 𝜑)(�̂�𝐶𝑝)𝑓  

Dynamic Viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜑)5 2⁄   

Thermal Conductivity 

(Maxwell′s Model) 

𝓀ℎ𝑛𝑓

𝓀𝑓
=

𝜑1𝓀𝑠1+𝜑2𝓀𝑠2
𝜑

+2𝓀𝑓+2(𝜑1𝓀𝑠1+𝜑2𝓀𝑠2)−2𝜑𝓀𝑓

𝜑1𝓀𝑠1+𝜑2𝓀𝑠2
𝜑

+2𝓀𝑓−(𝜑1𝓀𝑠1+𝜑2𝓀𝑠2)+𝜑𝓀𝑓
  

where  (𝜑 = 𝜑1 + 𝜑2). 

In the expressions above (in Table 2.1), 𝜑 = 𝜑1 + 𝜑2 represents the overall volume 

concentration of aluminium (𝜑1) and graphene (𝜑2) nanomaterials, in hybrid nanofluids. 

At constant pressure, the heat capacity of regular fluid (𝐻2𝑂) along with aluminium and 

graphene nanocomposites have been denoted by (𝐶𝑝)𝑓, (𝐶𝑝)𝑠1 and (𝐶𝑝)𝑠2, respectively. 

�̂�𝑓, �̂�𝑠1 and �̂�𝑠2 indicate the densities of the regular carrier fluid (𝐻2𝑂), aluminium and 

graphene nanocomposites, respectively. The thermal conductivity of aluminium and 

graphene nanocomposites are symbolized by 𝓀𝑠1 and 𝓀𝑠2, respectively, while, 𝓀𝑓 signifies 

the thermal conductivity of the carrier fluid (𝐻2𝑂). Table 2.2 has been displayed with the 

specific values of thermo-mechanical quantities, like specific heat, thermal conductivity, 

and density, of carrier fluid (𝐻2𝑂) at 40℃ [134] and the aluminium and graphene 

nanocomposites. 

Table 2.2: Thermo-mechanical features of 𝐻2𝑂, 𝐴𝐼2𝑂3 and Graphene [132, 134]. 

𝐏𝐡𝐲𝐬𝐢𝐜𝐚𝐥 

𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 

𝐁𝐚𝐬𝐞 𝐟𝐥𝐮𝐢𝐝 𝐍𝐚𝐧𝐨𝐚𝐝𝐝𝐢𝐭𝐢𝐯𝐞𝐬 

𝐖𝐚𝐭𝐞𝐫 (𝒇) 𝑨𝑰𝟐𝑶𝟑 𝐆𝐫𝐚𝐩𝐡𝐞𝐧𝐞 

Thermal Conductivity, Κ̂ (𝑊𝐾−1𝔪−1) 0.6316 46 5000 

Heat Capacity, �̂�𝓅 (𝐽 𝐾
−1𝑘𝑔−1) 4178.6 765 790 

Density, �̂� (𝑘𝑔 𝔪−3) 991.8 3970 2200 

Prandtl number, Pr 6.2 − − 
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In Eq. (2.4), the net transfer of heat, in terms of radiation, is denoted by �̂�𝑟. Rosseland [135] 

successfully proposed an expression that approximates the radiative diffusion process and 

is given by 

�̂�𝑟 = −
16�̂�Τ̂3

3𝑎𝑅

𝜕Τ̂

𝜕�̂�
, (2.5) 

where Rosseland mean absorption coefficient together with Stefan-Boltzmann constant is 

symbolized by 𝑎𝑅 and �̂�, respectively. 

By following [69], the boundary conditions, in the current situation, are specified as 

�̂� = 0,     �̂� = 0,      Τ̂ − Τ̂𝑙 = 0      at     �̂� = 0,  

�̂� = −�̂�𝑤 = −Å𝑢�̇�,     �̂� = 0,      Τ̂ − Τ̂𝑢 = 0      at     �̂� =  𝒷(�̂�). (2.6) 

where, Τ̂𝑙 indicate the temperature of the lower heated surface. The temperature of the 

surface, situated at �̂� =  𝒷(�̂�), is denoted by Τ̂𝑢. It has been further assumed that the 

coolant has been injected from the upper surface. 

In order to transform the set of equations (2.1)-(2.3) into a fourth-order, single, ordinary 

differential equation (ODE), the proposed similarity variables [68, 69] are given by 

�̂� = 𝒷−1(�̂�)𝜐𝑓Ϝ̅(휁, �̂�),      �̂� = 𝜐𝑓�̂�Ϝ̅𝜁 𝒷2(�̂�)⁄ ,   휁 = 𝒷−1(�̂�)�̂�, (2.7) 

where the subscript 휁 stands for 𝒹 𝒹휁⁄ . Since numerous research articles provide the detail 

description of the transition process [62, 66, 69, 136], so it seems appropriate to remain 

focused on the essential ingredients instead of explaining the whole process in detail. 

Therefore, a non-dimensionalized ODE has been achieved, which is given as 

Ϝ̂𝑖𝑣 + Υ1[ℛ(Ϝ̂Ϝ̂
′′′ − Ϝ̂′Ϝ̂′′) + 𝛼(3Ϝ̂′′ + 휁Ϝ̂′′′)] = 0. (2.8) 
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where ℛ = �̂�𝑤𝒷 𝜐𝑓⁄  and 𝛼 = 𝒷�̇� 𝜐𝑓⁄  symbolizes the permeation Reynolds number and 

dimensionless wall deformation rate, respectively. The positive ℛ stands for the fluid 

injection, while, the positive 𝛼 represents the case of dilating channel.  

The following normalizing scale variables have been adopted to achieve the non-

dimensional variables and are given by 

�̂�∗ = �̂��̇�−1,        �̂�∗ = �̂��̇�−1,      �̂�∗ = �̂�𝒷−1,      Ϝ̂ = Ϝ̅ℛ−1. (2.9) 

The dimensionless form of auxiliary conditions for the velocity profile is thus suggested as 

[68, 69] 

Ϝ̂(휁) ↓𝜁=0= 0,    Ϝ̂′(휁) ↓𝜁=0= 0,    Ϝ̂(휁) ↓𝜁=1= 1,    Ϝ̂′(휁) ↓𝜁=1= 0. (2.10) 

The equation for energy conservation (Eq. (2.4)) can be converted to an ODE, by 

implementing the following similarity variable; 

Τ̂ = (1 − �̂�(휁)) Τ̂𝑢 + �̂�(휁)Τ̂𝑙. (2.11) 

Eq. (2.11) also, enable us to transform the auxiliary conditions related to the temperature 

profile. Therefore, the ensuing ordinary differential equation and its related auxiliary 

conditions, are given as 

((
𝓀ℎ𝑛𝑓

𝓀𝑓
+ 𝑅𝑑(1 + (휃𝓌 − 1)�̂�)

3
) �̂�′)

′

+ PrΥ2 (𝛼휁 + ℛϜ)�̂�
′ = 0. (2.12) 

�̂�(휁) ↓𝜁=0= 1, �̂�(휁) ↓𝜁=1= 0. (2.13) 

where, 
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Υ1 =
𝜐𝑓

𝜐ℎ𝑛𝑓
=

(1−𝜑+𝜑1
�̂�𝑠1
�̂�𝑓
+𝜑2

�̂�𝑠2
�̂�𝑓
)

(1−𝜑)−5 2⁄ ,                                

Υ2 =
(�̂�𝐶𝑝)ℎ𝑛𝑓

(�̂�𝐶𝑝)𝑓
= 1 − 𝜑 + 𝜑1

(�̂�𝐶𝑝)𝑠1
(�̂�𝐶𝑝)𝑓

+ 𝜑1
(�̂�𝐶𝑝)𝑠2
(�̂�𝐶𝑝)𝑓

.

}
 
 

 
 

 (2.14) 

In Eq. (2.12), 𝑅𝑑 = 16�̂�Τ̂𝑢
3
3𝑎𝑅𝓀𝑓⁄  represents a radiation parameter. 휃𝓌 = Τ̂𝑙 Τ̂𝑢⁄  

indicate a ratio between temperatures at lower and upper plates, while, Prandtl number is 

denoted by Pr = (�̂�𝐶𝑝)𝑓𝜐𝑓 𝓀𝑓⁄ . 

The dimensionless form, representing the local rate of heat transferal (i.e., local Nusselt 

number), is signified by the following mathematical expression 

𝑁𝑢 =
𝒷𝓀𝑓

−1

(Τ̂𝑙−Τ̂𝑢)
(�̂�𝑟 + �̂�𝓌), (2.15) 

where, 

�̂�𝓌 = −𝓀ℎ𝑛𝑓
𝜕Τ̂3

𝜕�̂�
. (2.16) 

Subsequently, by employing Eqs. (2.5), (2.11), and (2.16) into Eq. (2.15), the Nusselt 

number at the bottom and a top wall, can be expressed as 

2.3 Application of Galerkin Method 

A famous algorithm from finite element analysis, namely, the Galerkin method (GM) has 

been adopted to solve the coupled nonlinear set of Eqs. (2.8) and (2.12) along with auxiliary 

conditions (2.10) and (2.13). A detailed description of this method has been presented in 

Section 1.1.2. 

𝑁𝑢lower = −(
𝓀ℎ𝑛𝑓

𝓀𝑓
+ 𝑅𝑑(휃𝓌)

3) �̂�′(0), (2.17) 

𝑁𝑢upper = −(
𝓀ℎ𝑛𝑓

𝓀𝑓
+ 𝑅𝑑) �̂�′(1). (2.18) 
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For the present flow problem, the following coupled trial solution has been considered 

Ϝ̂(휁) = ∑ 𝒸𝑖휁
𝑖𝑛

𝑖=0 , (2.19) 

�̂�(휁) = ∑ 𝑑𝑖휁
𝑖𝑛

𝑖=0 . (2.20) 

By incorporating the above trial functions into the Eqs. (2.8) and (2.12) and then following 

the steps as suggested in Section 1.1.2, one can easily obtain an approximate solution for 

the present flow problem. Thus the approximate solution for the velocity together with 

temperature profile is as under: 

Ϝ̂(휁) ≅ Ϝ̃(휁) = 0.057228724휁7 − 0.406276252휁6 + 1.16998989휁5 

                         −0.90558543휁4 − 2.35983755휁3 + 3.44448065휁2 

                         −0.00000001휁 + 0.00000002, 

(2.21) 

�̂�(휁) ≅ �̃�(휁) = −4.12324413휁7 + 16.091168702휁6 − 22.6047072휁5 

                            +11.855495휁4 + 0.046864휁3 + 0.02528058휁2 

                            −2.2908563휁 + 0.999999. 

(2.22) 

The above-mentioned solutions (Eqs. (2.21) and (2.22)) have been derived, by assuming 

the following specified values of parameters: 

ℛ = 1.5, 𝑅𝑑 = 0.1, 𝛼 = 1.0, 휃𝓌 = 1.1, Pr = 6.2, 𝜑1 = 𝜑2 = 0.02. (2.23) 

The following tables provide a comparison between the obtained results and RKF solution. 

The values of embedded entities remain the same as suggested above. An analogy for 

velocity profile has been displayed in Table 2.3, while for temperature profile, Table 2.4 

has been presented. From these tables, compatibility among the solutions has been visible. 
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Table 2.3: Numerical assessment of the outcomes obtained for Ϝ̂(휁). 

𝜻 𝐑𝐊𝐅 𝐆𝐚𝐥𝐞𝐫𝐤𝐢𝐧 𝐌𝐞𝐭𝐡𝐨𝐝 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0 2.681418986e-009 2.681418986e-009 

0.1 0.03176758254 0.03176716218 4.203563444e-007 

0.2 0.1169946914 0.1169912475 3.443825141e-006 

0.3 0.2400507611 0.2400433747 7.386354908e-006 

0.4 0.3853342445 0.3853264425 7.802004968e-006 

0.5 0.5379994089 0.5379956056 3.803309236e-006 

0.6 0.6844914058 0.6844924028 9.970169987e-007 

0.7 0.812915866 0.8129186352 2.769235812e-006 

0.8 0.9132746293 0.9132760932 1.463967142e-006 

0.9 0.9775981909 0.9775982274 3.645488533e-008 

1.0 1 0.9999998609 1.390791162e-007 

 

Table 2.4: Numerical assessment of the outcomes obtained for �̂�(휁). 

𝜻 𝐑𝐊𝐅 𝐆𝐚𝐥𝐞𝐫𝐤𝐢𝐧 𝐌𝐞𝐭𝐡𝐨𝐝 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 1 1 4.937281695e-010 

0.1 0.7471093856 0.7469887956 0.0001205899698 

0.2 0.5108466767 0.5106576095 0.0001890672136 

0.3 0.3133105673 0.3135862602 0.000275692884 

0.4 0.1696924921 0.169928459 0.0002359669574 

0.5 0.08043150209 0.08007795024 0.0003535518546 

0.6 0.03328218852 0.03291677883 0.0003654096959 

0.7 0.01202443173 0.0122398647 0.0002154329649 

0.8 0.003737344225 0.003950060103 0.0002127158781 

0.9 0.0008873285457 0.0006178680497 0.000269460496 

1.0 0 -9.290139769e-010 9.290139769e-010 
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2.4 Interpretation of Results 

The behaviour of 𝐻2𝑂 −based hybrid (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) nanofluid has been examined 

inside a rectangular conduit, whose permeable upper walls exhibits dilating and squeezing 

motion. The purpose of this particular segment is to graphically demystify the deviations 

of several physical phenomena like velocity together with temperature and heat transfer 

properties. The influential behaviour, due to a number of physical quantities like 

deformation parameter 𝛼, permeation Reynolds number ℛ, nonlinear thermal radiation 𝑅𝑑, 

temperature ratio 휃𝓌 and solid volume fraction (0 ≤ 𝜑 = 𝜑1 + 𝜑2 ≤ 0.05), have been 

thoroughly examined. It is pertinent to mention that the alumina and graphene 

nanomaterials have been equally suspended within the carrier fluid, i.e., 𝜑1 = 𝜑2 = 0.5𝜑. 

Since the carrier fluid used, in the present study, is water. Therefore, the Prandtl number is 

6.2. 

Figures 2.2-2.9 have been designed to investigate the performance of the velocity field. 

Each figure equipped with an inset picture that gives the preview of the areas 0.35 ≤ 휁 ≤

0.36 (from the left side) and 0.75 ≤ 휁 ≤ 0.76 (from the right side). Figures 2.2 and 2.3, 

simultaneously, explains the variations in velocity profile, when the contraction of the 

upper wall accompanied with suction and injection takes place. With growing absolute 𝛼 

(from Figure 2.2), one can clearly witnessed an accelerated flow, in the vicinity, nearby the 

upper wall. This may be due to the squeezed motion of the wall, which then densifies the 

adjacent fluid layers and as a result, enhances their speed. Suction at the upper wall is also 

a key factor behind this enhancement. On the contrary, an opposite behaviour has been 

perceived, in the middle and lower region of the rectangular conduit. Besides, the inset 

picture revealed the fact that the velocity behaviour, related to (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid, 

seems to be prominent in the upper half of the channel when compared to 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid. Figure 2.3 exhibited the case of 

contraction\injection. Again the embracing motion of the upper wall increases the fluid 

velocity in the adjacent region. Because of injection, the velocity for (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

nanofluid possesses lower values, in the region, adjoining to the upper wall. 

Figures 2.4 and 2.5 demonstrate the velocity behaviour when the dilation of the upper wall, 

along with suction and injection takes place. It has been observed that whether the fluid 
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has been sucked or injected through the top wall, the parting motion of the upper wall 

creates a space near the wall. The fluid adjacent to that region is then experiencing an 

inward motion to cover this gap, and as a result, a decelerated flow has been observed, 

nearby the upper wall. On the other hand, the fluid velocity, with the growing 𝛼, seems to 

be increasing in the bottom region of the conduit and hence the momentum is conserved. 

Moreover, the velocity of (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid displays its dominancy over the 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid, nearby the upper wall and this phenomena 

has been observed when dilation along with suction, takes in to place (see Figure 2.4). On 

the other hand, one can notice reversed behaviour in Figure 2.5. 

The upcoming figures (Figures 2.6-2.9) have been designed to analyze the patterns of a 

velocity profile for suction or injection along with embracing or parting motion of the upper 

wall. Figure 2.6 illustrates the case when the wall at the top simultaneously experiences the 

suction factor and squeezing motion. One can see a decline in the velocity profile, in the 

subjacent region of the channel, with the rising absolute values of ℛ. The behaviour may 

be due to the suction at the upper surface, which controls the flow behaviour in the nearby 

region and thus, an accelerated flow has been accomplished, in this section. Figure 2.7 

shows the case when the upper wall of the channel moves away from the bottom one, and 

at the same time, suction also arises at the top wall. Almost a similar behaviour of velocity 

has been perceived, as found earlier in Figure 2.6. Furthermore, the velocity of 

(𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid portrays a dominant behaviour in the channel’s upper portion as 

compared to (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid, and this can be easily noticed 

in Figures 2.6 and 2.7. The cases when injection simultaneously coupled with embracing 

or parting motion appears at the top wall of the channel, Figures 2.8 and 2.9 has been 

portrayed. From these figures, one can notice a reversed behaviour in velocity profile as 

compared to Figures 2.6 and 2.7. 
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Figure 2.2: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of 𝛼;ℛ < 0, 𝛼 < 0. 

 

Figure 2.3: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of 𝛼;  ℛ > 0, 𝛼 < 0. 

 

 

Figure 2.4: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of 𝛼;  ℛ < 0, 𝛼 > 0.  

 

Figure 2.5: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of 𝛼;  ℛ > 0, 𝛼 > 0. 

 

 

Figure 2.6: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of ℛ;  ℛ < 0, 𝛼 < 0. 

 

Figure 2.7: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of ℛ;  ℛ < 0, 𝛼 > 0. 
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Figure 2.8: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of ℛ;ℛ > 0, 𝛼 < 0.  

 

Figure 2.9: Graphical outcomes for (Ϝ̂′(휁)), for specific 

points of ℛ;ℛ > 0, 𝛼 > 0. 

Next, we intend to describe the deviations in temperature distribution, which is caused by 

varying several emerging factors arising in the current study. Figures 2.10 and 2.11 

displays the consequences of different 𝛼 on temperature distribution, simultaneously 

considering the factors: injection (ℛ > 0) as well as suction (ℛ < 0). Again, it is 

noteworthy that  𝛼 > 0 deals with the situation, when the upper wall moves away from the 

bottom wall, while 𝛼 < 0 signifies the squeezing motion of the upper wall. Besides, 𝛼 = 0 

means the upper wall is at rest. From Figure 2.10 (the suction case), an upsurge in 

temperature has been recorded when the wall, at the top, expresses a squeezed motion 

(𝛼 < 0). Since the upper wall experiences a squeezed motion towards the lower heated 

plate and the fluid, at the same time, is sucked out from the wall. Therefore a significant 

augmentation in temperature has been observed. On the contrary, a decline in temperature 

has been perceived from the same figure, when the top surface moves away from the 

bottom wall. The fact behind it is the larger area of the channel. It has also been noted that 

𝐻2𝑂-based hybrid (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) nanofluid displays lower temperature values as 

compared to (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid. From Figure 2.11 (the injection case), one can 

observe a similar behaviour as discussed above, but the temperature seems to be lesser this 

time. The coolant which has been injected from the upper wall might be a reason behind 

this fact. 

Figures 2.12 and 2.13 simultaneously focused on the influential behaviour of temperature 

distribution due to permeation Reynolds number ℛ in the case of embracing or parting 

motion. As far as suction and injection is a concern, the behaviours seem to be similar; the 
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increment in suction rises the fluid’s temperature, while a drop in temperature has been 

recorded for increasing injection. It may be due to the injection of coolant, which reduces 

the fluid’s temperature. Furthermore, it is pertinent to mention that the temperature shows 

its supremacy in the case of the squeezing channel as compared to the dilating channel. 

The cause behind is the narrowing area of the conduit. 

The next two figures (Figures 2.14 and 2.15) provide aid to see the temperature behaviour, 

with the varying 휃𝓌. Two cases, the injection along with contraction and the injection 

along with dilation, are taken into account. An upsurge in temperature has been recorded, 

with the rising 휃𝓌. The increment in 휃𝓌 implies that the difference between the 

temperatures, at upper and lower walls, increases. It means that more heat transfers towards 

the upper wall, which, in turn, raises the fluid temperature. Moreover, it has been observed 

that the temperature of (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid possesses higher 

values than (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid. 

Figures 2.16 and 2.17 have been sketched to exhibit the increment in temperature 

distribution with increasing radiation parameter 𝑅𝑑. The increasing 𝑅𝑑 is caused by the 

decline in the coefficient of mean absorption, which, consequently, raises the fluid’s 

temperature. Furthermore, it has been noticed that the deviations in temperature patterns 

seem to be dominant in the dilation/injection scenario. 

 

Figure 2.10: Graphical outcomes for �̂�(휁), for specific 

points of 𝛼;  ℛ < 0. 

 

Figure 2.11: Graphical outcomes for �̂�(휁), for specific 

points of 𝛼;  ℛ > 0. 
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Figure 2.12: Graphical outcomes for �̂�(휁), for specific 

points of ℛ;  𝛼 < 0. 

 

Figure 2.13: Graphical outcomes for �̂�(휁), for specific 

points of ℛ;  𝛼 > 0. 

 

 

Figure 2.14: Graphical outcomes for �̂�(휁), for specific 

points of 휃𝓌; ℛ > 0, 𝛼 < 0.  

 

Figure 2.15: Graphical outcomes for �̂�(휁), for specific 

points of 휃𝓌;  ℛ > 0, 𝛼 > 0. 

 

 

Figure 2.16: Graphical outcomes for �̂�(휁), for specific 

points of 𝑅𝑑;  ℛ > 0, 𝛼 < 0. 

 

Figure 2.17: Graphical outcomes for �̂�(휁), for specific 

points of 𝑅𝑑;ℛ > 0, 𝛼 > 0. 

Figures 2.18-2.23 have been displayed to figure out the significances of numerous 

emerging parameters on the local heat exchange rate, i.e., Nusselt number. These figures 
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also present a comparison between (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid, 

(𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid and a regular fluid. Figure 2.18 deals with the case of suction 

along with contraction. With the growing values of 𝜑1, (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid 

nanofluid depicts a slightly decline in 𝑁𝑢upper, while, at the bottom of the channel, a 

reversed trend has been clearly visible. Besides, the squeezing motion of the upper wall 

yields an increment in the heat exchange rate, at the top of the rectangular conduit, while, 

a decline has been noticed, at the bottom of the channel. The phenomena related to 

injection/expansion has been demonstrated in Figure 2.19. The local Nusselt number for 

𝐻2𝑂–based hybrid (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) nanofluid seems to be ascending function 𝜑1 as 

compared to (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid and regular fluid, at the top as well as bottom of the 

channel. Moreover, the heat transfer behaviour seems to be reversed for expansion as 

compared to the contraction of the upper wall of the channel. 

 
Figure 2.18: Graphical outcomes for local heat flux rate (𝑁𝑢), for specific points of 𝛼;  ℛ < 0, 𝛼 < 0. 
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Figure 2.19: Graphical outcomes for local heat flux rate (𝑁𝑢), for specific points of 𝛼;  ℛ > 0, 𝛼 > 0. 

Figure 2.20 has been sketched to discuss the case when the upper wall contracts along with 

suction. One can detect a decline in the heat diffusion process, at the upper wall of the 

channel, for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid, with increasing 𝜑1, while, an 

increment has been observed for growing absolute ℛ. On the other hand, a reversed 

behaviour has been found for the local heat exchange rate for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

hybrid nanofluid, at the bottom of the channel. The consequences of increasing ℛ and 𝜑1 

upon the Nusselt number have been highlighted in Figure 2.21 (dilation/injection). The rate 

with which heat diffuses, both at the top and bottom of the channel, seems to be an 

increasing function of 𝜑1 for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid, when the 

upper wall of the conduit expands. Moreover, it has been noted that the local heat transport 

rate, at the top of the channel, decreases, when the coolant has been injected from the upper 

wall of the rectangular conduit, while, at the bottom, an increasing behaviour has been 

perceived. 
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Figure 2.20: Graphical outcomes for local heat flux rate (𝑁𝑢), for specific points of ℛ;  ℛ < 0, 𝛼 < 0. 

 

 
Figure 2.21: Graphical outcomes for local heat flux rate (𝑁𝑢), for specific points of ℛ;  ℛ > 0, 𝛼 > 0. 

Figure 2.22 provides a pictorial view of the enhancement in the heat exchange rate, both at 

the upper and lower surfaces of the channel. The increasing values of 휃𝓌 is the major cause 

behind this increment. Furthermore, the process of heat diffusion also shows a rising 

behaviour against the increasing radiation parameter 𝑅𝑑, which has been fabricated along 

the horizontal axis. It has been observed that the local rate of heat transfer remains on the 

higher side for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid as compared to (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

nanofluid and regular fluid (𝐻2𝑂).the case under consideration involves dilation combined 

with injection. 



54 

Figure 2.23 has been designed when the contraction, along with suction takes into place. It 

is evident from this figure that at the bottom of the channel, the local Nusselt number for 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid behaves in the same way as found in the case 

of dilation/injection; however, a reversed behaviour has been observed at the upper wall of 

the channel, that is, the increment in both 𝑅𝑑 and 휃𝓌 implies a decline in 𝑁𝑢. 

 
Figure 2.22: Graphical outcomes for local heat flux rate (𝑁𝑢), for specific points of 휃𝓌; ℛ > 0, 𝛼 > 0. 

 

 
Figure 2.23: Graphical outcomes for local heat flux rate (𝑁𝑢), for specific points of 휃𝓌;  ℛ < 0, 𝛼 < 0. 

2.5 Concluding remarks 

In this chapter, the flow and heat exchange behaviour of (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

hybrid nanofluid inside a rectangular conduit has been investigated. The upper wall is 

permeable and experiences an embracing or parting motion with respect to the bottom wall 
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(which is kept fixed, solid, and heated). The nonlinear radiative effects have also been 

considered. Galerkin technique has been opted to find the numerical solution of the present 

flow problem. The final results are then matched with the outcomes obtained by employing 

a numerical algorithm Runge-Kutta-Fehlberg scheme. The following bullet points provide 

the major findings of the present flow analysis: 

• An upsurge in temperature has been recorded, when the direction of the movement 

of the upper wall is towards the lower one, while, a decline has been perceived 

during the expansion of the walls (see Figures 2.10 and 2.11). This phenomenon 

has been observed for both the cases of suction as well as injection factor. 

• For a fixed rate of dilation or contraction, the temperature shows a decreasing 

behaviour, when the coolant has been injected from the upper wall, while an 

opposite trend has been observed, for the case of suction (see Figures 2.12 and 

2.13). 

• During suction at the upper wall, the 𝐻2𝑂–based hybrid (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) 

nanofluid display lower temperature results as compared to (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

nanofluid. This phenomenon may also be observed for the case of contracting walls. 

• The temperature patterns exhibit a rising behaviour with the growing 𝑅𝑑 and 휃𝓌. 

Moreover, the 𝐻2𝑂–based hybrid (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) nanofluid depicts 

dominance in many scenarios. 

• In most of the cases, 𝑁𝑢 for (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid 

increases, both at the lower and upper wall of the rectangular conduit, with 

increasing values of 𝜑1, except when the upper wall contracts along with suction. 

• The (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid remains efficient in diffusing the 

heat, at the lower wall of the channel, when the dilation combined with injection 

takes into place. 

• With the growing values of 𝑅𝑑 and 휃𝓌, Nusselt number for 𝐻2𝑂–based hybrid 

(𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3) nanofluid plays a dominant part, both at the bottom and top 
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of the channel. This behaviour can be noticed for all the case, except when the 

suction is coupled with contraction. 

In Chapter 2, the investigations have been carried out by scattering spherical-shaped 

composite nanomaterials within the host fluid. However, the configuration of hybrid 

nanofluid can be achieved by dispersing other type\types of nanomaterials in already 

composed nanofluids. For this purpose, Chapter 3 has been presented, in which the topics 

related to (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid (see Section 3.1) and water-based 

(𝐶𝑢 − 𝐴𝐼2𝑂3) hybrid nanofluids by considering different shapes of nanoparticles (Section 

3.2) have been discussed in detail. The geometry, under consideration, is a rectangular 

channel, whose both walls are permeable and also exhibit the embracing and parting 

motion. 
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Chapter 3. Improvements in Heat Transfer for 

the Flow of Hybrid Nanofluid in an 

Asymmetric Channel with Dilating/Squeezing 

Walls 
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3.1 A novel coupling of (𝑪𝑵𝑻 − 𝑭𝒆𝟑𝑶𝟒/𝑯𝟐𝑶) hybrid nanofluid for 

improvements in heat transfer for flow in an asymmetric channel 

with dilating/squeezing walls 

3.1.1 Overview 

This specific section is dedicated to the study of flow and heat transport behaviour of 

(𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid inside a rectangular channel, whose permeable 

walls have a capability of expanding or contracting in height. The hybrid composition 

(𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) has been achieved by scattering CNTs nanoparticles in already 

composed (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. In order to evaluate the thermal conductivity of hybrid 

nanofluid, Xue’s model and Hamilton and Crosser’s model has been utilized accordingly. 

Furthermore, the resulting set of dimensionless equations, in the current flow scenario, are 

highly nonlinear. Therefore its exact solution does not exist. To overcome this difficulty, a 

numerical scheme ‘Runge–Kutta–Fehlberg’ (RKF) has been implemented, which offered 

a numerical type solution for the particular problem. Also, the graphical aid, together with 

a detailed explanation, has been provided in the Sub-section 3.1.4 from which the 

deviations in flow and heat transfer, due to the various emerging entities, can be depicted. 

3.1.2 Mathematical Analysis 

A semi-infinite rectangular channel has been under consideration, whose leading end is 

supported by an impenetrable flexible membrane and an incompressible, viscid flow of 

(𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid flows through it. The flow is also time-dependent 

and laminar. In the beginning, the magnetic nanoparticles (𝐹𝑒3𝑂4), with the fixed volume 

fraction, i.e., 𝜑1 = 0.1 has been dispersed within the carrier fluid (𝐻2𝑂), to form a water-

based 𝐹𝑒3𝑂4 nanofluid. Afterwards, the configuration of 𝐻2𝑂 based hybrid (𝐶𝑁𝑇 −

𝐹𝑒3𝑂4) nanofluid has been accomplished, by dispersing CNT′s (𝜑2), with different 

volume fractions into (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. Furthermore, it has been assumed that the 

walls of the channel exhibit porosity, which allows the in and out movement of the fluid 

from the channel, through the successive dilation or squeezing. A narrow gap assumption 

implies that the channel is wider than its height 2𝒶(𝓉∗). The schematic outlook of the 

channel has been displayed in Figure 3.1. 
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Figure 3.1: Geometrical illustration of the channel. 

The porousness of the top surface is not similar to the porosity factor of the bottom surface. 

Also, both the walls dilate or squeezed, at a uniform rate (�̇� = 𝑑𝒶 𝑑𝓉∗⁄ ). The middle 

portion is situated at the origin of the channel, which can be easily witnessed in Figure 3.1. 

Furthermore, the temperature can be symbolized by Τ∗, along with the supposition that 

((Τ∗𝑙 − Τ
∗
𝑢) > 0). The traits, related to the bottom as well as the top walls, are 

simultaneously indicated by the suffices 𝑙 and 𝑢. Thus, following the aforementioned 

assumptions, the mathematical expressions relevant to the conservation of mass and 

momentum, along with energy conservation are deliberated as follows 

𝜕𝒱∗

𝜕𝒴∗
+

𝜕𝒰∗

𝜕𝒳∗ = 0, (3.1) 

𝜕𝓅∗

𝜕𝒳∗
= 𝜇ℎ𝑛𝑓 (

𝜕2𝒰∗

𝜕𝒴∗2
+

𝜕2𝒰∗

𝜕𝒳∗2
) − �̃�ℎ𝑛𝑓 (

𝜕𝒰∗

𝜕𝓉∗
+

𝜕𝒰∗

𝜕𝒳∗
𝒰∗ +

𝜕𝒰∗

𝜕𝒴∗
𝒱∗), (3.2) 

𝜕𝓅∗

𝜕𝒴∗
= 𝜇ℎ𝑛𝑓 (

𝜕2𝒱∗

𝜕𝒴∗2
+

𝜕2𝒱∗

𝜕𝒳∗2
) − �̃�ℎ𝑛𝑓 (

𝜕𝒱∗

𝜕𝓉∗
+

𝜕𝒱∗

𝜕𝒳∗
𝒰∗ +

𝜕𝒱∗

𝜕𝒴∗
𝒱∗), (3.3) 

𝜕Τ∗

𝜕𝓉∗
+

𝜕Τ∗

𝜕𝒳∗
𝒰∗ +

𝜕Τ∗

𝜕𝒴∗
𝒱∗ = −𝛿ℎ𝑛𝑓 (

𝜕2Τ∗

𝜕𝒴∗2
+

𝜕2Τ∗

𝜕𝒳∗2
), (3.4) 

where, the horizontal as well as vertical velocity modules, are simultaneously represented 

by 𝒰∗ and 𝒱∗. Furthermore, the dynamic viscosity and the effective density of hybrid 
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nanofluid, are denoted by 𝜇ℎ𝑛𝑓 and �̃�ℎ𝑛𝑓 [49–51], respectively.  The dimensional pressure 

is symbolized by 𝓅∗. Besides, (�̃�𝐶𝑝)ℎ𝑛𝑓 and 𝓀ℎ𝑛𝑓 respectively represents the volumetric 

heat capacity and thermal conductivity, of the (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid. 

Table 3.1 displays the thermo-mechanical expressions for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid 

nanofluid. 

Table 3.1: Thermo-mechanical relations for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4/𝐻2𝑂) Hybrid Nanofluids [49–51]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density 
�̃�ℎ𝑛𝑓

�̃�𝑓
= (1 − 𝜑2) [1 − (1 −

�̃�𝑀𝑆

�̃�𝑓
)𝜑1] + 𝜑2

�̃�𝐶𝑁𝑇

�̃�𝑓
  

Specific Heat 
(�̃�𝐶𝑝)ℎ𝑛𝑓

(�̃�𝐶𝑝)𝑓
= (1 − 𝜑2) [1 − (1 −

(�̃�𝐶𝑝)𝑀𝑆
(�̃�𝐶𝑝)𝑓

)𝜑1] + 𝜑2
(�̃�𝐶𝑝)𝐶𝑁𝑇
(�̃�𝐶𝑝)𝑓

  

Dynamic Viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜑1)5 2⁄ (1−𝜑2)5 2⁄   

Thermal Conductivity 

𝓀ℎ𝑛𝑓

𝓀𝑏𝑓
=

1−𝜑2+2𝜑2
𝓀𝐶𝑁𝑇

(𝓀𝐶𝑁𝑇−𝓀𝑏𝑓)
ln (

𝓀𝐶𝑁𝑇+𝓀𝑏𝑓

2𝓀𝑏𝑓
)

1−𝜑2+2𝜑2
𝓀𝑏𝑓

(𝓀𝐶𝑁𝑇−𝓀𝑏𝑓)
ln (

𝓀𝐶𝑁𝑇+𝓀𝑏𝑓

2𝓀𝑏𝑓
)

  

where 

𝓀𝑏𝑓

𝓀𝑓
=

𝓀𝑀𝑆+(𝓂−1)𝓀𝑓−(𝓂−1)𝜑1(𝓀𝑓−𝓀𝑀𝑆)

𝓀𝑀𝑆+(𝓂−1)𝓀𝑓+𝜑1(𝓀𝑓−𝓀𝑀𝑆)
  

In the context of the expressions as mentioned above (see Table 3.1), 𝓀𝑏𝑓 and 𝓀𝑓 

corresponds to the thermal conductivities of the 𝐹𝑒3𝑂4 −nanofluid and the carrier fluid 

(𝐻2𝑂). For spherical shaped nanocomposites, the value of 𝓂 should be equal to 3. The 

thermal conductivities of 𝐶𝑁𝑇 and 𝐹𝑒3𝑂4 nano-sized materials, are respectively signified 

by 𝓀𝐶𝑁𝑇 and 𝓀𝑀𝑆. Furthermore, 𝜑1 represents the volumetric concentration of 𝐹𝑒3𝑂4 

nanocomposites, however, the compact volumetric fraction for 𝐶𝑁𝑇 is denoted by 𝜑2. The 

specific heat, viscosity, and density of the carrier fluid (𝐻2𝑂), are specified by (𝐶𝑝)𝑓, 𝜇𝑓 

and �̃�𝑓, respectively. Besides, (𝐶𝑝)𝐶𝑁𝑇 and (𝐶𝑝)𝑀𝑆, at the constant pressure, 

correspondingly indicates the specific heat capacities of 𝐶𝑁𝑇 and 𝐹𝑒3𝑂4 nanocomposites. 

The densities of 𝐶𝑁𝑇 and 𝐹𝑒3𝑂4 nanostructures, are denoted by �̃�𝐶𝑁𝑇 and �̃�𝑀𝑆, 
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respectively. Table 3.2 has been designed with the thermal as well as mechanical properties 

of the carrier fluid (𝐻2𝑂), 𝐹𝑒3𝑂4 nanoparticles and 𝐶𝑁𝑇𝑠. 

Table 3.2: Experimental upshots of thermo-mechanical traits of 𝐻2𝑂, 𝐹𝑒3𝑂4, 𝑆𝑊𝐶𝑁𝑇, and 𝑀𝑊𝐶𝑁𝑇 [27, 65, 137]. 

𝐓𝐢𝐭𝐥𝐞 𝑯𝟐𝑶 (𝒇) 𝑭𝒆𝟑𝑶𝟒(𝐌𝐒) 𝐒𝐖𝐂𝐍𝐓 𝐌𝐖𝐂𝐍𝐓 

Density, �̃� (𝑘𝑔 𝔪−3) 997.1 5200 2600 1600 

Specific Heat, 𝐶𝑝 (𝐽 𝑘𝑔
−1𝐾−1) 4179 670 425 796 

Thermal Conductivity, 𝓀 (𝑊𝔪−1𝐾−1) 0.613 6 6600 3000 

The boundary conditions that support the present flow situation are specified as 

At  𝒴∗ = − 𝒶(𝓉∗):     (Τ∗ − Τ∗𝑙) = 0,      𝒱∗ = −𝒱∗𝑙 = −Å𝑙�̇�,     𝒰
∗ = 0,  

At  𝒴∗ =  𝒶(𝓉∗):        (Τ∗ − Τ∗𝑢) = 0,      𝒱
∗ = −𝒱∗𝑢 = −Å𝑢�̇�,    𝒰

∗ = 0. (3.5) 

Here, the permeability of the bottom as well as the top wall, are simultaneously symbolized 

by Å𝑙 and Å𝑢  

By taking into account the idea of mass conservation, the relevant similarity transforms 

[61], have been devised as follows 

𝜉 = 𝒴∗ 𝒶(𝓉∗)⁄ ,     𝒰∗ = 𝜐𝑓𝒳
∗Ϝ̅𝜉 𝒶2(𝓉∗)⁄ ,    𝒱∗ = 𝜐𝑓Ϝ̅(𝜉, 𝓉

∗) 𝒶(𝓉∗)⁄ , (3.6) 

where, the subscript 𝜉, stands for 𝑑 𝑑𝜉⁄ . By eliminating the pressure terms, the above- 

mentioned similarity transforms, converts the system of triplet equations (Eqs. (3.1)-(3.3)), 

into the following single, fourth-order ordinary differential equation, which is given as 

Ϝ̅𝜉𝜉𝜉𝜉 +
𝜐𝑓

𝜐ℎ𝑛𝑓
{𝛼(3Ϝ̅𝜉𝜉 + 휁Ϝ̅𝜉𝜉𝜉) − Ϝ̅𝜉Ϝ̅𝜉𝜉 + Ϝ̅Ϝ̅𝜉𝜉𝜉} −

𝒶2

𝜐ℎ𝑛𝑓
Ϝ̅𝜉𝜉𝓉∗ = 0. (3.7) 

In the above equation, 𝛼 = 𝒶�̇� 𝜐𝑓⁄  symbolizes the wall’s deformation rate, which is 

positive, in the case of dilating channel.  
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By considering the uniformity of 𝛼 in time, [63] recommends a time-based similarity 

solution, which in the result eliminate the term Ϝ̅𝜉𝜉𝓉∗. Moreover, the channel’s initial height 

has been employed, for the arrangement of specific values of 𝛼. 

The supporting auxiliary conditions for the velocity profile (Eq. (3.5)), can then be 

transformed as 

 Ϝ̅(𝜉, 𝓉∗)|𝜉=−1 = ℛ𝑙 ,   Ϝ̅(𝜉, 𝓉
∗)|𝜉=1 = ℛ,   Ϝ̅𝜉(𝜉, 𝓉

∗)|
𝜉=−1

= Ϝ̅𝜉(𝜉, 𝓉
∗)|

𝜉=1
= 0. (3.8) 

In the above equation, the permeation Reynold numbers, relevant to the bottom and top 

walls, are simultaneously indicated by ℛ𝑙 = 𝒱
∗
𝑙𝒶 𝜐𝑓⁄  and ℛ = 𝒱∗𝑢𝒶 𝜐𝑓⁄ . They are 

assumed to be positive, in the case of injection. 

In order to achieve the transformed form, for velocity and energy equations (Eqs. (3.7) and 

(3.4)), the subsequent scale variables have been adopted, 

�̅�∗ = �̇�−1𝒰∗,     �̅�∗ = �̇�−1𝒱∗,    �̅�∗ = 𝒶−1𝒳∗,    Ϝ = Ϝ̅ℛ−1 ,   Τ(𝜉) =
Τ∗−Τ∗𝑢

Τ∗𝑙−Τ
∗
𝑢
. (3.9) 

Thus, the consequent set of nonlinear, coupled ordinary differential equations, have been 

accomplished, 

Ϝ𝑖𝑣 + Λ̀1[𝛼(𝜉Ϝ
′′′ + 3Ϝ′′) − ℛ(Ϝ′Ϝ′′ − ϜϜ′′′)] = 0, (3.10) 

𝓀ℎ𝑛𝑓

𝓀𝑓
Τ′′ + Pr Λ̀2 (𝛼𝜉 + ℛϜ)Τ

′ = 0, (3.11) 

where, 

Λ̀1 =
𝜐𝑓

𝜐ℎ𝑛𝑓
= (1 − 𝜑1)

5

2(1 − 𝜑2)
5

2 [{1 − (1 −
�̅�𝑠

�̅�𝑓
)𝜑1} (1 − 𝜑2) +

�̅�𝐶𝑁𝑇

�̅�𝑓
𝜑2] ,

Λ̀2 = [{1 − (1 −
(�̅�𝐶𝑝)𝑠
(�̅�𝐶𝑝)𝑓

)𝜑1} (1 − 𝜑2) +
(�̅�𝐶𝑝)𝐶𝑁𝑇
(�̅�𝐶𝑝)𝑓

𝜑2].                                     
}
 
 

 
 

 (3.12) 

The dimensionless form of auxiliary conditions are thus suggested as 
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Ϝ(𝒶−1(𝓉∗)𝒴∗) = 𝒜,     Ϝ′(𝒶−1(𝓉∗)𝒴∗) = 0,       Τ(𝒶−1(𝓉∗)𝒴∗) = 1,      when      

𝒴∗ = −𝒶(𝓉∗), 

 

Ϝ(𝒶−1(𝓉∗)𝒴∗) = 1,      Ϝ′(𝒶−1(𝓉∗)𝒴∗) = 0,        Τ(𝒶−1(𝓉∗)𝒴∗) = 0,   when   

𝒴∗ = 𝒶(𝓉∗), 

(3.13) 

where 𝒜 = 𝒱∗𝑙 𝒱
∗
𝑢 ⁄  symbolizes the permeability parameter. Furthermore, the Prandtl 

number is specified by (𝑃𝑟 = 𝛿𝑓 𝜐𝑓 ⁄ ). 

The heat transport phenomenon (i.e., local Nusselt number), is determined by the following 

expression 

𝑁𝑢 = −
𝒶𝓀𝑓

−1

(Τ∗𝑙−Τ
∗
𝑢)
(𝓀ℎ𝑛𝑓

𝜕Τ∗

𝜕𝒴∗
)
𝒴∗=0

. (3.14) 

Subsequently, the dimensionless expressions for the heat flux rate, both at the bottom and 

top walls, can be mathematically stated as 

It is notable that, hybridity is no longer be preserved, if 𝜑1 = 𝜑2 = 0. A ferrofluid has been 

accomplished, when 𝜑1 ≠ 0,𝜑2 = 0. Thus, hybrid (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid holds 

for 𝜑1 ≠ 0,𝜑2 ≠ 0. 

3.1.3 Computational Methodology 

In the above section, a set of the ordinary differential equation (Eqs. (3.10) and (3.11)) 

together with supporting auxiliary conditions (3.13) has been obtained. Since the coupled 

system is highly nonlinear, therefore, an exact solution seems to be unlikely. For the 

numerical solution, a well-known Runge–Kutta–Fehlberg scheme (RKF) combined with 

shooting iteration technique, has been taken into account. This technique can easily handle 

the problem above. In order to find the solution of an initial value problem, this method 

𝑁𝑢lower = −
Τ′(−1)

𝓀𝑓 𝓀ℎ𝑛𝑓⁄
 . (3.15) 

𝑁𝑢upper = −
Τ′(1)

𝓀𝑓 𝓀ℎ𝑛𝑓⁄
 . (3.16) 
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exhibits two-time steps, one is ℎ, and the other is ℎ 2⁄ , and consequently, a desired level of 

accuracy has been perceived, after successfully comparing larger time step with the smaller 

one. 

3.1.4 Interpretation of Results 

The chief concern of this segment is to demystify the graphical simulations. The flow along 

with heat transferring features of a 𝐻2𝑂 based hybrid (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4) nanofluid has been 

investigated through an infinite long channel, whose permeable walls also exhibits 

embracing or parting motion. Moreover, the core objective is to visualize the impact of 

various physical parameters like deformation variable 𝛼, permeation Reynolds number ℛ, 

porosity parameter 𝒜 and solid volume fraction (0.005 ≤ 𝜑2 ≤ 0.06) upon velocity and 

temperature distribution. Table 3.2 exhibits the thermo-mechanical properties of carrier 

fluid (𝐻2𝑂) and nanocomposites (𝐹𝑒3𝑂4 and 𝐶𝑁𝑇𝑠). As this study involves water−a 

carrier fluid; therefore, the Prandtl number assumed to be equal to 6.2. 

To examine the influential behaviour of the velocity profile, Figures 3.2-3.9 have been 

painted. In order to clearly understand the behaviour of various embedded parameters, each 

Figure has been fabricated with a set of inset picture, which provides the magnified view 

of the domains −0.60 ≤ 𝜉 ≤ −0.61 (left side) and 0.60 ≤ 𝜉 ≤ 0.61 (right side), unless 

indicated otherwise. Figures 3.2 and 3.3, simultaneously focused on the cases when the 

channel’s contraction, backed by suction and injection, produces the variations in the 

velocity distribution. From Figure 3.2, an accelerated flow has been detected, near the 

surface, for an increasing absolute 𝛼. The contracting walls mainly be a reason, which 

suppresses the fluid layers close to the wall and hence, increases there speed. Suction is 

another key factor, which enhances the fluid speed close to the wall. On the contrary, a 

drop in the velocity has been detected in the middle portion of the channel. Moreover, the 

inset pictures clearly show that the velocity, close to the walls, seems to be very influential 

for (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid as compared to (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, while 

in the middle portion, a reversed phenomenon has been observed. Figure 3.3 displayed the 

case, when the wall’s contraction along with injection takes place. Again the contracted 

walls (rising absolute 𝛼), play a dominant role in enhancing the speed of the fluid, adjacent 

to the walls. Due to injection, the velocity, nearby the wall, seems to possess the lower 
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values for (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. Moreover, the inset pictures, in Figure 3.2, indicates 

the dominate behaviour of velocity for SWCNTs nearby the walls, while, in the central 

portion, a reversed phenomenon has been recorded. On the contrary, the MWCNTs shows 

it’s dominancy nearby the walls, which can be observed from Figure 3.3. 

The case when dilating channel accompanied by suction and injection takes place, Figures 

3.4 and 3.5 have been designed, to see the velocity behaviour against the growing 𝛼. Both 

the figures demonstrates that whether the walls experiences suction or injection, a vacant 

region has been generated adjacent to the walls, which is mainly due to the dilation of the 

channel. The adjacent layers of fluid then move inward to fill this region, and as a result, a 

drop in velocity has been detected, which in turn slows down the speed of flow close to the 

walls. On the other hand, the fluid’s velocity, in the central zone of the channel, increases 

with the growing values of absolute 𝛼 and hence, the conservation of momentum has been 

preserved. Moreover, it has been noticed from Figure 3.4 that the velocity of (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 

nanofluid shows its supremacy nearby the walls as compared to (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 

hybrid nanofluid, whereas, a reversed behaviour has been observed, from Figure 3.5. 

Figure 3.4 also shows that the SWCNTs possesses a speedier flow against the MWCNTs, 

and this phenomenon seems to be reversed when the dilation, along with injection takes 

place. 

Figures 3.6-3.9 have been sketched, to examine the velocity behaviour when the embracing 

or parting motion of the walls takes place together with suction or injection. Figure 3.6 has 

been portrayed to discuss the case when the squeezing movement of the walls along with 

suction takes place. The subjacent region of the channel possesses an evident decrement in 

the velocity, with the growing absolute ℛ, which might be due to the porosity parameter 

𝒜 = �̅�𝑙 �̅�𝑢 ⁄ . Consequently, the term 𝒜 = −0.1, indicates that the suction controls the 

behaviour of the flow in the upper portion of the conduit and hence, an accelerated flow 

has been chronicled. Figure 3.7 highlighted the case; when the channel dilates and at the 

same time, suction has occurred at the walls. It has been observed that the velocity behaves 

in a similar way, as defined in Figure 3.6. Furthermore, Figures 3.8 and 3.9 revealed the 

velocity behaviour, which is quite the opposite to Figures 3.6 and 3.7, for the case, when 

the fluid’s injection at the walls simultaneously combined with expanding and squeezing 
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motion of the channel. From Figures 3.6 and 3.7, it has been viewed that the velocity of 

(𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid, possesses a dominant behaviour, in the channel’s upper section, 

when compared to (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid. Likewise, SWCNTs also 

possesses supremacy, only in the upper section of the channel, as compared to MWCNTs. 

Moreover, an opposite behaviour has been observed, from Figures 3.8 and 3.9, for 

(𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. 

 

Figure 3.2: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of 𝛼;  ℛ < 0, 𝛼 < 0. 

 

Figure 3.3: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of 𝛼;  ℛ > 0, 𝛼 < 0. 

 

 

Figure 3.4: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of 𝛼;  ℛ < 0, 𝛼 > 0. 

 

Figure 3.5: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of 𝛼;  ℛ > 0, 𝛼 > 0. 
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Figure 3.6: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of ℛ;  ℛ < 0, 𝛼 < 0. 

 

Figure 3.7: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of ℛ;  ℛ < 0, 𝛼 > 0. 

 

 

Figure 3.8: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of ℛ;  ℛ > 0, 𝛼 < 0. 

 

Figure 3.9: Upshots for velocity distribution (Ϝ′(𝜉)), for 

specific points of ℛ;  ℛ > 0, 𝛼 > 0. 

The next intention is to visualize the consequences of various involved entities, on the 

temperature profile. In order to maintain the length of the section, we remained focused on 

the cases, when injection backed by squeezing or parting motion of the channel takes place. 

Figures 3.10 and 3.11 provide aid, to visualize the temperature patterns, under the influence 

of porosity variable 𝒜, along with the simultaneous situation of injection/dilation and 

injection/squeezing. Both sketches bear high-temperature values for rising absolute 𝒜. The 

fact behind is the dominancy of temperature at the bottom wall, and so, a minimum 

variation in temperature has been recorded, in the section close to the upper wall. Besides, 

it has been observed that the area, situated nearby the bottom wall of the channel, possesses 

high-temperature values, which is mainly be due to the fluid, bearing high thermal energy, 

injected from the bottom extremity of the channel. As moves onward, this injected fluid 
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gradually experiences an energy loss and henceforth, leaves, the upper portion of the 

channel, with the least possible temperature. One can glaringly observe this phenomenon, 

in Figure 3.11 (expansion/injection). Furthermore, it has been noticed from Figure 3.10 

that the (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid bears a primacy in temperature as 

compared to (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid, while, in the subsequent case (Figure 3.11), this 

phenomena is prominently appear, in the portion, as one moves forward from the lower 

side of the channel. Figure 3.12 has been plotted to check the influence of nanometer-sized 

particles volume fractions (𝜑1 and 𝜑2), by taking into account the case as defined in 

Figure 3.10. The subjacent portion of the channel exhibits high temperature values with 

the growing 𝜑1 and 𝜑2. The temperature of (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid seems 

to possess higher values than ferrofluids. Figure 3.13 encounters the scenario, when the 

channel’s dilation in company with injection, takes place at the walls. It has been found 

that the temperature falls in the subjacent area, which gradually rises as moving forward in 

the channel. Once again, the temperature of (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid seems 

to be prominent, away from the lower region of the channel. Moreover, it has also been 

noted that the temperature, related to SWCNTs, dominates in most of the cases. 

 

Figure 3.10: Upshots for temperature distribution 

(Τ(𝜉)), for specific points of 𝒜;  ℛ > 0, 𝛼 < 0. 

 

Figure 3.11: Upshots for temperature distribution 

(Τ(𝜉)), for specific points of 𝒜;  ℛ > 0, 𝛼 > 0. 
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Figure 3.12: Upshots for temperature distribution 

(Τ(𝜉)), for specific points of 𝜑1 and 𝜑2;  ℛ > 0, 𝛼 < 0. 

 

Figure 3.13: Upshots for temperature distribution 

(Τ(𝜉)), for specific points of 𝜑1 and 𝜑2;  ℛ > 0, 𝛼 > 0. 

Figures 3.14-3.19 have been displayed to analyze how the rate of local heat transport 

phenomena gets influenced by changing the values of embedded parameters. They also 

exhibit a comparison of local Nusselt number between (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid 

nanofluid and (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. The horizontal line has been fabricated with the 

values of 𝜑2, in all forthcoming pictures. Figure 3.14 demonstrates the results when 

contraction, along with injection takes place. A significant improvement, in the behaviour 

of the local heat flux rate, has been observed for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid 

as compared to (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid at the top wall, when absolute 𝒜 increases curve 

wise while, 𝜑2 increases in the horizontal direction. However, the rate with which heat 

transfers exposes a downfall, at the bottom wall, against the rising absolute points of 𝒜. 

Figure 3.15 depicts the results, when the channel dilates accompanied by injection. For 

rising values of both absolute 𝒜 and solid volume fraction 𝜑2, the values of 𝑁𝑢upper seems 

to be increasing for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid rather than (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 

nanofluid, while at the bottom extremum, an entirely differing behaviour has been detected. 

It is also notable that, at the top wall, the heat transport rate remains on the higher sides for 

SWCNT. 



70 

 
Figure 3.14: Upshots for local Nusselt number (𝑁𝑢), for specific points of 𝒜;  ℛ > 0, 𝛼 < 0. 

 

 
Figure 3.15: Upshots for local Nusselt number (𝑁𝑢), for specific points of 𝒜;  ℛ > 0, 𝛼 > 0. 

The phenomenon of (suction/squeezing) has been depicted in Figure 3.16, in which the 

values of 𝑁𝑢upper of (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid decreases as compared to 

ferrofluids with growing values of 𝜑2. However, an opposite behaviour has been detected 

at the bottom wall. Furthermore, continuously squeezing walls produces an increment in 

the heat flux at both walls. The SWCNTs dominates at the bottom wall. Figure 3.17 shows 

the subsequent case of injection/squeezing. It is evident that the rate of heat flux increases, 

both at the top and bottom walls, with the varying values of 𝛼. Moreover, a similar 

behaviour has been detected for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid at the upper wall, 

when 𝜑2 varies in the horizontal direction. Also, the SWCNTs possesses primacy, at the 

top wall. 
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Figure 3.16: Upshots for local Nusselt number (𝑁𝑢), for specific points of 𝛼;  ℛ < 0, 𝛼 < 0. 

 

 
Figure 3.17: Upshots for local Nusselt number (𝑁𝑢), for specific points of 𝛼;  ℛ > 0, 𝛼 < 0. 

Figure 3.18 depicts the case of squeezing/suction. It can simultaneously be detected that 

the values of 𝑁𝑢upper, for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, experiences a 

decreasing behaviour with the increasing solid volume fraction 𝜑2 and increasing with the 

growing ℛ. Besides, the adjacent figure displays an entirely reversed behaviour of the local 

rate of heat transfer for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, at the wall, placed at the 

channel’s lower extremity. Figure 3.19 (dilation/suction) has been sketched, to figure out 

the significances of rising entities like ℛ and 𝜑2, for the local heat transferring rate. As the 

solid volume fraction 𝜑2 increases, the behaviour of local heat transport rate clearly seems 

to be increasing, at both of the walls. While the rising values of absolute ℛ show an 

increment in 𝑁𝑢upper, which seems to be reversed for 𝑁𝑢lower. In addition, by means of 

the top wall, 𝑁𝑢 for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid seems to be rapidly increasing 
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as compared to (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid and at the bottom wall, a declining behaviour has 

been depicted. Moreover, the SWCNTs shows its supremacy over the MWCNTs. 

 
Figure 3.18: Upshots for local Nusselt number (𝑁𝑢), for specific points of ℛ;  ℛ < 0, 𝛼 < 0. 

 

 
Figure 3.19: Upshots for local Nusselt number (𝑁𝑢), for specific points of ℛ;  ℛ < 0, 𝛼 > 0. 

3.1.5 Concluding remarks 

The prime focus of this specific section is to analyze the flow together with heat 

transferring characteristics of 𝐻2𝑂 based hybrid (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4) nanofluid, inside an 

asymmetric rectangular channel, whose permeable walls also exhibits an embracing or 

parting motion. The variations in the velocity as well as temperature distribution, due to 

the impact of various embedded parameters, have been demonstrated through the graphs. 

Furthermore, the influential behaviour of the local rate of heat flux has also been analyzed. 

The main discoveries of this analysis are as follows: 
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• The temperature distribution for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid plays a 

dominant role, as compared to (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid, in the case, when the 

contracted walls of the channel also experience injection. The similar behaviour has 

been observed, when the fluid is traced in the middle section of the channel, with 

growing 𝜑2, for the case when injection, along with dilation takes place (Figure 

3.13). 

• The SWCNTs seems to be more influential in temperature distribution, as 

compared to MWCNTs. 

• The heat transport rate for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, on the upper 

wall, depicts an augmented behaviour with the absolute values of 𝒜, 𝛼 and ℛ. 

Likewise, one can observe similar behaviour for the growing values of 𝜑2, 

excluding the cases, when the suction backed by contraction (Figures 3.16 and 

3.18). 

• The value of 𝑁𝑢lower, for (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, (in most of the 

cases) occupies the higher side, for growing values of 𝜑2. 

• In many instances, the SWCNTs display an efficient performance, regarding the 

rate of heat flux. 

Although, a detailed study related to (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid, with 

expanding or squeezing walls, inside a rectangular conduit has been presented in this part 

of the chapter, yet there are a lot of new ideas that need to be explored. One such idea is 

the investigation of the influence of shape factors on the heat transport mechanism of 

hybrid nanofluid inside the same rectangular channel with permeable walls. For this 

purpose, the next section serves a great deal. 

3.2 Thermophysical analysis of water-based (𝑪𝒖 − 𝑨𝑰𝟐𝑶𝟑) hybrid 

nanofluid in an asymmetric channel with dilating/squeezing walls 

considering different shapes of nanoparticles 

3.2.1 Overview 

This section has been presented to examine the impact of nanocomposite shape factor on 

the temperature and heat transport behaviour of water-based (𝐶𝑢 − 𝐴𝐼2𝑂3) hybrid 

nanofluid. The geometry, under consideration, is the same as presented in Section 3.1, that 
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is, a rectangular channel, whose permeable walls have a capability of dilating and 

squeezing. The hybrid composition (𝐶𝑢 − 𝐴𝐼2𝑂3) has been achieved by scattering 

different shapes (brick, cylinder, and platelet) of 𝐶𝑢 nanocomposites in already composed 

(𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid. In this context, Hamilton and Crosser’s model (for thermal 

conductivity) has been employed. Moreover, as the resulting dimensionless flow model 

(after the implementation of suitable similarity variables) is quite complicated (i.e., highly 

nonlinear). Therefore its exact solution is least likely. In order to overcome this difficulty, 

the Runge–Kutta–Fehlberg scheme (RKF) has been employed to obtain a numerical 

solution. Subsequently, the outcomes against the embedded parameters have been 

presented in the graphical form along with a quantitative discussion (see Section 3.2.4). 

3.2.2 Mathematical Analysis 

Consider the time-dependent, laminar, viscid and incompressible water-based 𝐶𝑢 − 𝐴𝐼2𝑂3 

hybrid nanofluid flow, inside a permeable rectangular channel, whose length is assumed to 

be infinite. To achieve the configuration of 𝐶𝑢 − 𝐴𝐼2𝑂3 water⁄  hybrid nanofluid, initially, 

the spherical-shaped tiny particles of 𝐴𝐼2𝑂3 with the solid volume fraction of about 0.1 vol 

(which is restricted for the present flow problem) has been suspended in the base fluid 𝐻2𝑂 

to form a 𝐴𝐼2𝑂3 −nanofluid and finally the composition of 𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄  hybrid 

nanofluid has been accomplished by employing copper 𝐶𝑢 nanoparticles with variable 

volume fraction. Furthermore, the channel is assumed to be very small in height against its 

width and length. Figure 3.20 displays the schematic outlook of the channel. 

It is further assumed that the channel is half opened. The leading end is shielded by an 

impermeable flexible membrane, while the other end is left open so that the fluid can easily 

flow through it. Moreover, the permeable surfaces permit the liquid to enter or leave the 

conduit, during the successive dilation or squeezing of the channel’s surfaces in height. In 

the beginning, the channel’s height is assumed to be 2𝒽(𝓉). 
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Figure 3.20: Geometrical illustration of the channel. 

The top and bottom walls experience a parting or embracing motion at a uniform time-

dependent rate �̇� = 𝑑𝒽 𝑑𝓉̅⁄ . The origin has been considered as the centre of the rectangular 

channel, which is displayed in Figure 3.20. �̅� signifies the temperature with the assumption 

that �̅�𝑢 < �̅�𝑙. The subscripts 𝑙 and 𝑢 symbolize the traits of the bottom and top walls, 

respectively. By keeping the assumptions as mentioned above in view, the following 

mathematical forms express the governing equations for mass, momentum, and energy, 

which are given as: 

𝜕�̅�

𝜕�̅�
+
𝜕�̅�

𝜕�̅�
= 0, (3.17) 

�̅�ℎ𝑛𝑓
𝜕�̅�

𝜕�̅�
+ �̅�ℎ𝑛𝑓 (

𝜕�̅�

𝜕�̅�
�̅� +

𝜕�̅�

𝜕�̅�
�̅�) = −𝜇ℎ𝑛𝑓 (

1

𝜇ℎ𝑛𝑓

𝜕𝓅̅

𝜕�̅�
−
𝜕2�̅�

𝜕�̅�2
−
𝜕2�̅�

𝜕�̅�2
), (3.18) 

�̅�ℎ𝑛𝑓
𝜕�̅�

𝜕�̅�
+ �̅�ℎ𝑛𝑓 (

𝜕�̅�

𝜕�̅�
�̅� +

𝜕�̅�

𝜕�̅�
�̅�) = −𝜇ℎ𝑛𝑓 (

1

𝜇ℎ𝑛𝑓

𝜕𝓅̅

𝜕�̅�
−

𝜕2�̅�

𝜕�̅�2
−
𝜕2�̅�

𝜕�̅�2
), (3.19) 

𝜕�̅�

𝜕�̅�
+ �̅�

𝜕�̅�

𝜕�̅�
+ �̅�

𝜕�̅�

𝜕�̅�
= −휀ℎ𝑛𝑓 (

𝜕2�̅�

𝜕�̅�2
+

𝜕2�̅�

𝜕�̅�2
), (3.20) 

where, the velocity components in the horizontal and vertical directions, are symbolized 

by �̅� and �̅�, respectively. 𝓅̅ stands for the dimensional pressure. Furthermore, 𝜇ℎ𝑛𝑓 

represents the viscosity of the hybrid nanofluid. The effective density, the volumetric heat 

capacity, and the thermal conductivity, in the case of hybrid nanofluid, are denoted by 
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(�̅�ℎ𝑛𝑓), (�̅�𝐶𝑝)ℎ𝑛𝑓 and 𝓀ℎ𝑛𝑓, respectively. Table 3.3 displays the thermo-mechanical 

expressions for (𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid. 

Table 3.3: Thermo-mechanical relations for (𝐶𝑢 − 𝐴𝐼2𝑂3/𝐻2𝑂) Hybrid Nanofluids [128, 138]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density 
�̅�ℎ𝑛𝑓

�̅�𝑓
= (1 − Φ2) [(1 − Φ1) + Φ1

�̅�𝑠1

�̅�𝑓
] + Φ2

�̅�𝑠2

�̅�𝑓
  

Specific Heat 
(�̅�𝐶𝑝)ℎ𝑛𝑓

(�̅�𝐶𝑝)𝑓
= (1 − Φ2) [(1 − Φ1) + Φ1

(�̅�𝐶𝑝)𝑠1
(�̅�𝐶𝑝)𝑓

] + Φ2

(�̅�𝐶𝑝)𝑠2
(�̅�𝐶𝑝)𝑓

  

Dynamic Viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−Φ1)5 2⁄ (1−Φ2)5 2⁄   

Thermal Conductivity 

(Hamilton and Crosser′s 

Model) 

𝓀ℎ𝑛𝑓 = 𝓀𝑏𝑓
𝓀𝑠2+(𝓂−1)𝓀𝑏𝑓−(𝓂−1)Φ2(𝓀𝑏𝑓−𝓀𝑠2)

𝓀𝑠2+(𝓂−1)𝓀𝑏𝑓+Φ2(𝓀𝑏𝑓−𝓀𝑠2)
  

where 

𝓀𝑏𝑓 = 𝓀𝑓
𝓀𝑠1+(𝓃−1)𝓀𝑓−(𝓃−1)Φ1(𝓀𝑓−𝓀𝑠1)

𝓀𝑠1+(𝓃−1)𝓀𝑓+Φ1(𝓀𝑓−𝓀𝑠1)
  

In the above relations (Table 3.3), 𝓂 and 𝓃 represents the shape factor of 𝐶𝑢 and 𝐴𝐼2𝑂3 

nano-sized particles respectively. 𝓀𝑏𝑓 is the thermal conductivity of the 𝐴𝐼2𝑂3 −nanofluid, 

while the thermal conductivity of the base fluid 𝐻2𝑂 is expressed by 𝓀𝑓. The thermal 

conductivity of 𝐴𝐼2𝑂3 and 𝐶𝑢 are respectively, denoted by 𝓀𝑠1 and 𝓀𝑠2. Furthermore, Φ1 

stands for the volume fraction of 𝐴𝐼2𝑂3 nanoparticles, while the solid volume fraction for 

𝐶𝑢 nanoparticles are represented by Φ2. The base fluid viscosity, density, and specific heat 

are simultaneously symbolized by 𝜇𝑓 , �̅�𝑓 and (𝐶𝑝)𝑓. �̅�𝑠1 and �̅�𝑠2 denotes the densities of 

𝐴𝐼2𝑂3 and 𝐶𝑢 respectively. At constant pressure, (𝐶𝑝)𝑠1 and (𝐶𝑝)𝑠2 respectively, indicates 

the specific heat of 𝐴𝐼2𝑂3 and 𝐶𝑢 nanoparticles. Table 3.4 has been decorated for the 

thermophysical properties of the base fluid 𝐻2𝑂 and nanoparticles 𝐴𝐼2𝑂3 and 𝐶𝑢. 

Table 3.4: Thermo-physical properties of the base fluid (𝐻2𝑂) and nanoparticles 𝐴𝐼2𝑂3 and 𝐶𝑢 [46, 47]. 

Title 𝑯𝟐𝑶 (𝒇) 𝑨𝑰𝟐𝑶𝟑 (𝚽𝟏) 𝑪𝒖 (𝚽𝟐) 

Density, �̅� (𝑘𝑔𝔪−3) 997.0 3970 8933 

Specific Heat, 𝐶𝑝 (𝐽 𝑘𝑔
−1𝐾−1) 4180 765 385 
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Thermal Conductivity, 𝓀 (𝑊𝔪−1𝐾−1) 0.6071 40 400 

The suitable boundary conditions, for the present flow problem, are specified as: 

�̅� = −(�̅�𝑙) = −�̅�𝑙�̇�,      �̅� = 0,        �̅� − �̅�𝑙 = 0     at      �̅� = − 𝒽(𝓉̅),  

�̅� = −(�̅�𝑢) = −�̅�𝑢�̇�,     �̅� = 0,       �̅� − �̅�𝑢 = 0     at      �̅� =  𝒽(�̅�). (3.21) 

Here, �̅�𝑙 depicts the absolute suction or injection velocity at the bottom wall of the channel, 

which is equivalent to the product of the permeability factor (�̅�𝑙 = �̅�𝑙 �̇�⁄ ) and the wall 

velocity �̇� = 𝑑𝒽 𝑑𝓉̅⁄ . The same, for the upper wall, is denoted by �̅�𝑢, where the 

permeability of the upper wall is represented by �̅�𝑢 [61]. It is essential to mention that these 

velocities are assumed to be independent of the position at the walls, and they are also 

different from each other [59–62]. 

Keeping, the concept of mass conservation, in view, the subsequent transforms have been 

established: 

휁 = 𝒽−1(�̅�)�̅�,     �̅� = �̅�𝜐𝑓ℱ̅𝜁 𝒽2(𝓉̅)⁄ ,    �̅� = 𝜐𝑓ℱ̅(휁, 𝓉̅) 𝒽(𝓉̅)⁄ , (3.22) 

where the suffices 휁 indicates 𝑑 𝑑휁⁄ . Using Eq. (3.22) and by eliminating pressure terms, 

Eqs. (3.17)-(3.19) reduces to a following single equation: 

ℱ̅𝜁𝜁𝜁𝜁 +
𝜐𝑓

𝜐ℎ𝑛𝑓
{𝛼(3ℱ̅𝜁𝜁 + 휁ℱ̅𝜁𝜁𝜁) − ℱ̅𝜁ℱ̅𝜁𝜁 + ℱ̅ℱ̅𝜁𝜁𝜁} −

𝒽2

𝜐ℎ𝑛𝑓
ℱ̅𝜁𝜁�̅� = 0. (3.23) 

Over here, the rate with which wall deforms is symbolized by 𝛼 = 𝒽�̇� 𝜐𝑓⁄ . For stretching 

channel, 𝛼 possesses positive values. 

The suggestions presented by [136], lead us to a time-based similarity solution, which can 

be established based on the fact that 𝛼 is uniform in time. Consequently, the term ℱ̅𝜁𝜁�̅� has 

been eliminated. Moreover, the values of 𝛼 can be settled down by considering the 

channel’s initial height, along with dilation rate. 
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The transformed set of auxiliary conditions (Eq. (3.21)) related to the velocity is defined 

as 

ℱ̅(−1, 𝓉̅) = ℛ𝑙,
𝑑

𝑑𝜁
ℱ̅(−1, 𝓉̅) =

𝑑

𝑑𝜁
ℱ̅(1, 𝓉̅) = 0,   ℱ̅(1, 𝓉̅) = ℛ, (3.24) 

where the permeation Reynolds number, at the bottom wall, is indicated by ℛ𝑙 = �̅�𝑙𝒽 𝜐𝑓⁄ , 

while, at the top surface, ℛ = �̅�𝑢𝒽 𝜐𝑓⁄  is the permeation Reynolds number. They possess 

positive values for the injection case. 

The following set of scale variables has been used for converting the velocity and energy 

equations (Eqs. (3.23) and (3.20)) and into a dimensionless form as 

𝒰 = �̅��̇�−1,        𝒱 = �̅��̇�−1,      𝓍 = �̅�𝒽−1,      ℱ = ℱ̅ℛ−1 ,     ϑ(휁) =
�̅�−�̅�𝑢

�̅�𝑙−�̅�𝑢
. (3.25) 

Therefore, the resulting set of ordinary differential equations are given as under 

ℱ𝑖𝑣 + Λ́1[ℛ(ℱℱ
′′′ − ℱ′ℱ′′) + 𝛼(3ℱ′′ + 휁ℱ′′′)] = 0, (3.26) 

𝓀ℎ𝑛𝑓

𝓀𝑓
ϑ′′ + Pr Λ́2 (𝛼휁 + ℛℱ)ϑ

′ = 0, (3.27) 

where, 

Λ́1 =
𝜐𝑓

𝜐ℎ𝑛𝑓
=

(1−Φ2)
5 2⁄

(1−Φ1)−5 2⁄
[{1 − Φ1 (1 −

�̅�𝑠1

�̅�𝑓
)} (1 − Φ2) +

�̅�𝑠2

�̅�𝑓
Φ2] ,

Λ́2 = [1 − Φ1 (1 −
(�̅�𝐶𝑝)𝑠1
(�̅�𝐶𝑝)𝑓

)] (1 − Φ2) +
(�̅�𝐶𝑝)𝑠2
(�̅�𝐶𝑝)𝑓

Φ2.                      
}
 
 

 
 

 (3.28) 

The reduced dimensionless form of boundary conditions is defined as 

𝒜 −ℱ(�̅� 𝒽(𝓉̅)⁄ ) = 0, ℱ′(�̅� 𝒽(�̅�)⁄ ) = 0, ϑ(�̅� 𝒽(𝓉̅)⁄ ) = 1, when �̅� = −𝒽(𝓉̅),  

1 − ℱ(�̅� 𝒽(�̅�)⁄ ) = 0, ℱ′(�̅� 𝒽(𝓉̅)⁄ ) = 0, ϑ(�̅� 𝒽(𝓉̅)⁄ ) = 0,  when  �̅� = 𝒽(�̅�), (3.29) 
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where 𝒜 = �̅�𝑙 �̅�𝑢 ⁄ is the symbol for permeability parameter. Moreover, 𝑃𝑟 = 휀𝑓 𝜐𝑓 ⁄  

denotes Prandtl number. 

The local heat transfer rate (i.e., local Nusselt number) is defined by 

𝑁𝑢 = −
𝒽 𝓀𝑓⁄

(�̅�𝑙−�̅�𝑢)
(𝓀ℎ𝑛𝑓

𝜕�̅�

𝜕�̅�
)
�̅�=0

, (3.30) 

Subsequently, the set of scale variables converts the above equation into the dimensionless 

heat transport rate at the bottom and a top wall, which is then expressed by the subsequent 

relations: 

It is pertinent to mention here that, if Φ1 = Φ2 = 0, then hybrid nanofluid is no longer be 

preserved and converted to the regular fluid (water). When Φ1 ≠ 0,Φ2 = 0, then water-

based 𝐴𝐼2𝑂3 nanofluid has been achieved. For 𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ -based hybrid nanofluid, 

the relation Φ1 ≠ 0,Φ2 ≠ 0 must be satisfied. 

3.2.3 Computational Methodology 

As far as the numerical solution is a concern, Nachtsheim–Swigert shooting iteration 

technique coupled with well-known Runge–Kutta–Fehlberg scheme (RKF) has been 

considered. The dimensionless equations (Eqs. (3.26) and (3.27)) along with certain 

auxiliary conditions (3.29) can easily be tackled with this technique. Furthermore, this 

technique utilizes two-time steps, i.e., ℎ and ℎ 2⁄  for solving the set of initial value problem, 

and subsequently, a comparison has been made between a larger time step and a smaller 

one, to achieve the desired level of accuracy. 

3.2.4 Interpretation of Results 

The prime focus in this segment is to investigate the deviations in the temperature and heat 

transfer of a 𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄  hybrid nanofluid in a rectangular conduit, whose surfaces 

𝑁𝑢𝑙 = −
ϑ′(−1)

𝓀𝑓 𝓀ℎ𝑛𝑓⁄
 , (3.31) 

𝑁𝑢𝑢 = −
ϑ′(1)

𝓀𝑓 𝓀ℎ𝑛𝑓⁄
 . (3.32) 
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are permeable and have a capability of dilating or squeezing. Moreover, the investigations 

have been carried out to see the impact of numerous embedded entities such as solid 

volume fraction (0.005 ≤ Φ2 ≤ 0.06), permeability parameter 𝒜, permeation Reynold 

number ℛ and deformation parameter 𝛼 on the temperature as well as the rate of heat flux. 

Table 3.4 focused on the thermo-physical properties of base fluid and nanoparticles. The 

model employed for the effective thermal conductivity of 𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄  hybrid 

nanofluid has an embedded parameter ‘𝓂 = 3 𝜓⁄ ’ (where 𝜓 denotes the sphericity of 

different nanocomposites), which varies for different shapes of nanocomposites. The 

numerical values related to the shape factor, for different non-spherical tiny-sized particles, 

can be found in Table 3.5. Platelet-, cylinder- and brick-shaped nanocomposites have been 

under consideration. Furthermore, it is important to mention that the spherical shaped 

𝐴𝐼2𝑂3 nanoparticles, have been dispersed in the base fluid, therefore 𝓃 = 3. Since the 

hybrid nanofluid under consideration is water-based; therefore Pr = 6.135. 

Table 3.5: Shape factor and sphericity of various nanocomposites [22, 33]. 

𝐍𝐚𝐧𝐨𝐜𝐨𝐦𝐩𝐨𝐬𝐢𝐭𝐞 

𝐬𝐡𝐚𝐩𝐞𝐬 
𝐀𝐬𝐩𝐞𝐜𝐭 𝐫𝐚𝐭𝐢𝐨 𝐒𝐡𝐚𝐩𝐞 𝐟𝐚𝐜𝐭𝐨𝐫 (𝓶) Sphericity (𝝍) 

Brick 1: 1: 1 3.7 0.81 

Cylinder 1: 8 4.9 0.62 

Platelet 1: 1 18⁄  5.7 0.52 

In order to investigate the temperature behaviours, due to varying involved parameters, 

Figures 3.21-3.24 are designed. Each figure holds an inset picture, which gives us the 

magnified view of the parameter’s behaviour within the regions −0.45 ≤ 휁 ≤ −0.47 

(leftward) and 0.45 ≤ 휁 ≤ 0.47 (rightward) unless specified otherwise. Figures 3.21 and 

3.22 helps to visualize the impact of permeability parameter 𝒜 simultaneously coupled 

with the cases of injection/dilation and injection/squeezing on the temperature profile. An 

increment in temperature has been recorded, with the increasing absolute 𝒜. Since the 

temperature of the wall at the top is less than the bottom one, therefore a minimum 

temperature was observed, in the region close to the upper wall. The fluid injected from 

the lower side of the channel bears high thermal energy. Therefore it significantly raises 
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the temperature of the liquid, in the region close to the bottom wall. As the fluid moves 

onward, it gradually experiencing a loss in energy and hence leaves the area, adjacent to 

the upper wall, with the minimum temperature. This phenomenon is more prominently 

observed in Figure 3.22 when the injection is accompanied by dilation. In the first case, 

platelet-shaped nanocomposites possess higher temperature values, while, in the second 

case, the platelet-shaped nanostructures prominently found in the region, away from the 

bottom wall. Figure 3.23 has been painted with the nanoparticle volume fraction Φ2 as a 

varying parameter, to discuss a similar case, as in Figure 3.21. A definite rise in temperature 

has been recorded, in the lower half of the channel. The temperature’s pattern seems to be 

dominant for the platelet-shaped nanoparticles against the cylindrical or brick-shaped 

nanoparticles. Figure 3.24 deals with the case, when the injection has been considered 

along with dilation. The readers can observe a drop in the fluid’s temperature in the earlier 

(lower) portion of the conduit, while a rise has been perceived in the upper half of the 

channel. Moreover, the platelet-shaped nanocomposites show its dominance in the upper 

region of the channel. 

 

Figure 3.21: ϑ(휁) for numerous values of 𝒜;  ℛ >
0, 𝛼 < 0. 

 

Figure 3.22: ϑ(휁) for numerous values of 𝒜;  ℛ >
0, 𝛼 > 0. 
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Figure 3.23: ϑ(휁) for numerous values of Φ2;  ℛ >
0, 𝛼 < 0. 

 

Figure 3.24: ϑ(휁) for numerous values of Φ2;  ℛ >
0, 𝛼 > 0. 

In order to check the impacts of various embedded parameters on the local Nusselt number, 

Figures 3.25-3.30 are plotted. The horizontal axis has been decorated with the numerous 

values of Φ2. From Figure 3.25, the case, when injection combines with contraction, the 

growing values of Φ2 increases the Nusselt number at the top wall. It also provides a similar 

increment for rising absolute 𝒜. Besides, the lower wall exhibits a drop in Nusselt number 

with the augmented absolute 𝒜. Clearly, the rate with which heat transfer occurs at the top 

wall, reveals augmented values for the platelet-shaped nanoparticles. The case where 

injection accompanied by dilation, Figure 3.26 exposed the deviations in 𝑁𝑢 with the 

growing absolute 𝒜, both at the top and bottom walls. Again, it has been noticed that the 

platelet-shaped nanocomposites have a greater ability of transferring the heat against the 

brick or cylinder-shaped tiny particles. 
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Figure 3.25: Pictorial view of heat flux rate (𝑁𝑢𝑙 and 𝑁𝑢𝑢), for numerous values of 𝒜;  ℛ > 0, 𝛼 < 0. 

 

 
Figure 3.26: Pictorial view of heat flux rate (𝑁𝑢𝑙 and 𝑁𝑢𝑢), for numerous values of 𝒜;  ℛ > 0, 𝛼 > 0. 

With the growing Φ2, one can observe a decrement in the local heat transfer rate, and it 

has been displayed, in Figure 3.27 (suction/squeezing). However, an augmentation in the 

Nusselt number has been perceived, with the growing volume fraction. Moreover, 

continuously squeezing the walls, transmit a high amount of heat from both the walls. Also, 

platelet-shaped tiny particles experience a high amount of heat transfer as compared to 

others at the bottom wall, whereas, a reversed behaviour has been seen at the top wall. In 

the subsequent case of injection/squeezing, Figure 3.28 has been plotted for the varying 

values of 𝛼, which displays the similar preceding results of Figure 3.27, i.e., 𝑁𝑢 enhances 

at the both walls. Furthermore, the platelet-shaped nanostructures possess high 

transmission of heat, at the upper extremity of the channel. 
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Figure 3.27: Pictorial view of heat flux rate (𝑁𝑢𝑙 and 𝑁𝑢𝑢), for numerous values of 𝛼;  ℛ < 0, 𝛼 < 0. 

 

 
Figure 3.28: Pictorial view of heat flux rate (𝑁𝑢𝑙 and 𝑁𝑢𝑢), for numerous values of 𝛼;  ℛ > 0, 𝛼 < 0. 

For the case of squeezing/suction, Figure 3.29 has been sketched, to see the consequences 

of rising Φ2 along with absolute ℛ on the Nusselt number. One can notice an apparent 

decline in 𝑁𝑢𝑢, with increasing Φ2, while an enhancement has been perceived, with the 

rising absolute ℛ. Moreover, a reversed behaviour has been observed for 𝑁𝑢𝑙, from the 

adjacent figure. Also, platelet-shaped tiny particles show a higher heat transfer rate at the 

bottom wall of the channel. For the case of dilation/suction, Figure 3.30 has been plotted, 

to highlight the significances of rising ℛ and Φ2 upon the Nusselt number. The rising 

values of Φ2 depicts an increment in the behaviour of 𝑁𝑢, at the both walls. Likewise, the 

growing absolute ℛ simultaneously enhances the heat transmission rate, at the top wall, 
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and it decreases, at the bottom wall. Further, it is noteworthy that platelet-shaped 

nanocomposites, prove their ability to transfer the heat at the great extents, and it can be 

observed at both wall. 

 
Figure 3.29: Pictorial view of heat flux rate (𝑁𝑢𝑙 and 𝑁𝑢𝑢), for numerous values of ℛ;  ℛ < 0, 𝛼 < 0. 

 

 
Figure 3.30: Pictorial view of heat flux rate (𝑁𝑢𝑙 and 𝑁𝑢𝑢), for numerous values of ℛ;  ℛ < 0, 𝛼 > 0. 

3.2.5 Concluding remarks 

An incompressible, time-dependent, laminar flow of a 𝐶𝑢 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄  hybrid nanofluid 

has been inspected, in a rectangular channel, whose permeable walls have a capability of 

dilating and squeezing. (𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) has been taken as a nanofluid, in which the influence 

of three different shapes (brick, cylinder, and platelet) of 𝐶𝑢 nanocomposites have been 

further examined. Moreover, the graphical aid has been provided to capture the deviations 
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in velocity along with temperature profile due to varying embedded parameters. The 

graphs, describing the heat transport phenomena, due to multiple ingrained entities, are 

also included. 

The main findings of this study are as follows: 

• An upsurge in temperature has been detected, for the case of injection/squeezing 

against the increasing Φ2. For injection/dilation case (Figure 3.24), a significant 

drop in temperature has been perceived, below the central line of the channel, with 

growing 𝐶𝑢 volume fraction Φ2. However, it is again experiencing an 

augmentation, in the other part of the channel. 

• The platelet-shaped nanostructures prominently possess maximum temperature 

values against the brick and cylinder-shaped nanostructures. 

• The growing absolute values of ℛ, 𝛼, and 𝒜 considerably transmit the heat, at the 

upper surface of the rectangular channel. Besides, similar behaviour has been 

noticed, for increasing values of Φ2 except when suction accompanied by 

contraction. 

• 𝑁𝑢𝑙 mostly remains on the higher side for increasing the 𝐶𝑢 nanocomposite volume 

fraction Φ2. 

• In most of the cases, platelet-shaped nanocomposites prove a better heat transfer 

ability as compared to the other shapes of nanoparticles. 

So far, in the previous two chapters (Chapter 2 and 3), the investigations related to hybrid 

nanofluids inside a rectangular channel, whose either one or both permeable walls exhibits 

embracing or parting motion have been discussed in detail. However, no systematic study 

related to hybrid nanofluid has been conducted inside the rectangular channels with the 

stretchable lower wall. Inspired by the research presented in Section 3.2, the influence of 

different shapes of nanomaterials on the MHD flow and radiant heat transfer of hybrid 

nanofluid between parallel plates, with lower one is stretched in the x-direction, has been 

presented in next Chapter. 
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Chapter 4. Analysis of MHD Flow and Radiant 

Heat Transfer of (Ag-Cu)-Sodium Alginate 

based Hybrid Nanofluid between Parallel 

Plates for Different Shapes Of Nanoparticles: 

A Wavelet Solution 
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4.1 Overview 

The purpose of this chapter is to explore the MHD flow and heat transport mechanism of 

Sodium Alginate (𝑁𝑎𝐴𝑙𝑔) based (𝐴𝑔 − 𝐶𝑢) hybrid nanofluids inside a channel, with the 

assumption that the lower wall is stretchable. This work has been carried out by considering 

five different shapes (spherical, lamina, column, tetrahedron, and hexahedron) of 

nanocomposites. Besides, the impact of thermal radiation together with viscous dissipation 

on the flow have also been analyzed. Furthermore, a new wavelet scheme, ‘Modified 

Fourth kind Chebyshev wavelet method (MFKCM),’ has been introduced for solving the 

resultant model associated with the present flow scenario. Previously, several authors have 

considered the Chebyshev wavelet method to solve a variety of mathematical problems 

[120–122]. However, fluid problems remain untouched. This gap is filled by modifying 

the traditional Chebyshev wavelet method (fourth kind). The comparison of the acquired 

results and the error analysis verifies the credibility of the Modified version of Chebyshev 

wavelet method (fourth kind). Furthermore, graphical assistance, together with a detailed 

description, has also been provided to highlight the influence of various emerging entities 

on the velocity and temperature distribution. The variations in the heat flux rate and 

coefficient of skin friction have also been presented through graphs. 

4.2 Mathematical Analysis 

A time-independent flow of (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluids between two parallel 

walls have been under consideration. The fluid is also incompressible and laminar. The 

wall coinciding with the horizontal axis (�̆� = 0), is assumed to be stretchable, while the 

other one is placed at a distance �̆� =  𝒽 (see Figure 4.1). Sodium alginate (𝑁𝑎𝐴𝑙𝑔) is 

chosen as a host fluid, which exists in the form of a yellowish or white filament, powder 

or granule in nature, that turn into a viscous solution after mixing into the water [139, 140]. 

For the hybrid configuration, silver (𝐴𝑔), with different volume concentrations, has been 

dissolved into 0.1 vol (which remains fixed for the present flow scenario) of (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

nanofluid. The host fluid, along with the hybrid nanocomposites are simultaneously in 

thermal equilibrium. The cross magnetic field has been applied with the strength Β0 and its 

direction is normal to the horizontal plate. Any induced magnetic source has been 
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neglected. The temperature of the wall, at the bottom of the channel, is indicated by �̆�0, 

while, �̆�𝒽 denotes the wall temperature at a distance �̆� =  𝒽. The thermal radiant and 

viscous dissipative effects have also been taken into account. 

 
Figure 4.1: Geometrical illustration of the channel. 

Based on the assumptions above, the governing equations, for the present flow and heat 

transfer phenomenon, can be defined as [74–76] 

𝜕�̆�

𝜕�̆�
+

𝜕�̆�

𝜕𝒳
= 0, (4.1) 

1

�̆�ℎ𝑛𝑓

𝜕�̆�

𝜕𝒳
+ (

𝜕�̆�

𝜕𝒳
�̆� +

𝜕�̆�

𝜕�̆�
�̆�) +

𝜎ℎ𝑛𝑓

�̆�ℎ𝑛𝑓
Β0
2�̆� = 𝜐ℎ𝑛𝑓 (

𝜕2�̆�

𝜕�̆�2
+

𝜕2�̆�
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(4.4) 

where, �̆� and �̆� depicts the velocity modules along �̆� and �̆� direction respectively. The 

fluid temperature is indicated by �̆�, while, �̆� denotes the dimensional pressure. The 

electrical conductivity is symbolized by 𝜎ℎ𝑛𝑓, while, Β0 signifies the applied magnetic 
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field. Moreover, �̆�𝑟 specifies the radiant heat transfers. Rosseland [135] successfully 

inaugurates an expression for the thermal radiation, which is as follows 

�̆�𝑟 = −16δ ̆ (
1

3�̆�
) �̆�3

𝜕�̆�

𝜕�̆�
, (4.5) 

where, �̆� specifies the coefficient for mean absorption and δ̆ denotes the Stefan-Boltzmann 

constant. By plugging back Eqs. (4.5) in Eq. (4.4), the energy equation can take the 

following generalized form [74–76] 
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]. 

(4.6) 

The auxiliary conditions, associated with the current flow scenario, are given as [74–76] 

�̆� = �̆�0,      �̆� = 𝒜�̆�,     �̆� = 0,    at     �̆� = 0, (4.7) 

�̆� = �̆�𝒽,      �̆� = 0,     �̆� = 0,    at     �̆� =  𝒽, (4.8) 

where, �̆�0 and �̆�𝒽 simultaneously indicates the wall’s temperatures situated at �̆� = 0 and 

�̆� =  𝒽. Moreover, 𝒜 > 0 is the constant, which shows the stretching rate of the surface, 

placed at �̆� = 0. In the expressions above, 𝜐ℎ𝑛𝑓 = 𝜇ℎ𝑛𝑓 �̆�ℎ𝑛𝑓⁄  symbolizes the kinematic 

viscosity of the hybrid nanofluid, which is the ratio of dynamic viscosity to the density of 

the hybrid nanofluids. The mathematical expressions for the thermo-mechanical properties 

of mono and hybrid nanofluids have been illustrated in Tables 4.1 and 4.2. 

Table 4.1: Thermo-mechanical relations for Mono Nanofluids [33, 73, 123, 125, 138]. 

Title 𝐌𝐨𝐧𝐨 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̆�𝑛𝑓 = �̆�𝑓 + (�̆�𝑠1 − �̆�𝑓)𝜙1  

Specific Heat (�̆�𝐶𝑝)𝑛𝑓 = (�̆�𝐶𝑝)𝑓 + ((�̆�𝐶𝑝)𝑠1 − (�̆�𝐶𝑝)𝑓)𝜙1  
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Dynamic Viscosity 𝜇𝑛𝑓 =
𝜇𝑓

√(1−𝜙1)
5   

Electrical Conductivity 
�̆�𝑛𝑓

�̆�𝑓
=

�̆�𝑠1(1+2𝜙1)+2�̆�𝑓(1−𝜙1)

�̆�𝑠1(1−𝜙1)+�̆�𝑓(2+𝜙1)
  

Thermal Conductivity 

(Hamilton and Crosser′s 

Model) 

Κ𝑛𝑓

Κ𝑓
=

Κ𝑠1+Κ𝑓(𝜒−1)+𝜙1(Κ𝑠1−Κ𝑓)(𝜒−1)

Κ𝑠1+Κ𝑓(𝜒−1)+𝜙1(Κ𝑓−Κ𝑠1)
  

 

Table 4.2: Thermo-mechanical relations for Hybrid Nanofluids [49, 112]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̆�ℎ𝑛𝑓 = (1 − 𝜙2){�̆�𝑓 + (�̆�𝑠1 − �̆�𝑓)𝜙1} + 𝜙2�̆�𝑠2  

Specific Heat 
(�̆�𝐶𝑝)ℎ𝑛𝑓 =

(1 − 𝜙2) {(�̆�𝐶𝑝)𝑓 + ((�̆�𝐶𝑝)𝑠1 −

(�̆�𝐶𝑝)𝑓)𝜙1
} + 𝜙2(�̆�𝐶𝑝)𝑠2  

Dynamic Viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

√(1−𝜙2)(1−𝜙1)
5   

Electrical Conductivity 
�̆�ℎ𝑛𝑓

�̆�𝑓
=

�̆�𝑠1(1+2𝜙1)+2�̆�𝑓(1−𝜙1) �̆�𝑠2(1−𝜙2)+�̆�𝑛𝑓(2+𝜙2)⁄

�̆�𝑠1(1−𝜙1)+�̆�𝑓(2+𝜙1) �̆�𝑠2(1+2𝜙2)+2�̆�𝑛𝑓(1−𝜙2)⁄
  

Thermal Conductivity 

(Hamilton and Crosser′s 

Model) 

Κℎ𝑛𝑓

Κ𝑓
= (

Κ𝑠1+Κ𝑓(𝜒−1)+(Κ𝑠1−Κ𝑓)(𝜒−1)𝜙1

Κ𝑠1+Κ𝑓(𝜒−1)+(Κ𝑓−Κ𝑠1)𝜙1
) ×  

            (
1 Κ𝑠2+Κ𝑛𝑓(𝜒−1)+(Κ𝑛𝑓−Κ𝑠2)𝜙2⁄

1 Κ𝑠2+Κ𝑛𝑓(𝜒−1)+(Κ𝑠2−Κ𝑛𝑓)⁄ (𝜒−1)𝜙2
)  

In the above expressions (Tables 4.1 and 4.2), 𝜇𝑓, 𝜇𝑛𝑓, 𝜇ℎ𝑛𝑓 exhibit the dynamic viscosity 

of the host fluid, the dynamic viscosity of nanofluid and the dynamic viscosity for hybrid 

nanofluid. The volume fraction of copper (𝐶𝑢) nanoparticles have been denoted by 𝜙1, 

while 𝜙2 signifies the volume fraction of silver (𝐴𝑔) nanocomposites. In the case of mono 

nanofluids, the effective density, heat capacity, and the electrical conductivity are 

symbolized by �̆�𝑛𝑓, (�̆�𝐶𝑝)𝑛𝑓 and �̆�𝑛𝑓, respectively. �̆�𝑠1, (�̆�𝐶𝑝)𝑠1 and �̆�𝑠1 simultaneously 

indicate the density, specific heat capacity and the electrical conductivity of copper (𝐶𝑢) 

nanocomposites, however, the density, specific heat capacity and the electrical 

conductivity of host fluid are denoted by �̆�𝑓, (�̆�𝐶𝑝)𝑓 and �̆�𝑓 respectively. Moreover, in the 

case of hybrid nanofluid, (�̆�ℎ𝑛𝑓), ((�̆�𝐶𝑝)ℎ𝑛𝑓) and (�̆�ℎ𝑛𝑓) denotes the effective density, 
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heat capacity and the electrical conductivity, respectively. �̆�𝑠2, (�̆�𝐶𝑝)𝑠2 and �̆�𝑠2 represents 

the density, specific heat capacity and the electrical conductivity of silver (𝐶𝑢) 

nanocomposites, respectively. The thermal conductivities of copper and silver 

nanocomposites are denoted by Κ𝑠1 and Κ𝑠2, respectively. Κ𝑓 represents the thermal 

conductivity of the sodium alginate (host fluid). Furthermore, the shape factor of 

nanocomposites is symbolized by 𝜒, which is defined as 3휀−1, where 휀 shows the 

sphericity. Table 4.3 has been fabricated with different shapes of nanocomposites, together 

with their respective sphericities. 

Table 4.3: Geometrical shapes of nanocomposites along with sphericity and the empirical shape factor [141, 142]. 

𝐒𝐡𝐚𝐩𝐞𝐬 𝐨𝐟 
𝐧𝐚𝐧𝐨𝐜𝐨𝐦𝐩𝐨𝐬𝐢𝐭𝐞𝐬 

𝐆𝐞𝐨𝐦𝐞𝐭𝐫𝐢𝐜𝐚𝐥 
𝐬𝐡𝐚𝐩𝐞 

Sphericity (𝜺) 
𝐄𝐦𝐩𝐢𝐫𝐢𝐜𝐚𝐥 

𝐒𝐡𝐚𝐩𝐞 𝐟𝐚𝐜𝐭𝐨𝐫 (𝝌) 

Tetrahedron 

 

0.7387 4.0613 

Hexahedron 

 

0.8060 3.7221 

Column 

 

0.4710 6.3698 

Lamina 

 

0.1857 16.1576 

Sphere 

 

1.0000 3.0000 

The non-dimensional forms, for the set of Eqs. (4.1)-(4.3) and (4.6), have been 

accomplished, by selecting an appropriate group of similarity transforms, which are 

defined as 
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�̆� = 𝒜�̆�Ϝ̆′(휁),   �̆� = −𝒜𝒽Ϝ̆(휁), �̆� = (1 − β̆(휁)) �̆�𝒽 + β̆(휁)�̆�0,   휁 =
1

𝒽
�̆�, (4.9) 

Based on this group, the non-dimensional form for the velocity and temperature profile can 

be expressed mathematically as 

Ϝ̆𝒾𝑣 + Λ̆1 [
1

(Λ̆2)
−1ℛ{Ϝ̆Ϝ̆

′′′ − Ϝ̆′Ϝ̆′′} −ℳ
�̆�ℎ𝑛𝑓

�̆�𝑓
Ϝ̆′′] = 0, (4.10) 

((
Κ𝒽nf

Κf
+ Rd(ϑwβ̆ + (1 − β̆))

3
) β̆′)

′

+
Pr

Λ̆1
Εc [4(Ϝ̆′)

2
] + Pr ℛΛ̆3Ϝ̆β̆

′ = 0, (4.11) 

and the non-dimensional auxiliary conditions are given as 

Ϝ̆′(휁) − 1 = 0,      Ϝ̆(휁) = 0,     β̆(휁) = 1,          at   휁 = 0 

Ϝ̆′(휁) = 0,              Ϝ̆(휁) = 0,     β̆(휁) = 0,          at  휁 = 1.
} (4.12) 

The coupled Eqs. (4.10) and (4.11) comprises some dimensionless parameters, which can 

be defined as 

ℳ =
�̆�𝑓𝒽

2Β0
2

𝜇𝑓
,     ℛ =

𝒜𝒽2

𝜇𝑓 �̆�𝑓⁄
,   𝑅𝑑 =

16δ̆

3�̌� Κ𝑓
Τ̆𝒽
3,    𝜗𝑤 =

�̆�0

�̆�𝒽
, 

𝛦𝑐 =
1

(�̆�0−�̆�𝒽)

𝒜2𝒽2

(𝐶𝑝)𝑓
, Pr = (

(�̆�𝐶𝑝)𝑓
𝜇𝑓

Κ𝑓�̆�𝑓
). 

(4.13) 

These parameters, subsequently indicate the magnetic parameter, the Reynolds number, 

the radiation parameter, the temperature difference parameter, the Eckert number, and the 

Prandtl number. Furthermore, the constants (Λ̆1, Λ̆2 and Λ̆3) arising in the Eqs. (4.10) and 

(4.11), have the following mathematical expressions 
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Λ̆1 =
𝜇𝑓

𝜇𝒽𝑛𝑓
=

(1−𝜙2)
5 2⁄

(1−𝜙1)−5 2⁄

                       
,                                                        

Λ̆2 =
�̆�𝒽𝑛𝑓

�̆�𝑓
= [(1 − 𝜙2) {1 + (

�̆�𝑝1

�̆�𝑓
− 1)𝜙1} +

�̆�𝑝2

�̆�𝑓
𝜙2] ,

                       

Λ̆3 =
(�̆�𝐶𝑝)ℎ𝑛𝑓

(�̆�𝐶𝑝)𝑓
= [(1 − 𝜙2) {1 + (

(�̆�𝐶𝑝)𝑝1

(�̆�𝐶𝑝)𝑓
− 1)𝜙1} +

(�̆�𝐶𝑝)𝑝2

(�̆�𝐶𝑝)𝑓
𝜙2].  

}
 
 
 

 
 
 

 
(4.14) 

In the current scenario, the physical quantities like the coefficient for skin friction drag 

along with the heat flux rate can be written as follows 

�̆�𝑓𝓍 = 𝕌0
−2 𝜏𝓌

�̆�𝒽𝑛𝑓
,       and       𝑁𝑢𝓍 =

Κ𝑓
−1𝒳

(�̆�0−�̆�𝒽)
(�̆�𝓌 + �̆�𝑟), (4.15) 

where 𝜏𝓌 indicates the shear stress while the heat flux is represented by �̆�𝓌. There 

mathematical expressions, at both walls of the channel, are simultaneously defined as 

𝜏𝓌 = 𝜇𝒽𝑛𝑓 (
𝜕�̆�

𝜕�̆�
)
�̆�= {0

𝒽

,       and       �̆�𝓌 = −Κ𝒽𝑛𝑓 (
𝜕�̆�

𝜕�̆�
)
�̆�= {0

𝒽

, (4.16) 

Consequently, the dimensionless form for skin friction drag and the Nusselt number can 

be achieved by using Eqs. (4.5) and (4.16) into Eq. (4.15), which are given as under 

and 

4.3 Application of Modified fourth kind Chebyshev Wavelets Method 

The solution of the current flow problem (Eqs. (4.10)-(4.12)) has been obtained, using an 

innovative version of the traditional Chebyshev wavelets method (fourth kind). The main 

steps of the modified fourth kind Chebyshev wavelets method have been explained in 

Section 1.2.2.6. 

�̆�𝑙𝑜𝑤𝑒𝑟 =
1

Λ̆1Λ̆2
Ϝ̆′′(0),              �̆�𝑢𝑝𝑝𝑒𝑟 =

1

Λ̆1Λ̆2
Ϝ̆′′(1), (4.17) 

𝑁𝑢𝑙𝑜𝑤𝑒𝑟 = −(
Κ𝒽𝑛𝑓

Κ𝑓
+ (𝜗𝑤)

3𝑅𝑑) β̆′(0),       𝑁𝑢𝑢𝑝𝑝𝑒𝑟 = −(
Κ𝒽𝑛𝑓

Κ𝑓
+ 𝑅𝑑) β̆′(1). (4.18) 
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By making use of traditional Chebyshev Wavelet Method (see Section 1.2.2.5), the suitable 

trial solutions, for Eqs. (4.10)-(4.11), can be defined as 

where the mathematical expressions for �̃��́� and �̆�(휁) are given as 

By following the steps stated in Section 1.2.2.6, the new trial solutions, consequently takes 

the following form: 

where the undetermined coefficients {�̀�0
�́� , �̀�1

�́�, �̀�2
�́� , … }, �́� = 1,2, are bound to satisfy the 

following expressions: 

By making use of the auxiliary conditions (4.12), the trial solutions (4.22) mentioned above 

can finally be expressed as 

Ϝ̆(휁) ≅ Ϝ̃(휁) = ∑ ∑ 𝛼𝒾𝒿
1 �̃��́��́�(휁)

Μ̀−1
�́�=0

2�̆�−1

�́�=1 = �̃�1
𝑇�̆�(휁), (4.19) 

β̆(휁) ≅ β̃(휁) = ∑ ∑ 𝛼𝒾𝒿
2 �̃��́��́�(휁)

Μ̀−1
�́�=0

2�̆�−1

�́�=1 = �̃�2
𝑇�̆�(휁), (4.20) 

�̃��́� = [𝛼10
�́� , 𝛼11

�́́� , 𝛼12
�́́� , 𝛼13

�́́� , … ]
𝑻

,          �́� = 1,2            and 

�̅�(𝜍) = 𝜋−2 4⁄ [√2, √2(4휁 − 3), √2(16휁2 − 20휁 + 5),… ]
𝑻
. 

(4.21) 

Ϝ̃(휁) = ∑ �̀��́�
1휁�́�Μ̀−1

�́�=0 ,            β̃(휁) = ∑ �̀��́�
2휁�́�Μ̀−1

�́�=0 . (4.22) 

𝛼10
�́� − 3𝛼11

�́� + 5𝛼12
�́� − 7𝛼13

�́� −⋯ = �̀�0
�́� ,

4𝛼11
�́� − 20𝛼12

�́� + 56𝛼13
�́� +⋯ = �̀�1

�́�,

16𝛼12
�́� − 112𝛼13

�́� +⋯ = �̀�2
�́� ,

64𝛼13
�́� −⋯ = �̀�3

�́� ,
⋮ }

 
 

 
 

 (4.23) 

Ϝ̃(휁) = 휁(1 − 2휁 + 휁2) + ∑ �̀��́�
1(휁�́�+3 + �́�휁2 − (�́� + 1)휁3)Μ̀−4

�́�=1 , (4.24) 
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Next, the residuals for velocity and temperature profiles have been constructed, by 

plugging back Eqs. (4.24) and (4.25) into the coupled Eqs. (4.10) and (4.11). To evaluate 

the undetermined coefficients �̀�’s, we choose the concept of Method of Moments [114]. In 

this context, a set of algebraic equations have been accomplished, whose solution yields 

the unknown coefficients �̀�’s. By plugging �̀�’s back into Eq. (4.23), and on solving the 

resulting system of algebraic equations, the values of all unknown coefficients 𝛼’s have 

been achieved. Substituting 𝛼’s back into the reduced trial solutions (4.19) and (4.20), 

gives the approximate solutions of Eqs. (4.10) and (4.11). 

Taking ℛ = 3,ℳ = 4, 𝑅𝑑 = 0.2, 𝛦𝑐 = 0.1, 𝜗𝑤 = 1.1, 𝜙1 = 0.1, 𝜙2 = 0.05, �̆� = 1, Μ̀ =

7 and by following the procedure as stated above, the following approximate solutions 

have been accomplished: 

Ϝ̆(휁) ≅ Ϝ̃(휁) = −0.12559185휁6 + 0.6588374휁5 − 1.3760946휁4 

                     +2.278045휁3 − 2.43519543휁2 + 0.9999휁 + 1.33 × 10−16, 
(4.26) 

β̆(휁) ≅ β̃(휁) = −1.3606535휁6 + 5.2867523휁5 − 7.93844휁4 

                     +5.3500350휁3 − 1.00853512휁2 − 1.32916088휁 + 0.999999. 
(4.27) 

More precisely, these approximate solutions are acquired for (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid 

nanofluid. Since the problem under consideration is highly nonlinear, so the possibility of 

the existence of a closed-form solution is least likely. Therefore, to check the validity of 

the obtained results via modified fourth kind Chebyshev wavelet method (MFKCW), a 

comparison has been made with the outcomes of a numerical recipe, so-called Runge-

Kutta-Fehlberg (RKF) algorithm. The comparison test (for Ϝ̆(휁) and β̆(휁)) has been 

performed for both (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid and (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and 

the outcomes have been displayed in the form of tables (see Tables 4.4-4.7). It is evident 

from the tables that the proposed modified version is an effective tool to investigate the 

solution of the present flow problem (Eqs. (4.10) and (4.11)). Moreover, in the traditional 

β̃(휁) = 1 − 휁 + ∑ �̀��́�
2Μ̀−2

�́�=1 휁(휁�́� − 1). (4.25) 
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version of the fourth kind Chebyshev wavelets method (FKCWM), the total number of 

coefficients to be determined are 14 (if Μ̀ = Μ̀1 = Μ̀2 = 7), while in the proposed 

modification, these unknown coefficients reduce to 8. Thus, the proposed modification has 

less amount of computation work, and therefore assumed to be an efficient and reliable tool 

for solving the highly nonlinear problems of diversified nature. 

Table 4.4: Assessment of the outcomes for Ϝ̆(휁), in the case of spherical-shaped nanocomposites, for (𝐴𝑔 −
𝐶𝑢/𝑁𝑎𝐴𝑙𝑔) hybrid nanofluid, with (𝜙1 = 0.1, 𝜙2 = 0.05). 

𝜻 𝐑𝐊𝐅 𝐌𝐅𝐊𝐂𝐖 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0 1.328689762e-016 1.328689762e-016 

0.1 0.07776734723 0.07779494357 2.759633951e-005 

0.2 0.1188135709 0.1188175778 4.006838197e-006 

0.3 0.13274191 0.1327026655 3.924447056e-005 

0.4 0.1272033131 0.1271676292 3.568390137e-005 

0.5 0.1085642034 0.10857709 1.288656426e-005 

0.6 0.08236355283 0.08241698124 5.342841366e-005 

0.7 0.05363571126 0.05367823578 4.252452087e-005 

0.8 0.02715531088 0.02715004702 5.263864729e-006 

0.9 0.007647531229 0.007622703912 2.48273175e-005 

1.0 0 -2.000001057e-010 2.000001057e-010 

 

Table 4.5: Assessment of the outcomes for β̆(휁), in the case of spherical-shaped nanocomposites, for (𝐴𝑔 −
𝐶𝑢/𝑁𝑎𝐴𝑙𝑔) hybrid nanofluid, with (𝜙1 = 0.1, 𝜙2 = 0.05). 

𝜻 𝐑𝐊𝐅 𝐌𝐅𝐊𝐂𝐖 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 1 1 2.220446049e-016 

0.1 0.8615884729 0.8616062593 1.778638655e-005 
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0.2 0.7254287316 0.725529879 0.000101147364 

0.3 0.6025737364 0.6024880693 8.566709421e-005 

0.4 0.4948763028 0.4947113757 0.0001649270556 

0.5 0.3998388398 0.3998386054 2.343512247e-007 

0.6 0.3136793123 0.3138320823 0.0001527699603 

0.7 0.2328525521 0.2329132319 6.067980117e-005 

0.8 0.1546439774 0.1545184957 0.0001254817025 

0.9 0.07730984695 0.07727557414 3.427280833e-005 

1.0 0 4.440892099e-016 4.440892099e-016 

 

Table 4.6: Assessment of the outcomes for Ϝ̆(휁), in the case of spherical-shaped nanocomposites, for (𝐶𝑢/𝑁𝑎𝐴𝑙𝑔) 
nanofluid, with (𝜙1 = 0.1, 𝜙2 = 0.0). 

𝜻 𝐑𝐊𝐅 𝐌𝐅𝐊𝐂𝐖 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0 -1.3309936919e-016 1.3309936919e-016 

0.1 0.0779072021901434 0.0779324511765343 2.5248986391e-005 

0.2 0.119202141849308 0.119205906123866 3.7642745579e-006 

0.3 0.133337084751203 0.133301056111281 3.6028639922e-005 

0.4 0.12790218645895 0.12786895872038 3.3227738569e-005 

0.5 0.1092529893282 0.109263953299634 1.0963971434e-005 

0.6 0.082945389093828 0.0829936037813192 4.8214687491e-005 

0.7 0.0540470845478437 0.0540856688608437 3.85843130001e-005 

0.8 0.0273770539652909 0.0273720995384519 4.9544268391e-006 
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0.9 0.007712876088736 0.0076900640233140 2.2812065422e-005 

1.0 0 2.75348049483e-015 2.7534804948e-015 

 

Table 4.7: Assessment of the outcomes for β̆(휁), in the case of spherical-shaped nanocomposites, for (𝐶𝑢/𝑁𝑎𝐴𝑙𝑔) 
nanofluid, with (𝜙1 = 0.1, 𝜙2 = 0.0). 

𝜻 𝐑𝐊𝐅 𝐌𝐅𝐊𝐂𝐖 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 1 1 5.55111512313e-016 

0.1 0.852699523320902 0.852715755087106 1.62317662034e-005 

0.2 0.70981303833064 0.709935063514121 0.0001220251834805 

0.3 0.583295962229632 0.583204145684654 9.1816544978e-005 

0.4 0.474755200720558 0.474565762669654 0.000189438050903 

0.5 0.380990932448528 0.380995176138589 4.24369006058e-006 

0.6 0.297516943930204 0.297705159041105 0.0001882151109014 

0.7 0.220241784603808 0.220320057039176 7.827243536804e-005 

0.8 0.146066893588202 0.145918900689733 0.0001479928984681 

0.9 0.0729893732417789 0.072947568377782 4.180486399684e-005 

1.0 0 -1.6653345369e-015 1.66533453694e-015 

4.3.1 Special Case 

In Eq. (4.10), the exact solution exists in the case when Reynolds number is zero (ℛ = 0). 

Therefore, by inserting ℛ = 0, it takes the following linear form 

Ϝ̆𝒾𝑣 − Λ̆1ℳ
�̆�ℎ𝑛𝑓

�̆�𝑓
Ϝ̆′′ = 0, (4.28) 

whose exact solution is given as 
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Ϝ̆(휁) = −
1

√𝑆(𝐴3+2)
(√𝒮1(휁 − 1)cosh(√𝒮1) − √𝒮1휁 + 𝐴1sinh(√𝒮1휁) +

𝐴2cosh(√𝒮1휁) + +sinh(√𝒮1)), 

(4.29) 

where, 

𝒮1 = Λ̆1ℳ
�̆�ℎ𝑛𝑓

�̆�𝑓
, 

𝐴1 = −√𝒮1sinh(√𝒮1) + cosh(√𝒮1) − 1, 

𝐴2 = √𝒮1cosh(√𝒮1) − sinh(√𝒮1), 

𝐴3 = √𝒮1sinh(√𝒮1) − 2cosh(√𝒮1). (4.30) 

The following table provides a comparison test that has been made between the results 

obtained via the modified fourth kind Chebyshev wavelet method (MFKCW) and the exact 

solution (4.29). This comparison also proves the reliability of the proposed modification. 

Moreover, the absolute error can be further reduced with increasing Μ̀. 

Table 4.8: Assessment of the outcomes for Ϝ̆(휁), in the case of spherical-shaped nanocomposites, for (𝐴𝑔 −
𝐶𝑢/𝑁𝑎𝐴𝑙𝑔) hybrid nanofluid, with (𝜙1 = 0.1, 𝜙2 = 0.05,ℳ = 4 ). 

𝜻 𝐑𝐊𝐅 𝐌𝐅𝐊𝐂𝐖 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0 1.35253374e-016 1.35253374e-016 

0.1 0.0790451059 0.07905012974 5.023843069e-006 

0.2 0.122385361 0.1223864968 1.13580071e-006 

0.3 0.138264064 0.138256776 7.287970841e-006 

0.4 0.1337741936 0.1337662392 7.954371174e-006 

0.5 0.1151555227 0.1151557062 1.83459375e-007 

0.6 0.0880559923 0.08806405758 8.065283801e-006 
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0.7 0.0577682935 0.05777531034 7.016841491e-006 

0.8 0.0294515695 0.02945025445 1.315049722e-006 

0.9 0.008347528 0.008342652237 4.875762508e-006 

1.0 -1.0e-09 -5.000011e-010 4.999988726e-010 

4.4 Interpretation of Results 

This segment offers a detail description of the influence of various emerging physical 

entities on the velocity and temperature profiles, together with the coefficient of skin 

friction drag and Nusselt number. For the said purpose, graphical assistance has also been 

provided, which displays the results for both (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and 

(𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid. Here the dashed lines depict the data for 

(𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid, while, the results for (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid has 

been indicated, via solid lines. Since the host fluid is sodium alginate, therefore, in the 

whole manuscript, the value of the Prandtl number is 6.45. Moreover, Table 4.3 presents 

the shapes of various nanocomposites, along with their respective shape factors. Five 

different shapes (spherical, lamina, column, tetrahedron, and hexahedron) of 

nanocomposites are taken into account. Table 4.9 provides the thermo-mechanical 

properties of host fluid (sodium alginate) and the nanoparticles (copper and silver). 

Table 4.9: Thermo-mechanical properties (density, specific heat, thermal conductivity, and electrical conductivity) of 

the host fluid (Sodium alginate) and nanocomposites (Copper and Silver), [140, 143]. 

𝐏𝐡𝐲𝐬𝐢𝐜𝐚𝐥 

𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 

    𝐇𝐨𝐬𝐭 𝐟𝐥𝐮𝐢𝐝 

𝐍𝐚𝐀𝐥𝐠 (𝐟) 

𝐍𝐚𝐧𝐨𝐜𝐨𝐦𝐩𝐨𝐬𝐢𝐭𝐞𝐬 

𝐂𝐮 𝐀𝐠 

Density, �̆� (𝑘𝑔 𝔪−3) 989 8933 10500 

Specific Heat, 𝐶𝑝 (𝐽 𝑘𝑔
−1𝐾−1) 4175 385 235 

Thermal Conductivity, Κ (𝑊𝔪−1𝐾−1) 0.6376 401 429 

Electrical Conductivity, 𝜎(𝔪−1Ω−1) 2.6 × 10−4 5.96 × 107 6.3 × 107 

Figures 4.2-4.4 have been dedicated to examining the impact of Reynolds number ℛ, 

magnetic parameter ℳ and solid volume fractions, on the velocity profile, for both mono 
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and hybrid nanofluids. Figure 4.2a displays the impact of Reynolds number ℛ on the 

normal constituent of velocity Ϝ̆(휁). One can witnessed a clear decline in the velocity, with 

the increasing ℛ. This is due to the increment in the inertial effects. These effects seem to 

be more prominent in the middle portion of the channel; however, the velocity appears to 

be least affected in the area close to the walls of the channel. Moreover, (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

nanofluid remains on the higher side, when compared to (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid 

nanofluid. Similarly, for different values of ℛ, the performance of the axial velocity 

component have been depicted in Figure 4.2b. Over here, an exciting phenomenon has 

been detected. In the lower region of the channel, i.e., 0 ≤ 휁 ≤ 0.45, a drop in velocity has 

been noticed, with the rising values of ℛ; however, a reversed behaviour has been 

observed, in the upper region of the channel (0.45 ≤ 휁 ≤ 1.0), that is, an increment in the 

flow has been recorded. The deviation in normal and the axial velocity components, under 

the action of Magnetic parameter ℳ, are plotted in Figures 4.3(a and b), respectively. 

Increasing ℳ implies a decelerated flow in the normal direction (see Figure 4.3a). The fact 

behind it is the augmentation in the magnetic forces, which exists due to the externally 

applied magnetic field. These forces are also named as Lorentz forces, which certainly 

reduces the speed of the fluid. From Figure 4.3b, by increasing ℳ, a similar velocity 

behaviour has been noticed, for axial velocity component, as discussed earlier in Figure 

4.2b. That is, a decelerated flow has been recorded in the lower portion of the channel, 

while a reversed phenomenon has been noticed in the upper region of the channel 

(0.45 ≤ 휁 ≤ 1.0). 

The impact of solid volume fractions on the velocity components (both normal and axial) 

have been highlighted in Figures 4.4a and 4.4b. It is evident from Figure 4.4a that the 

inclusion of nano-sized particles in the fluid can certainly slow down its velocity along the 

y-direction. The reason behind is the dominance of the viscous effects, which primarily be 

due to the increasing nanoparticle volume fraction. Therefore, a decelerated flow has been 

observed, with the growing concentration of nanoscale particles. Moreover, the 

(𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid depicts lower velocity values as compared to 

(𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid, which mainly be due to the higher concentration of 

nanocomposites within (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid. From Figure 4.4b, the axial 
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velocity component behaves in the same way as that for ℳ and ℛ; however, the only 

difference is the least effectiveness of the nanocomposite concentration on the velocity 

profile. Furthermore, as the shape factors have a significant impact on the thermal 

conductivity of the nanofluids and as the velocity profile does not depend on the thermal 

conductivity, therefore, the velocity profile remains unaffected by the different shapes of 

nanoparticles. 

 
(a) 

 
(b) 

Figure 4.2: Simulation for (a) Ϝ̆′(휁) and (b) Ϝ̆(휁), by means of varying Reynolds number ℛ. 

 

 
(a) 

 
(b) 

Figure 4.3: Simulation for (a) Ϝ̆′(휁) and (b) Ϝ̆(휁), by means of varying Magnetic parameter ℳ. 
 

 

 
(a) 

 
(b) 

Figure 4.4: Simulation for (a) Ϝ̆′(휁) and (b) Ϝ̆(휁), by means of varying nanocomposites volume fraction 𝜙1 and 𝜙2. 
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The upcoming pictures from 4.5-4.10, displays the impact of numerous ingrained entities 

on the temperature distribution, for both  (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

hybrid nanofluid. The figures portrays the effects of five different shapes of 

nanocomposites, including hexahedron, tetrahedron, column, lamina, and sphere, on the 

temperature distribution. From Figure 4.5, a drop in temperature has been visible, with the 

growing ℛ (Reynolds number). The reason behind is the decrement in the viscous forces, 

which certainly minimizes the friction effects between the fluid and the walls. This, in turn, 

decreases the dissipative viscous impact and therefore, reduces the fluid’s temperature. The 

temperature fall appears to be more prominent, in the middle portion of the channel. This 

trend has been witnessed for both mono and hybrid nanofluid. Moreover, it is notable that 

the Lamina-shaped nanocomposites exhibit higher temperature values, for both 

 (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid. Figure 4.6 has been 

sketched, to see the deviations in the temperature profile, with the varying Magnetic 

parameter ℳ. The increment in the magnetic parameter reveals enhancement in the 

temperature of the fluid. The applied magnetic field produces the Lorentz forces within the 

fluid. These Lorentz forces result in an increment in the friction factor, which is responsible 

for the production of heat energy. Therefore, one can observe an upsurge in the temperature 

of the fluid. It is noteworthy that the sphere-shaped nanoparticles, exhibit lower 

temperature profile as compared to the other shape factors and this phenomenon have been 

detected for both (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid. 

In order to check the temperature patterns for varying nanoparticle volume fraction, Figure 

4.7 has been plotted. An inevitable rise in temperature has been perceived, for both 

(𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid, as the nanoparticle 

volume fraction increases. The reason behind is the augmentation in the thermal 

characteristics of the host fluid. Furthermore, the temperature patterns appear to be 

maximum, in the case of (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid, which is quite obvious. 

Besides, it has also been observed that the Lamina-shaped nanoparticles are highly 

thermally conductive. Therefore, they exhibit a higher temperature profile, when compared 

to the other nanoparticles shape. Moreover, this phenomenon happens for both mono and 

hybrid nanofluids. Figure 4.8 reveals the impact of Eckert number 𝐸𝑐, on the temperature 
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distribution. An upsurge in temperature has been detected with the growing values of 𝐸𝑐. 

In fact, the rise in Eckert number, is because of the dominating viscous forces, which 

certainly give rise to the fluid kinetic energy and hence, augments the fluid temperature. 

From the inset pictures, one can notice a definite rise in temperature for the Lamina-shaped 

nanoparticles and this phenomenon exists for both (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and 

(𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid. 

Figure 4.9 and 4.10 simultaneously portray the effects of radiation parameter 𝑅𝑑 and the 

temperature difference parameter 𝜗𝑤 on the temperature profile. The temperature 

augments, with the growing values of 𝑅𝑑. A rise in 𝑅𝑑 corresponds to a decline in mean 

absorption coefficient, which is the actual reason for rising temperature (see Figure 4.9). 

From Figure 4.10, it is noted that the increment in 𝜗𝑤 enhances the temperature of the fluid. 

In fact, an increment in 𝜗𝑤 significantly improves the temperature difference, at the 

boundaries of the channel, which results in an increment in the temperature distribution. It 

is important to mention that (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid indicates a rise in 

temperature, as compared to (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and this behaviour can be clearly 

observed from both the figures (4.9 and 4.10). Moreover, the Lamina-shaped nanoparticles 

show its proficiency in raising the temperature, for both 𝐶𝑢 and (𝐴𝑔 − 𝐶𝑢) 

nanocomposites. However, the sphere-shaped nanoparticles depicts the lowest temperature 

values, for both mono and hybrid nanofluids. 

 

Figure 4.5: Simulation for β̆(휁), by means of varying 

Reynolds number ℛ.  

 

Figure 4.6: Simulation for β̆(휁), by means of varying 

Magnetic parameter ℳ. 
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Figure 4.7: Simulation for β̆(휁), by means of varying 

nanocomposites volume fraction 𝜙1 and 𝜙2. 

 

Figure 4.8: Simulation for β̆(휁), by means of varying 

Eckert number 𝐸𝑐. 

 

 

Figure 4.9: Simulation for β̆(휁), by means of varying 

Radiation parameter 𝑅𝑑. 

 

Figure 4.10: Simulation for β̆(휁), by means of varying 

Temperature difference parameter 𝜗𝑤. 

The next couple of figures assists, to visualize the deviations in the coefficient of skin 

friction, under the action of various embedded parameters. It has been witnessed from 

Figure 4.11 that the increment in the Reynolds number ℛ significantly decreases the skin 

friction coefficient, at both surfaces of the channel and more precisely, this phenomena 

exists for both mono and hybrid nanofluids. At the lower surface, the (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

hybrid nanofluid exhibit higher skin friction values against the (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid, 

however, a reversed behaviour has been detected, at the upper extremity of the conduit. 

Moreover, the coefficient for skin friction drag depicts a similar behaviour, as discussed 

earlier, when the magnetic parameter ℳ varies along the axis wise. Figure 4.12 exhibits 

the consequences of nanoparticle concentration (𝜙1 and 𝜙2) on the skin friction 

coefficient. The skin friction coefficient considerably enhances at the lower surface with 

the increasing nanoparticle concentration. However, this behaviour appears to be inverted 
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at the upper surface of the channel. Besides, the (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid 

shows its proficiency at the bottom wall, while, (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid seems to be 

dominant, at the upper boundary of the channel. Further, it is noteworthy that all the shapes 

of nanoparticles, i.e., hexahedron, tetrahedron, column, lamina and sphere for both 

(𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid exhibits an identical 

behaviour. 

 
Figure 4.11: Simulation for skin friction coefficient, by means of varying Magnetic parameter ℳ and Reynolds 

number ℛ. 

 

 
Figure 4.12: Simulation for skin friction coefficient, by means of varying Magnetic parameter ℳ and 

nanocomposites volume fraction 𝜙1 and 𝜙2. 
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Figures 4.13-4.15 has been sketched, to see the variations in the local rate of heat transfer, 

by varying different embedded parameters. It is evident from Figure 4.13 that the heat 

transfer augments at the lower surface with the growing values of Reynolds number ℛ; 

however, at the upper surface, an opposite behaviour has been perceived. Also by varying 

ℳ horizontally, one can observe a slight decrement, in the rate of heat transfer, at the 

bottom end of the channel. On the other hand, the heat transfer rate appears to be slightly 

increasing, at the upper boundary of the channel. Figure 4.14 demonstrates the deviations 

in the local Nusselt number with the varying values of the Eckert number and 

nanocomposite volume fraction. The increasing nanoparticle concentration gives rise to the 

rate of heat flux, at both walls of the channel. Similarly, the variation in the Eckert number 

𝐸𝑐 displays an enhancement in the Nusselt number, at the upper boundary of the channel. 

However, a reversed phenomenon has been detected, on the other wall of the channel.  

The impact of radiation parameter 𝑅𝑑 and temperature difference parameter 𝜗𝑤 on Nusselt 

number has been painted, in Figure 4.15. It has been noted that both the radiation parameter 

𝑅𝑑 and the temperature difference parameter (𝜗𝑤) have a significant impact on the Nusselt 

number, and consequently, a rise in Nusselt number has been noticed. All the phenomena’s 

portrayed in the previous three figures (4.13-4.15) has been recorded for both (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

nanofluid and (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid. Besides, the (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

hybrid nanofluid displays its supremacy in transferring the heat, at both surfaces of the 

channel. Moreover, as compared to other shapes of nanocomposites, the contribution of 

Lamina-shaped nanoparticles seem to be more prominent, in transferring the heat, at both 

extremities of the channel. 
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Figure 4.13: Simulation for Local Nusselt number, by means of varying Magnetic parameter ℳ and Reynolds 

number ℛ. 

 

 
Figure 4.14: Simulation for Local Nusselt number, by means of varying Eckert number 𝐸𝑐 and nanocomposites 

volume fraction 𝜙1 and 𝜙2. 
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Figure 4.15: Simulation for Local Nusselt number, by means of varying Temperature difference parameter 𝜗𝑤 and 

Radiation parameter 𝑅𝑑. 

The data acquired by the modified Chebyshev wavelets method (fourth kind) have been 

displayed in Tables 4.10 and 4.11. The comparison has also been reported with the 

previously existing data of Hussain et al. [144]. From the table, it is notable that the results 

obtained via proposed modification agree very well with the results of Hussain et al. [144]. 

The numerical values have been estimated for viscous fluid (𝜙1 = 𝜙2 = 0), by taking 

ℳ = 𝑅𝑑 =  𝛦𝑐 = 𝜗𝑤 = 0.0 and 𝑃𝑟 = 6.2. 

Table 4.10: Assessment of the outcomes, for skin friction coefficient, obtained via modified fourth kind Chebyshev 

wavelet method (MFKCW) with the data provided by Hussain et al. [144], (𝜙1 = 𝜙2 = 0). 

𝓜 𝓡 

�̆�𝒍𝒐𝒘𝒆𝒓 �̆�𝒖𝒑𝒑𝒆𝒓 

𝐑𝐊𝐅 [144] 𝐌𝐅𝐊𝐂𝐖 𝐑𝐊𝐅 [144] 𝐌𝐅𝐊𝐂𝐖 

0.0 0.5 -4.04282 -4.04282 1.97639 1.97639 

 1.0 -4.08556 -4.08556 1.95318 1.95318 

 

Table 4.11: Assessment of the outcomes, for local Nusselt number, obtained via modified fourth kind Chebyshev 

wavelet method (MFKCW) with the data provided by Hussain et al. [144], (𝜙1 = 𝜙2 = 0). 

𝓜 𝓡 

𝑵𝒖𝒍𝒐𝒘𝒆𝒓 𝑵𝒖𝒖𝒑𝒑𝒆𝒓 

𝐑𝐊𝐅 [144] 𝐌𝐅𝐊𝐂𝐖 𝐑𝐊𝐅 [144] 𝐌𝐅𝐊𝐂𝐖 

0.0 0.5 1.16185 1.16185 0.89872 0.89866 

 1.0 1.33661 1.33636 0.80217 0.80207 
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4.5 Concluding remarks 

This study illustrates the magnetohydrodynamic (MHD) flow and heat transfer 

characteristics of (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid, inside a channel, whose walls are 

parallel to each other. The influence of nonlinear thermal radiation has also been a part of 

this study. Hamilton and Crosser's model has been employed to manipulate the effective 

thermal conductivity of the hybrid nanofluid. Five different shapes of nanocomposites have 

been utilized for both mono and hybrid nanofluids. The associated nonlinear mathematical 

equations have been tackled, by the Modified version of Chebyshev wavelets method and 

finally, the results are compared with Runge-Kutta Fehlberg (RKF) algorithm. The major 

findings of this study are: 

• The velocity profile depicts a downfall with the increasing nanoparticle 

concentration, and this behaviour is more prominent for (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid 

nanofluid. 

• The shape factor does not produce a significant change in the behaviour of the 

velocity profile, and thus, the skin friction coefficient also remains the same for 

different shapes of nanocomposites. 

• The embedded parameters like nanocomposite volumetric fraction, Eckert number, 

magnetic parameter, radiation parameter, and the temperature difference parameter 

contributes to the increment of the temperature. 

• The maximum temperature has been noted in the case of (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid 

nanofluid against the (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid. 

• The augmentation in the heat flux rate seems to be quite significant, under the action 

of temperature difference parameter 𝜗𝑤 and radiation parameter 𝑅𝑑. The same 

behaviour has been accomplished when the nanocomposites fraction increases. 

• The Lamina-shaped (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid plays a dominant role in 

the transferring of heat when compared to the Lamina-shaped (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) 

nanofluid. 
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• The error analysis authorized the credibility of the modified fourth kind Chebyshev 

wavelet method, and therefore, it can be extended to the other physical problems of 

diversified nature. 

In Chapter 4, the geometry, under consideration, is a rectangular channel, in which the fluid 

flow occurs due to the stretching of its lower wall. The lower wall has been stretched only 

in the x-direction. However, the study related to the flow of a mono nanofluid inside a 

channel, whose upper surface is permeable while the permeable lower one is bi-

directionally stretchable, has not been yet considered. So for this purpose, the next chapter 

serves a great deal. 
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Chapter 5. Impact of an Effective Prandtl 

Number Model and Across-Mass-Transport 

Phenomenon on the 𝜸𝑨𝑰𝟐𝑶𝟑 Nanofluid Flow 

inside a Channel 
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5.1 Overview 

This chapter presents an analysis related to the flow and heat transport mechanism of 

𝛾𝐴𝐼2𝑂3 nanofluid across the channel, whose both walls are permeable. The lower wall is 

also stretchable, which can be stretched in both 𝑥 − and 𝑦 −directions [77–79]. The 

thermal radiative effects are also a part of this study. The across-mass-transport (AMT) 

phenomenon have been accomplished, with the assumption that the fluid is injected from 

the upper wall and is sucked from the lower stretchable wall and thus, the expedient 

contribution of the across-mass-transport (AMT) phenomenon on the flow and heat flux 

characteristics of water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids have also 

been inspected. Moreover, the viscosity and thermal conductivity models (for both 

water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids) proposed by Maiga and his 

fellow researchers [39–41] have been considered. The correlation for effective Prandtl 

number suggested by Pop et al. [42] has also been used in this study. Further, a novel 

Galerkin-based Legendre wavelet technique has been implemented on the transformed 

equations to find the numerical solutions. This new version of the original Legendre 

wavelet method is a useful numerical tool to solve the nonlinear ordinary differential 

equations, arising in the field of fluid dynamics. Besides, the impact of various active 

entities on the flow and heat exchange phenomena have been displayed via graphical 

simulations. It is expedient to mention that to the best of author’s knowledge; this study 

cannot be found in the existing literature. 

5.2 Mathematical Analysis 

Two infinite long parallel walls have been taken, among which an incompressible, time-

independent, viscid flow of nanofluid has been studied (see Figure 5.1). The nanofluid 

solution is obtained by suspending 𝛾𝐴𝐼2𝑂3 nanomaterials into the host fluids (water and 

ethylene glycol). The lower permeable wall, placed at ℤ̌ = 0 is an elastic membrane, which 

is stretchable in two lateral directions with distinct rate, however, the upper one (at ℤ̌ = �̌�) 

is fixed and permeable. A balanced across-mass-transfer (AMT) phenomenon has been 

accomplished, by injecting the fresh fluid from the upper wall and performing the suction 

at the bottom wall of the channel. The lower wall is being stretched with the linear 
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velocities, i.e., �̌� = 𝒸̌0�̌� in �̌� −direction and �̌� = �̌�1�̌� in �̌� −direction. Moreover, the 

nonlinear thermal radiative effects have also been under consideration. Moreover, �̌�0 

signifies the temperature of the bottom wall, while, the temperature of the upper wall is 

symbolized by �̌��̌�, with the assumption that �̌�0 > �̌��̌�. 

 
Figure 5.1: Geometrical illustration of the channel. 

In the context of the assumptions as mentioned above, the governing equations for the 

conservation of mass as well as conservation of momentum and energy, are mathematically 

expressed as [78, 79] 

𝜕

𝜕�̌�
(�̌�) +

𝜕

𝜕�̌�
(�̌�) +

𝜕
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(�̌��̌�𝓅)𝓃𝒻
(�̌�

𝜕�̌�

𝜕�̌�
+ �̌�

𝜕�̌�

𝜕�̌�
+ �̌�

𝜕�̌�

𝜕ℤ̌
) +

𝜕

𝜕�̌�
(�̌��̌�) = Κ̌𝓃𝒻 {

𝜕2�̌�

𝜕�̌�2
+
𝜕2�̌�

𝜕�̌�2
+
𝜕2�̌�

𝜕ℤ̌2
}. (5.5) 

where the velocity constituents along the �̌�, �̌� and ℤ̌ directions are symbolized by �̌�, �̌� and 

�̌�, respectively The dimensional pressure is denoted by ℙ̌, while �̌� represents the 

temperature distribution. �̌�𝓃𝒻 = �̌�𝓃𝒻 �̌�𝑛𝑓⁄  signifies the kinematic viscosity of the 

nanofluids. Moreover, �̌�𝑛𝑓, (�̌��̌�𝓅)𝓃𝒻
 and Κ̌𝓃𝒻 simultaneously indicate the density, specific 

heat, and thermal diffusivity of nanofluids, respectively. Table 5.1 displays the thermo-

mechanical expressions for (𝛾𝐴𝐼2𝑂3/𝐻2𝑂) and (𝛾𝐴𝐼2𝑂3/𝐶2𝐻6𝑂2) hybrid nanofluid.  

Table 5.1: Thermo-mechanical relations for (𝛾𝐴𝐼2𝑂3/𝐻2𝑂) and (𝛾𝐴𝐼2𝑂3/𝐶2𝐻6𝑂2) nanofluids [39–42, 145, 146]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̌�𝓃𝒻 = (�̌�𝓈 − �̌�𝒻)Φ + �̌�𝒻  

Specific Heat (�̌��̌�𝓅)𝓃𝒻
= ((�̌��̌�𝓅)𝓈

− (�̌��̌�𝓅)𝒻
)Φ + (�̌��̌�𝓅)𝒻

  

Dynamic Viscosity 

�̌�𝓃𝒻

�̌�𝒻
= (123Φ2 +

73

10
Φ+ 1),  (for 𝛾𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

and 

�̌�𝓃𝒻

�̌�𝒻
= (306Φ2 −

19

100
Φ+ 1),  (for 𝛾𝐴𝐼2𝑂3 𝐶2𝐻6𝑂2⁄ ) 

Thermal Conductivity 

(Maxwell′s Model) 

Κ̌𝓃𝒻

Κ̌𝒻
= (4.97Φ2 + 2.72Φ + 1),  (for 𝛾𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

and 

Κ̌𝓃𝒻

Κ̌𝒻
= (28.905Φ2 + 2.8273Φ + 1), (for 𝛾𝐴𝐼2𝑂3 𝐶2𝐻6𝑂2⁄ ) 

Prandtl Number 

Pr𝓃𝒻

Pr𝒻
= (82.1Φ2 +

39

10
Φ+ 1),  (for 𝛾𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) 

and 

Pr𝓃𝒻

Pr𝒻
= (254.3Φ2 − 3Φ + 1),  (for 𝛾𝐴𝐼2𝑂3 𝐶2𝐻6𝑂2⁄ ) 

In the above relations (Table 5.1), Φ indicates the nanocomposites volume concentration. 

The effective dynamic viscosity of regular host fluid is represented by �̌�𝒻. Moreover, Κ̌𝒻 
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signifies thermal diffusivity of host fluid, while, the Prandtl number for regular fluid is 

specified by Pr𝒻. 

The associated auxiliary conditions are given as [78, 79] 

�̌� ↓ℤ̌=0= 𝒸̌0�̌�,    �̌� ↓ℤ̌=0= 𝒸1̌�̌�,    �̌� ↓ℤ̌=0= −�̌�0
∗ ,    �̌� ↓ℤ̌=0= �̌�0,  

�̌� ↓ℤ̌=�̌�= 0,    �̌� ↓ℤ̌=�̌�= 0,    �̌� ↓ℤ̌=�̌�= −�̌�1
∗ ,    �̌� ↓ℤ̌=�̌�= �̌��̌�. (5.6) 

In energy equation (5.5), �̌��̌� signifies the thermal radiative term, which can be computed 

by means of Rosseland approximation as 

�̌��̌� = −
4�̌�0

3�̌�0

𝜕�̌�4

𝜕�̌�
= −

16�̌�0

3�̌�0
(�̌�3

𝜕�̌�

𝜕�̌�
), (5.7) 

where Stefan-Boltzmann constant is represented by �̌�0, while the Rosseland mean 

absorption coefficient is symbolized by 𝛿0. Thus, the energy equation (5.5), can be written 

in the following form 

(�̌��̌�𝓅)𝓃𝒻
(�̌�

𝜕�̌�

𝜕�̌�
+ �̌�

𝜕�̌�

𝜕�̌�
+ �̌�

𝜕�̌�

𝜕ℤ̌
) +

𝜕

𝜕�̌�
(−

16�̌�0

3�̌�0
(�̌�3

𝜕

𝜕�̌�
(�̌�))) = Κ̌𝓃𝒻 {

𝜕2�̌�

𝜕�̌�2
+

𝜕2�̌�

𝜕�̌�2
+
𝜕2�̌�

𝜕ℤ̌2
}, 

(5.8) 

Now, by defining the appropriate similarity variables, as follows [78, 79] 

�̌� = 𝒸̌0�̌� ℱ̌
′(𝜍),    �̌� = 𝒸1̌�̌� �̌�

′(𝜍), �̌� = −𝒸̌0�̌� (ℱ̌(𝜍) + �̌�(𝜍)) ,   𝜍 =
ℤ̌

�̌�
,  

�̌� = �̌�0 (1 − (1 − �̌�𝓌)θ̌(𝜍)). (5.9) 

The conservative mass equation (5.1) is automatically verified. However, the equations 

(5.2), (5.3), (5.4) and (5.8), can be converted into the following dimensionless forms 
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ℱ̌𝑖𝑣 −
ℛℯ

(Λ̌0)
−1 (ℱ̌

′′(ℱ̌′ − �̌�′) − ℱ̌′′′(�̌� + ℱ̌)) = 0, (5.10) 

�̌�𝑖𝑣 −
ℛℯ

(Λ̌0)
−1 (�̌�

′′(�̌�′ − ℱ̌′) − �̌�′′′(�̌� + ℱ̌)) = 0, (5.11) 

((1 +
ℛ𝒹

Λ̌1
((�̌�𝓌 − 1)θ̌ + 1)

3
) θ̌′)

′

+ ℛℯ Λ̌2{(ℱ̌ + �̌�)θ̌
′} = 0, (5.12) 

where for (Water − 𝛾𝐴𝐼2𝑂3) nanofluid, 

Λ̌0 =
�̌�𝒻

�̌�𝓃𝒻
=

1

(123Φ2+
73

10
Φ+1)

{(
�̌�𝓈

�̌�𝒻
− 1)Φ + 1},                                                

Λ̌1 =
Κ̌𝓃𝒻

Κ̌𝒻
= (4.97Φ2 + 2.72Φ + 1),                                                              

Λ̌2 =
𝒫𝓇𝒻{(

�̌�𝓈
�̌�𝒻
−1)Φ+1}(82.1Φ2+

39

10
Φ+1)

(123Φ2+
73

10
Φ+1)

, (with effective Prandtl number)

Λ̌2 =
𝒫𝓇𝒻{(

(�̌��̌�𝓅)𝓈
(�̌��̌�𝓅)𝒻

−1)Φ+1}

(4.97Φ2+2.72Φ+1)
, (without effective Prandtl number)            }

 
 
 
 

 
 
 
 

, (5.13) 

and for (Ethylene glycol − 𝛾𝐴𝐼2𝑂3) nanofluid, 

Λ̌0 =
�̌�𝒻

�̌�𝓃𝒻
=

1

(306Φ2−
19

100
Φ+1)

{(
�̌�𝓈

�̌�𝒻
− 1)Φ + 1},                                                

Λ̌1 =
Κ̌𝓃𝒻

Κ̌𝒻
= (28.905Φ2 + 2.8273Φ + 1),                                                      

Λ̌2 =
𝒫𝓇𝒻{(

�̌�𝓈
�̌�𝒻
−1)Φ+1}(254.3Φ2−3Φ+1)

(306Φ2−
19

100
Φ+1)

, (with effective Prandtl number)

Λ̌2 =
𝒫𝓇𝒻{(

(�̌��̌�𝓅)𝓈
(�̌��̌�𝓅)𝒻

−1)Φ+1}

(28.905Φ2+2.8273Φ+1)
,      (without effective Prandtl number)        }

 
 
 
 

 
 
 
 

. (5.14) 

The supporting dimensionless form for the auxiliary conditions (5.6), can be written as 

follows 

ℱ̌′(𝜍) ↓𝜍=0= 1, �̌�
′(𝜍) ↓𝜍=0= 𝛾,   (ℱ̌(𝜍) + �̌�(𝜍)) ↓𝜍=0= 𝜛0,   θ̌(𝜍) ↓𝜍=0= 1,  
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ℱ̌′(𝜍) ↓𝜍=1= 0, �̌�
′(𝜍) ↓𝜍=1= 0,   (ℱ̌(𝜍) + �̌�(𝜍)) ↓𝜍=1= 𝜛1,   θ̌(𝜍) ↓𝜍=1= 0. (5.15) 

The system of Eqs. (5.10)-(5.12) along with the auxiliary conditions (5.15), involves some 

dimensionless entities, as follows 

ℛℯ =
�̌�0�̌�

2

�̌�𝒻
,   𝜛0 =

�̌�0
∗

�̌�0�̌�
,    𝜛1 =

�̌�1
∗

�̌�0�̌�
,   𝛾 =

�̌�1

�̌�0
,   �̌�𝓌 =

�̌��̌�
�̌�0
, ℛ𝒹 =

16�̌�0

3�̌�0Κ̌𝒻
�̌�
�̌�
3   (5.16) 

These entities are: Reynolds number (ℛℯ), suction parameter (𝜛0 > 0) at the lower wall, 

injection parameter (𝜛1 > 0) at the upper wall, stretching ratio parameter (𝛾), the 

temperature difference parameter (�̌�𝓌) and Radiation parameter (ℛ𝒹). 

In the present situation, the mathematical expression for the Nusselt number can be written 

as 

𝒩𝑢 =
(Κ̌𝒻 �̌�⁄ )

−1

(�̌��̌�−�̌�0)
(−Κ̌𝓃𝒻 (

𝜕�̌�

𝜕ℤ̌
) + �̌��̌�) ↓ℤ̌={0

�̌�

. (5.17) 

Consequently, by making use of equations (5.7) and (5.9) into the above equation, yields 

the dimensionless form for Nusselt number, which is given as 

𝒩𝑢𝑙𝑜𝑤𝑒𝑟 = −(
Κ̌𝓃𝒻

Κ̌𝒻
+ ℛ𝒹(�̂�𝓌)

3
) θ̌′(0),      𝒩𝑢𝑢𝑝𝑝𝑒𝑟 = −(

Κ̌𝓃𝒻

Κ̌𝒻
+ ℛ𝒹) θ̌′(1), (5.18) 

5.3 Application of Galerkin-based Legendre Wavelets Method 

The system of Eqs. (5.10)-(5.12) along with the auxiliary conditions (5.15), can be solved 

by means of a Galerkin-based Legendre wavelets method (GLWM). The detailed 

procedure of this method can be found in Section 1.2.2.4. 

By considering the original Legendre wavelets method (see Section 1.2.2.3), the suitable 

trial functions, for the set of Eqs. (5.10)-(5.12), are given as follows: 

ℱ̌(𝜍) ≅ ℱ̅(𝜍) = ∑ ∑ 𝛽𝓅̀,�̀�
1 Ψ́𝓅̀,�̀�(𝜍)

Ǹ−1
�̀�=0

2�́�−1

𝓅̀́=1
= �̅�1

𝑇�̅�(𝜍), (5.19) 
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where the mathematical expressions for �̅�𝒾 and �̅�(𝜍) are given as 

By following the steps stated in Section 1.2.2.4, the new trial solutions have the following 

form: 

where the unknown coefficients {�́�0
𝒾, �́�1

𝒾, �́�2
𝒾, … }, 𝒾 = 1,2,3 are bound to satisfy the 

following mathematical relations 

After incorporating the auxiliary conditions (5.15) into the trial solution (5.23), the reduced 

form of trial solutions, for the current problem (Eqs. (5.10)-(5.12)), can be written as 

�̌�(𝜍) ≅ 𝒢̅(𝜍) = ∑ ∑ 𝛽𝓅̀,�̀�
2 Ψ́𝓅̀,�̀�(𝜍)

Ǹ−1
�̀�=0

2�́�−1

𝓅̀́=1
= �̅�2

𝑇�̅�(𝜍), (5.20) 

θ̌(𝜍) ≅ θ̅(𝜍) = ∑ ∑ 𝛽𝓅̀,�̀�
3 Ψ́𝓅̀,�̀�(𝜍)

Ǹ−1
�̀�=0

2�́�−1

𝓅̀́=1
= �̅�3

𝑇�̅�(𝜍), (5.21) 

�̅�𝒾 = [𝛽10
𝒾 , 𝛽11

𝒾 , 𝛽12
𝒾 , 𝛽13

𝒾 , … ]𝑻,   𝒾 = 1,2,3,            and 

�̅�(𝜍) = [1, √3(2𝜍 − 1), √5(6𝜍2 − 6𝜍 + 1),… ]
𝑻
. 

(5.22) 

ℱ̅(𝜍) = ∑ �́�𝒿
1𝜍𝒿Ǹ−1

𝒿=0 ,      𝒢̅(𝜍) = ∑ �́�𝒿
2𝜍𝒿Ǹ−1

𝒿=0 ,       θ̅(𝜍) = ∑ �́�𝒿
3𝜍𝒿Ǹ−1

𝒿=0 , (5.23) 

𝛽10
𝒾 − √3𝛽11

𝒾 + √5𝛽12
𝒾 − √7𝛽13

𝒾 −⋯ = �́�0
𝒾,

2√3𝛽11
𝒾 − 6√5𝛽12

𝒾 + 12√7𝛽13
𝒾 +⋯ = �́�1

𝒾,

6√5𝛽12
𝒾 − 30√7𝛽13

𝒾 +⋯ = �́�2
𝒾,

20√7𝛽13
𝒾 −⋯ = �́�3

𝒾,
⋮ }

 
 

 
 

 (5.24) 

ℱ̅(𝜍) =
1

2
𝜛0 + 𝜍 −

3

2
(𝜛0 −𝜛1 +

4

3
) 𝜍2 + (𝜛0 −𝜛1 + 1)𝜍

3  

             +∑ �́�𝒿
1(𝜍𝑗+3 + 𝑗𝜍2 − (𝑗 + 1)𝜍3)Ǹ−4

𝒿=1 , 

(5.25) 
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In the next step, a set of residual vectors have been found, by putting Eqs. (5.25)-(5.27) 

back into Eqs. (5.10)-(5.12). After this, the concept of the Galerkin method (see Section 

1.1.2) has been opted to develop a system of algebraic expressions, whose solution yields 

the undetermined constants �́�’s, which can then be put back into the mathematical 

expressions, given by Eq. (5.24), to find the values of 𝛽’s. After that, by substituting 𝛽’s 

into the trial functions (5.19)-(5.21) consequently gives the numerical solution of the Eqs. 

(5.10)-(5.12). 

Now taking the values of embedded parameters as  

Φ = 0.1, γ = ℛℯ = 0.1,𝜛0 = 𝜛1 = 0.5, ℛ𝒹 = 0.2, �̌�𝓌 = 1.1, �́� = 1, Ǹ = 6, (5.28) 

and by following the steps as stated above, the approximate numerical solution for water −

𝛾𝐴𝐼2𝑂3 nanofluid, in the presence of effective Prandtl number, is given as under 

ℱ̌(𝜍) ≅ ℱ̅(𝜍) = 0.00076489𝜍5 − 0.008798614𝜍4 + 1.01530256𝜍3  

                           −2.007268834𝜍2 + 0.999999𝜍 + 0.2500000, 
(5.29) 

�̌�(𝜍) ≅ 𝒢̅(𝜍) = 0.0000109054𝜍5 − 0.00069249𝜍4 + 0.10135226𝜍3  

                          −0.20067068𝜍2 + 0.099999𝜍 + 0.2500000, 
(5.30) 

θ̌(𝜍) ≅ θ̅(𝜍) = 0.03719431𝜍5 − 0.117606262𝜍4 + 0.104433622𝜍3  

                         +0.134610804𝜍2 − 1.1586325𝜍 + 1.000000. 
(5.31) 

Tables 5.2 and 5.3 provide the numerical data for ℱ̌(𝜍) and �̌�(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 

and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. However, the results for θ̌(𝜍) has been derived, 

both in the presence and absence of effective Prandtl number (see Tables 5.4 and 5.5). The 

𝒢̅(𝜍) =
𝜛0

2
+ 𝛾𝜍 −

3

2
(𝜛0 −𝜛1 +

4𝛾

3
) 𝜍2 + (𝜛0 −𝜛1 + 𝛾)𝜍

3  

              +∑ �́�𝒿
2(𝜍𝑗+3 + 𝑗𝜍2 − (𝑗 + 1)𝜍3)Ǹ−4

𝒿=1 , 

(5.26) 

θ̅(𝜍) = 1 − 𝜍 + ∑ �́�𝒿
3(𝜍𝑗+1 − 𝜍)Ǹ−2

𝒿=1 . (5.27) 
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values of the embedded entities remain the same as defined earlier in Eq. (5.28). Since the 

current flow problem (Eqs. (5.10)-(5.12)) is highly nonlinear, so it is difficult to find its 

exact solution. Therefore, a numerical scheme Runge-Kutta-Fehlberg method (RKF) has 

been employed to compare the results obtained via Galerkin-based Legendre wavelets 

method (GLWM). In the traditional Legendre wavelets method, the number of 

undetermined constants is 18, while the number of unknown coefficients in the proposed 

modification is 8. Therefore, due to less computational work, the suggested algorithm is a 

reliable tool to find the approximate solutions of the highly nonlinear fluid flow problems. 

For the present flow scenario, the credibility of the proposed modified scheme can be 

witnessed from the Tables 5.2-5.5. 

Table 5.2: Assessment of the outcomes for ℱ̌(𝜍), in the case of effective Prandtl number. 

𝜍 
Water − 𝛾𝐴𝐼2𝑂3 nanofluid Ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid 

RKF GLWM Abs Err RKF GLWM Abs Err 

0.0 0.25 0.25 3.2217e-11 0.25 0.25 3.2240e-11 

0.1 0.3309410 0.3309417 7.1671e-7 0.3309582 0.3309587 5.0725e-7 

0.2 0.3778169 0.3778178 8.4016e-7 0.3778703 0.3778709 5.9505e-7 

0.3 0.3966897 0.3966896 8.6630e-8 0.3967801 0.3967800 6.0158e-8 

0.4 0.3936000 0.3935989 1.0892e-6 0.3937165 0.3937158 7.69391e-7 

0.5 0.3745709 0.3745696 1.3161e-6 0.3746959 0.3746949 9.3026e-7 

0.6 0.3456084 0.3456078 6.5875e-7 0.3457224 0.3457219 4.6576e-7 

0.7 0.3127028 0.3127031 3.0586e-7 0.3127892 0.3127895 2.1618e-7 

0.8 0.2818288 0.2818296 7.9501e-7 0.2818786 0.2818792 5.6202e-7 

0.9 0.2589462 0.2589467 4.6905e-7 0.2589619 0.2589622 3.3186e-7 

1.0 0.25 0.2499999 6.7901e-10 0.25 0.2500000 4.7311e-10 
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Table 5.3: Assessment of the outcomes for �̌�(𝜍), in the presence of effective Prandtl number. 

𝜍 
Water − 𝛾𝐴𝐼2𝑂3 nanofluid Ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid 

RKF GLWM Abs Err RKF GLWM Abs Err 

0.0 0.25 0.25 3.2223e-12 0.25 0.25 3.2244e-12 

0.1 0.2580947 0.2580946 1.6863e-7 0.2580963 0.2580962 1.1964e-7 

0.2 0.2627831 0.2627829 1.97070e-7 0.2627880 0.2627879 1.4007e-7 

0.3 0.2646706 0.2646706 2.1029e-8 0.2646791 0.2646791 1.4537e-8 

0.4 0.2643614 0.2643616 2.5585e-7 0.2643726 0.2643728 1.8133e-7 

0.5 0.2624581 0.2624584 3.0794e-7 0.2624703 0.2624705 2.1864e-7 

0.6 0.2595616 0.2595618 1.5308e-7 0.2595728 0.2595729 1.0895e-7 

0.7 0.2562708 0.2562708 7.2598e-8 0.2562793 0.2562793 5.1289e-8 

0.8 0.2531832 0.2531831 1.8607e-7 0.2531881 0.2531879 1.3206e-7 

0.9 0.2508948 0.2508947 1.0932e-7 0.2508963 0.2508962 7.7686e-8 

1.0 0.25 0.25 2.9039e-11 0.25 0.25 1.8137e-12 
 

Table 5.4: Assessment of the outcomes for θ̌(𝜍), in the case of effective Prandtl number. 

𝜍 
Water − 𝛾𝐴𝐼2𝑂3 nanofluid Ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid 

RKF GLWM Abs Err RKF GLWM Abs Err 

0.0 1 1 1.1832e-10 1 1 1.6167e-11 

0.1 0.8855772 0.8855759 1.3326e-6 0.3428850 0.3437349 0.0008499 

0.2 0.7743122 0.7743171 4.9724e-6 0.1074042 0.1031565 0.0042478 

0.3 0.6664794 0.6664827 3.3578e-6 0.0325993 0.0326828 8.3458e-5 

0.4 0.5621416 0.5621386 2.9607e-6 0.0100154 0.0142270 0.0042116 

0.5 0.4612086 0.4612026 6.0484e-6 0.0032034 0.0050864 0.0018830 

0.6 0.3634910 0.3634885 2.4828e-6 0.0010775 -0.001384 0.0024620 

0.7 0.2687475 0.2687513 3.7962e-6 0.0003760 -0.002318 0.0026938 

0.8 0.1767263 0.1767313 4.9959e-6 0.0001289 0.0009071 0.0007782 

0.9 0.0872006 0.0871990 1.5412e-6 3.6364e-5 0.0016870 0.0016506 
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1.0 0 -4.39e-10 4.3994e-10 0 -1.05e-10 1.0471e-10 

 
Table 5.5: Assessment of the outcomes for θ̌(𝜍), in the case when effective Prandtl number is absent. 

𝜍 
Water − 𝛾𝐴𝐼2𝑂3 nanofluid Ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid 

RKF GLWM Abs Err RKF GLWM Abs Err 

0.0 1 1 1.2003e-10 1 1 6.0448e-12 

0.1 0.8896498 0.8896491 6.9759e-7 0.4984610 0.4991556 0.0006945 

0.2 0.7815043 0.7815069 2.5127e-6 0.2373793 0.2375803 0.0002010 

0.3 0.6757889 0.6757907 1.7524e-6 0.1114483 0.1105430 0.0009052 

0.4 0.5725759 0.5725745 1.4525e-6 0.0527321 0.0525193 0.0002127 

0.5 0.4718245 0.4718214 3.0747e-6 0.0254012 0.0261661 0.0007649 

0.6 0.3734168 0.3734155 1.3022e-6 0.0124068 0.0129815 0.0005748 

0.7 0.2771926 0.2771946 1.9092e-6 0.0060059 0.0056526 0.0003534 

0.8 0.1829796 0.1829821 2.5618e-6 0.0027199 0.0020879 0.0006319 

0.9 0.0906207 0.0906199 7.7059e-7 0.0009651 0.0011378 0.0001727 

1.0 0 -1.98e-10 1.9848e-10 0 -1.33e-10 1.3273e-10 

5.4 Interpretation of Results 

The flow and heat transport mechanism of water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids have been inspected across the parallel walls of the channel, with the 

assumption that both walls are porous so that the phenomena of across-mass-transfer 

(AMT) can be easily preserved. Moreover, a comprehensive analysis is carried out in the 

presence as well as in the absence of effective Prandtl number, for both water − 𝛾𝐴𝐼2𝑂3 

and Ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. The impact of various active parameters on the 

velocity along with temperature distributions is examined via graphs. The influential 

behaviour of Nusselt number has also been studied in detail. In all the upcoming pictures, 

solid lines designate for the effective Prandtl number, while the outcomes in the absence 

of effective Prandtl number are displayed via dashed lines. Table 5.6 presented the 

thermophysical features of water (𝐻2𝑂), ethylene glycol (𝐶2𝐻6𝑂2) and alumina (𝐴𝐼2𝑂3) 

nanocomposites. 
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Table 5.6: Thermo-mechanical features of water (𝐻2𝑂), ethylene glycol (𝐶2𝐻6𝑂2) and alumina (𝐴𝐼2𝑂3) 

nanocomposites [147]. 

Title (𝑯𝟐𝑶) (𝑪𝟐𝑯𝟔𝑶𝟐) (𝑨𝑰𝟐𝑶𝟑) 

Thermal Conductivity, Κ̌ (𝑊𝔪−1𝐾−1) 0.60 0.249 40 

Specific Heat, �̌�𝓅 (𝐽 𝑘𝑔
−1𝐾−1) 4182 2382 765 

Density, �̌� (𝑘𝑔𝔪−3) 998.3 1116.6 3970 

Prandtl number, (Pr) 6.96 204 − 

Figures 5.2 and 5.3 are sketched to visualize the impact of flow Reynolds number ℛℯ on 

the velocity components ℱ̌(𝜍), ℱ̌′(𝜍), �̌�(𝜍) and �̌�′(𝜍), for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. Figure 5.2a display a declinatory behaviour of 

ℱ̌(𝜍), with the increasing values of ℛℯ. The physical reasoning behind is the growing 

inertial effects, which is caused by the stretching surface. Besides, this phenomenon is quite 

dominant in the central half of the conduit. On the other hand, the velocity behaviour is not 

so prominent, in the area adjacent to the walls. The velocity constituent �̌�(𝜍) depicts the 

same velocity trend, as discussed in Figure 5.2a (see Figure 5.3a). In addition, the 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid exhibit proficiency in the velocity behaviours. 

Figures 5.2b and 5.3b demonstrate the influential behaviour of the velocity components 

ℱ̌′(𝜍) and �̌�′(𝜍), respectively. From both the pictures, the two distinct behaviours of the 

velocity profiles (ℱ̌′(𝜍) and �̌�′(𝜍)) has been perceived, for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. In the area near to the lower wall, a downfall has 

been recorded, with the increasing ℛℯ, for both the velocity components 

(ℱ̌′(𝜍) and �̌�′(𝜍)), while, a reverse trend has been detected, in the upper portion of the 

channel. The fact behind is the same, the dominating inertial effects caused by the 

stretching. Moreover, on the lower side of the channel, the water − 𝛾𝐴𝐼2𝑂3 nanofluid 

depicts the low velocity profile. 
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 (a)  

 

(b) 

Figure 5.2: Pictorial view of the velocity constituents (a). ℱ̌(𝜍) (b). ℱ̌′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying ℛℯ. 

 

 

 

(a) 

 

(b) 

Figure 5.3: Pictorial view of the velocity constituents (a). �̌�(𝜍) (b). �̌�′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying ℛℯ. 

The impact of suction parameter 𝜛0, on the velocity components ℱ̌(𝜍), ℱ̌′(𝜍), �̌�(𝜍) and 

�̌�′(𝜍), for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids have been 

presented in Figures 5.4 and 5.5, respectively. Figure 5.4a depicts an enhancement in ℱ̌(𝜍), 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, with the increasing 

values of 𝜛0. These variations in ℱ̌(𝜍) are quite prominent in the region close to the lower 

wall and diminishes on the opposite wall of the channel. Moreover, the velocity component 

�̌�(𝜍) also, reveal the same increasing behaviour as discussed earlier for ℱ̌(𝜍) and this can 
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be easily seen from Figure 5.5a. Figure 5.4b has been painted to visualize the consequences 

of the suction parameter 𝜛0, on the velocity constituent ℱ̌′(𝜍). A certain decline has been 

observed in the velocity profile (ℱ̌′(𝜍)), with the augmented 𝜛0. Moreover, a back flow 

has been witnessed, for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, 

which is due to the growing values of the suction parameter 𝜛0 (for a fixed values of 

injection from the top wall). This behaviour is more prominent in the upper side of the 

channel. This reversal flow behaviour has been controlled by increasing the injection from 

the top wall. Therefore, simultaneous suction and injection phenomena, at both walls, has 

been recommended to refrain the effects of larger viscous drag on the surface of the 

stretching surface. In this context, a balanced AMT mechanism (from the top surface to the 

bottom one) has been considered, to control the viscous drag effects on the stretchable wall. 

Almost alike behaviour has been perceived for the velocity constituent �̌�′(𝜍) (see Figure 

5.5b). 

 

 

(a) 

 

(b) 

Figure 5.4: Pictorial view of the velocity constituents (a). ℱ̌(𝜍) (b). ℱ̌′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying 𝜛0. 
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(a) 

 

(b) 

Figure 5.5: Pictorial view of the velocity constituents (a). �̌�(𝜍) (b). �̌�′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying 𝜛0. 

Figures 5.6 and 5.7 have been sketched, to see the outcomes of velocity components ℱ̌(𝜍), 

ℱ̌′(𝜍), �̌�(𝜍) and �̌�′(𝜍) due to varying values of stretching ratio parameter 𝛾. The results 

are displayed for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. From 

both the figures (5.6 and 5.7), it has been detected that with the growing 𝛾, the variations 

in the velocity functions ℱ̌(𝜍) and ℱ̌′(𝜍), for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol −

𝛾𝐴𝐼2𝑂3 nanofluids, are slightly low as compared to the variations in the velocity 

components �̌�(𝜍) and �̌�′(𝜍). By increasing 𝛾, a decrement in ℱ̌′(𝜍) has been observed, in 

the portion, close to the stretching wall, however, an opposite behaviour has been recorded, 

almost from the central part of the conduit. Moreover, the velocity component ℱ̌(𝜍) also, 

depict a declinatory behaviour with the growing 𝛾. Physically, the augmentation in 𝛾 

corresponds to the stronger viscous forces, which offer a significant resistance to the fluid 

motion and hence, reduces the speed of the fluid. The impact of 𝛾, on the velocity 

components �̌�(𝜍) and �̌�′(𝜍), have been demonstrated in Figure 5.7. With the growing 𝛾, 

one can observe a significant improvement in �̌�′(𝜍) up to a certain extent and then a 

downfall has been recorded in the lower area of the conduit. On the other hand, an 

augmentation in the velocity function �̌�(𝜍), with the increasing 𝛾, has been noted 

throughout the channel. In fact, the augmentation in 𝛾 corresponds to the stretching rate, 

which seems to be larger in the �̌� − direction as compared to �̌� − direction. Hence, an 
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enhancement in the velocity along the �̌� −direction is noteworthy, however, the velocity 

in �̌� − direction exhibit a declinatory behaviour. 

 

 

(a) 

 

(b) 

Figure 5.6: Pictorial view of the velocity constituents (a). ℱ̌(𝜍) (b). ℱ̌′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying 𝛾. 

 

 

 

(a) 

 

(b) 

Figure 5.7: Pictorial view of the velocity constituents (a). �̌�(𝜍) (b). �̌�′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying 𝛾. 

Figures 5.8 and 5.9 illustrate the impact of varying nanoparticle volumetric fraction Φ on 

the velocity profiles ℱ̌(𝜍), ℱ̌′(𝜍), �̌�(𝜍) and �̌�′(𝜍). The augmentation in nanoparticle 

volumetric fraction Φ significantly enhances the velocity profiles ℱ̌(𝜍) and �̌�(𝜍), for both 

water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, and this can be clearly seen 

from the Figures 5.8a and 5.9a. Moreover, with the growing nanoparticle volumetric 
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fraction Φ, the velocity component ℱ̌′(𝜍) boosts up, in the vicinity near the stretchable 

bottom surface, however, a decline has been reported in the center and upper area of the 

conduit (see Figure 5.8b). Almost, a similar phenomenon has been observed for the 

velocity constituent �̌�′(𝜍), that can be clearly visible from Figure 5.9b. In addition, in all 

the above set of figures, the velocity profiles for ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid 

mostly depict a dominating behaviours as compared to water − 𝛾𝐴𝐼2𝑂3 nanofluid. Further, 

it has been noticeable that the existence of the effective Prandtl number has no significant 

impact on the velocity constituents ℱ̌(𝜍), ℱ̌′(𝜍), �̌�(𝜍) and �̌�′(𝜍) and this has been noted 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids.  

 

 

 

(a) 

 

(b) 

Figure 5.8: Pictorial view of the velocity constituents (a). ℱ̌(𝜍) (b). ℱ̌′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying Φ. 
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(a) 

 

(b) 

Figure 5.9: Pictorial view of the velocity constituents (a). �̌�(𝜍) (b). �̌�′(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, due to varying Φ. 

Figures 5.10-5.15 exhibits the deviations in temperature distribution due to the variable 

values of active parameters like Reynolds number ℛℯ, suction parameter 𝜛0, stretching 

ratio parameter 𝛾, nanocomposites volumetric fraction Φ, Radiation parameter ℛ𝒹 and 

temperature ratio parameter �̌�𝓌. The graphical outcomes are presented for both water −

𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, by keeping in mind, the impact of the 

presence/absence of effective Prandtl number. The upshots for temperature profile, due to 

varying values of flow Reynolds number have been shown in Figure 5.10. One can observe 

a decline in the temperature profile, with the increasing ℛℯ and these results have been 

drawn for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. The physical 

reasoning behind this fact is the declining behaviour of the viscous forces, which 

appreciably contributes to minimizing the friction effects between the walls and the fluids. 

This results in a decrement in the dissipative viscous impact and hence, a downfall in 

temperature has been perceived. Figure 5.11 has been arranged for the temperature 

distribution, under the action of suction parameter 𝜛0. A down fall in the temperature has 

been noted, with the increasing values of 𝜛0. Physically, since the suction phenomenon 

occurs at the lower wall, therefore, the hot fluid, in the vicinity adjacent to the lower wall, 

can certainly move out from the lower wall of the channel. On the other hand, the existence 

of the injection phenomenon at the upper wall allows the entrance of the fresh fluid, which 

consequently becomes a reason for the reduction in the temperature of the inner fluid. 

Hence, by practising the balanced AMT mechanism (from the top wall to the bottom one), 
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a significant decline in the temperature of the fluid has been reported. Moreover, from both 

the Figures (5.10 and 5.11), the minimum temperature has been recorded, in the case of 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid as compared to water − 𝛾𝐴𝐼2𝑂3 nanofluid, which 

makes them a suitable choice in many cooling systems. Also, the temperature reduces in 

the presence of effective Prandtl number.  

 

 

Figure 5.10: Pictorial view of the temperature profile, 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, due to varying ℛℯ.  

 

Figure 5.11: Pictorial view of the temperature profile, 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol −
𝛾𝐴𝐼2𝑂3 nanofluids, due to varying 𝜛0. 

Figure 5.12 has been plotted to see the impact of stretching ratio parameter 𝛾, on the 

temperature distribution. A declinatory behaviour has been noticed, with the growing 

values of 𝛾. The increment in 𝛾 corresponds to the increment in the stretching rate, which 

is more prominent along the �̌� − direction. This increment in 𝛾 allows the cold fluid, from 

the upper side of the channel, to move towards the lower stretching wall and hence, reduces 

the temperature of the fluid. This phenomenon has been observed for both water − 𝛾𝐴𝐼2𝑂3 

and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids. The influential behaviour of nanocomposites 

volumetric fraction Φ on the temperature distribution has been displayed in Figure 5.13. 

As Φ increases, an upsurge in temperature, for both water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, has been recorded, and this phenomenon holds only 

for the case when the effective Prandtl number does not exist. However, quite the opposite 

behaviour has been perceived during the existence of an effective Prandtl number, i.e., a 

downfall in the temperature has been observed. The fact is that the existence of the effective 

Prandtl number implies a rapid augmentation in the heat diffusion process, as compared to 
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the situation, where the effective Prandtl number is absent. This results in a decrement in 

the temperature, which holds for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids. Moreover, the ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid possesses low temperature 

values, which enables them a preferable option, for many engineering and industrial 

cooling applications (see Figures 5.12 and 5.13). 

 

 

Figure 5.12: Pictorial view of the temperature profile, for 

both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, due to varying 𝛾.  

 

Figure 5.13: Pictorial view of the temperature profile, 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol −
𝛾𝐴𝐼2𝑂3 nanofluids, due to varying Φ. 

Figure 5.14 has been painted to see the consequences of Radiation parameter ℛ𝒹 on the 

temperature profile. The temperature, for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol −

𝛾𝐴𝐼2𝑂3 nanofluids, boost up with the rising values of ℛ𝒹. In fact, the augmentation in ℛ𝒹 

is mainly be due to the decrement in the mean absorption coefficient, and hence, the 

temperature amplification is quite evident. From Figure 5.15, one can also observe an 

enhancement in the temperature distribution, with the growing values of temperature ratio 

parameter �̌�𝓌. Actually, the rising �̌�𝓌 indicates an improvement in the temperature 

difference, between both walls of the channel, which consequently enhances the 

temperature of the nanofluids. Moreover, it is noteworthy that the water − 𝛾𝐴𝐼2𝑂3 

nanofluid is an ascending function of both Radiation parameter ℛ𝒹 and the temperature 

ratio parameter �̌�𝓌. The inset pictures reconfirms the minimum temperature values, in the 

case when the effective Prandtl number exists (see Figures 5.14 and 5.15). 
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Figure 5.14: Pictorial view of the temperature profile, 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, due to varying ℛ𝒹.  

 

Figure 5.15: Pictorial view of the temperature profile, 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol −

𝛾𝐴𝐼2𝑂3 nanofluids, due to varying �̌�𝓌. 

The upcoming set of pictures (5.16-5.18) are designed to check the variations in local heat 

transport mechanism, due to various meaningful emerging entities. Figure 5.16 display the 

graphical upshots for the heat flux rate, due to varying nanocomposite volumetric fraction 

Φ and the flow Reynolds number ℛℯ. The rate of heat exchange boosts, as the flow 

Reynolds number ℛℯ increases, and this phenomenon has been detected at the bottom wall 

of the channel. Since the increment in ℛℯ corresponds to the decline in the viscous 

dissipative effects, which consequently reduces the fluid’s temperature and therefore, an 

elevation in the rate of heat exchange has been perceived. On the other hand, quite the 

opposite behaviour has been detected on the other wall of the channel. The reason may be 

the injection of the cold fluid, from the upper side of the channel. Moreover, as Φ increases 

curve wise, one can observe an augmentation in the heat diffusion process, for both 

water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, which has been noted at the 

both walls of the channel. Furthermore, at the bottom wall, an improvement in the heat 

diffusion process has been chronicled, in the case of effective Prandtl number. The fact is 

that the occurrence of the effective Prandtl number significantly drops the temperature of 

the fluid and thus, supports the heat diffusion process. In the absence of effective Prandtl 

number, the temperature of the nanofluids rises, which in turn slows down the heat 

diffusion process. However, at the upper boundary, this phenomenon is reversed, which 

might be due to the cold injected fluid. 
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Figure 5.16: Pictorial view of the heat flux rate, for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, due to varying ℛℯ and Φ. 

Figure 5.17 has been sketched to visualize the outcomes for the heat exchange process, due 

to the varying values of stretching ratio parameter 𝛾 and suction parameter 𝜛0. As the 

stretching ratio parameter 𝛾 increases, an enhancement in the process of heat diffusion has 

been perceived, at the lower boundary of the channel. Since the increment in 𝛾 attracts the 

cold fluid towards the lower wall, which, in turn, reduces the temperature of the nanofluids, 

and hence, the rate of heat exchange increases. However, a reverse mechanism has been 

achieved at the upper boundary of the channel, which is due to the continuous injection of 

the fresh nanofluid. The heat diffusion process also elevated, with the growing suction 

parameter 𝜛0. The increment in 𝜛0 implies that the heated fluid is sucked out from the 

lower wall, which is then replaced by the cold fluid from the upper side of the channel and 

thus the temperature of the fluid falls. This, in turn, improves the heat transport phenomena, 

at the lower boundary of the channel. This phenomenon exhibits a reversed behaviour at 

the upper wall, with the increasing 𝜛0, which may be due to the fresh injected fluid. 



136 

Moreover, the heat diffusion process is more rapid for ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid 

as compared to water − 𝛾𝐴𝐼2𝑂3 nanofluid, at the lower boundary of the channel, while, it 

slows down at the upper side. Also, at the lower boundary, the heat transfer mechanism 

boosts, in the case of effective Prandtl number and this phenomena is more rapid for 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid. 

 

Figure 5.17: Pictorial view of the heat flux rate, for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, due to varying 𝜛0 and 𝛾. 

In order to check the influence of the temperature ratio parameter �̌�𝓌 and Radiation 

parameter ℛ𝒹, on the rate of heat transport phenomena, Figure 5.18 has been plotted. As 

�̌�𝓌 increases along curve wise, the process of heat diffusion possesses a rapid advancement 

for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, and this increasing 

phenomenon has been recorded at both plates. Moreover, the heat transport mechanism is 

also an ascending function of Radiation parameter ℛ𝒹. That is, with the rising ℛ𝒹, the heat 
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exchange process improves, for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, at the lower as well as the upper boundary of the channel. Furthermore, the 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid diffuses the heat at a greater extent as compared to 

water − 𝛾𝐴𝐼2𝑂3 nanofluid and this has been found at the bottom wall of the channel. At 

the upper wall, water − 𝛾𝐴𝐼2𝑂3 nanofluid remains dominant in diffusing the heat. Also, 

the presence of effective Prandtl number contributes to diffusing the heat, for both water −

𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids, at the lower boundary of the channel, 

while this mechanism got reversed at the upper wall. 

 

Figure 5.18: Pictorial view of the heat flux rate, for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol − 𝛾𝐴𝐼2𝑂3 

nanofluids, due to varying ℛ𝒹 and �̌�𝓌. 

The outcomes of skin friction coefficients �̌�′′(0) and ℱ̌′′(0), in the absence of 

nanocomposites volumetric fraction, have been presented in Table 5.7. Comparison has 
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also been made with the already existing results of Ijaz et al. [80] and Mehmood and Ali 

[78]. The results are found to be in good agreement with each other. 

Table 5.7: Comparison of the outcomes, for ℱ̌′′(0) and �̌�′′(0), derived from GLWM with some already published 

results [78, 80], by taking Φ = 0. 

ℛℯ 𝛾 𝜛0 𝜛1 
Ijaz et al. [80] GLWM 

−ℱ̌′′(0) −�̌�′′(0) −ℱ̌′′(0) −�̌�′′(0) 

2.0 0.5 0.5 0.5 4.766056 2.355906 4.766081 2.355935 

    Mehmood and Ali [78] GLWM 

2.0 0.5 0.5 0.0 2.695290 0.500728 2.695292 0.500725 

5.0    2.99053 0.5037 2.99053 0.5037 

5.5 Concluding remarks 

In this chapter, the flow and heat exchange process of water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids have been examined inside a channel, whose 

permeable lower wall is bilaterally stretchable. A balanced across-mass-transport (AMT) 

phenomena have been achieved by injecting the fresh fluid from the upper wall of the 

channel. Moreover, the impact of nonlinear thermal radiation has also been studied in 

detail. A Galerkin-based Legendre wavelet method has been opted to evaluate the 

numerical solution of the transformed set of ordinary differential equations. 

The main findings of this study are: 

• By a balanced AMT phenomenon, the velocity constituents ℱ̌′(𝜍) and �̌�′(𝜍) 

exhibits a declinatory behaviour, with increasing suction parameter 𝜛0, while the 

opposite trend has been perceived for ℱ̌(𝜍) and �̌�(𝜍). 

• The augmentation in nanoparticle volumetric fraction Φ significantly enhances the 

velocity profiles ℱ̌(𝜍) and �̌�(𝜍) for both water − 𝛾𝐴𝐼2𝑂3 and ethylene glycol −

𝛾𝐴𝐼2𝑂3 nanofluids. 

• The velocity profiles for ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid mostly depict 

dominating values as compared to water − 𝛾𝐴𝐼2𝑂3 nanofluid. 
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• An elevation in temperature has been recorded for rising values of the temperature 

ratio parameter �̌�𝓌 and Radiation parameter ℛ𝒹, while a reversed behaviour has 

been detected for increasing Reynolds number ℛℯ, suction parameter 𝜛0, 

stretching ratio parameter 𝛾. 

• In the case of effective Prandtl number, the nanocomposite volumetric fraction 

significantly reduces the temperature of both types of nanofluids. However, the 

temperature augments in the absence of effective Prandtl number.  

• The ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid possesses low-temperature values, in 

almost all the cases, which thus, enables them a preferable option, for many 

engineering and industrial cooling applications. 

• Elevation in Reynolds number ℛℯ, suction parameter 𝜛0, stretching ratio parameter 

𝛾, nanocomposites volumetric fraction Φ, Radiation parameter ℛ𝒹 and temperature 

ratio parameter �̌�𝓌 significantly boosts the heat transport mechanism, at the lower 

wall of the channel. 

• At the bottom wall, the ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid diffuses the heat at a 

greater extent as compared to water − 𝛾𝐴𝐼2𝑂3 nanofluid and this phenomena seem 

to be reversed at the upper surface of the conduit. 

• In the proposed algorithm (Galerkin-based Legendre wavelet method), the trial 

solution possesses less number of undetermined coefficients, which can 

appreciably contribute to lowering the computational work. 

• Moreover, a comprehensive assessment of results provides evidence that the 

proposed algorithm is an efficient numerical tool to solve the variety of nonlinear 

mathematical models. 

So far, the study related to mono and hybrid nanofluids have been conducted inside the 

rectangular channels whose one\both walls either exhibit embracing\parting motion 

(Chapter 2 and 3) or the wall (especially the lower one) is uni-directional or bi-directional 

stretchable (Chapter 4 and 5). However, the study related to hybrid nanofluids between two 
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Riga plates (with the lower wall is uni-directional stretchable, and the upper one exhibit 

dilating\squeezing motion) have not been considered. So for this purpose, the next chapter 

has been presented. 
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Chapter 6. Spherical Shaped (𝑨𝒈 − 𝑭𝒆𝟑𝑶𝟒/

𝑯𝟐𝑶) Hybrid Nanofluid Flow Squeezed 

between two Riga Plates with Nonlinear 

Thermal Radiation and Chemical Reaction 

Effects 
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6.1 Overview 

This study has been presented to analyze the influential behaviour of the viscid flow of 

(𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid between two parallel Riga plates whose lower plate 

experiences a stretching velocity, while the upper plate enforces a squeezing flow. The heat 

and mass exchange processes, under the impact of nonlinear thermal radiative and first-

order chemical reaction effects, have also been studied in detail. The study has been 

conducted by scattering spherical-shaped composite nanomaterials within the host fluid. 

For the sake of thermal conductivity of the spherical-shaped composite hybrid nano-

additives, the Bruggeman model has been modified accordingly. Moreover, by employing 

the suitable similarity transforms, a mathematical model, for the present flow situation, 

have been accomplished. Method of moment has been further implemented to find the 

solution of the resultant nonlinear model. Tables have been provided, which presents the 

validity of the acquired results. Furthermore, the graphical aid has been provided to 

demonstrate the impact of several ingrained entities on the velocity and concentration along 

with temperature distribution. The expressions related to the coefficient of skin friction, 

local Nusselt number, and local Sherwood number are also developed, and their outcomes 

have been discussed with the help of graphs. 

6.2 Mathematical Analysis 

Two parallel Riga plates have been under consideration, among which an electro-magneto 

hydrodynamic (EMHD) flow (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid has been flowing. The 

flow is also time-dependent and incompressible. Cartesian coordinates are selected in this 

fashion that the �̌� −axis is in the horizontal direction, whereas the �̌� −axis is placed normal 

to it. The lower plate positioned at �̌� =  0 experiences a stretching velocity 𝒰𝓌(�̌�) =

𝒶�̌� (1 − 𝜆�̌�)⁄ . Besides, the upper Riga plate owing to the place at �̌� =  𝒷(�̌�) =

−𝜆

2
(𝒶 𝜐𝑓(1 − 𝜆�̌�)⁄ )

−0.5
. It is further assumed that the flow of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid 

nanofluid is a squeezing flow, having the velocity �̌�𝒷 = 𝒹𝒷 𝒹�̌�⁄ . Moreover, the chemical 

reaction and nonlinear thermal radiation effects are also considered. Figure 6.1 displays the 

configuration of the flow model. 



143 

 
Figure 6.1: Geometrical illustration of the channel. 

The Navier-Stokes equations suitable for the present flow situation are given as [87] 

𝜕�̌�

𝜕�̌�
+
𝜕�̌�

𝜕�̌�
= 0, (6.1) 

𝜕�̌�

𝜕�̌�
+ �̌�ℎ𝑛𝑓 (

𝜕�̌�

𝜕�̌�
+
𝜕�̌�

𝜕�̌�
�̌� +

𝜕�̌�

𝜕�̌�
�̌�) = 𝜇ℎ𝑛𝑓 (

𝜕2�̌�

𝜕�̌�2
+
𝜕2�̌�

𝜕�̌�2
) +

𝐸𝑥𝑝(−𝜋�̌� ℓ⁄ )

8(𝜋𝒿0ℳ0)−1
, (6.2) 

𝜕�̌�

𝜕�̌�
+ �̌�ℎ𝑛𝑓 (

𝜕�̌�

𝜕�̌�
+
𝜕�̌�

𝜕�̌�
�̌� +

𝜕�̌�

𝜕�̌�
�̌�) = 𝜇ℎ𝑛𝑓 (

𝜕2�̌�

𝜕�̌�2
+
𝜕2�̌�

𝜕�̌�2
), (6.3) 

𝜕Τ̌

𝜕�̌�
+
𝜕Τ̌

𝜕�̌�
�̌� +

𝜕Τ̌

𝜕�̌�
�̌� =

𝓀ℎ𝑛𝑓

(�̂�𝐶𝑝)ℎ𝑛𝑓
(
𝜕2Τ̌

𝜕�̌�2
+
𝜕2Τ̌

𝜕�̌�2
) −

1

(�̌�𝐶𝑝)ℎ𝑛𝑓
(
𝜕�̌�𝑟

𝜕�̌�
+
𝜕�̌�𝑟

𝜕�̌�
), (6.4) 

𝜕ℭ̌

𝜕�̌�
+
𝜕ℭ̌

𝜕�̌�
�̌� +

𝜕ℭ̌

𝜕�̌�
�̌� = 𝔇ℎ𝑛𝑓 (

𝜕2ℭ̌

𝜕�̌�2
+
𝜕2ℭ̌

𝜕�̌�2
) − 𝒸1(ℭ̌ − ℭ̌𝒷), (6.5) 

where, �̌� signifies the horizontal component of velocity, while the vertical one is 

symbolized by �̌�. The dimensional pressure, temperature, and concentration are 

respectively shown by �̌�, Τ̌ and ℭ̌. Furthermore, ℓ denotes the width between magnets and 

electrodes. ℳ0(𝑇𝑒𝑠𝑙𝑎) represents the magnetization of the permanent magnets, while 

𝒿0(𝑚
−2𝐴) is the applied current density in the electrodes. The first order coefficient for a 

chemical reaction is presented by 𝒸1. Moreover, �̌�𝑟 symbolizes the rate of heat flux and an 
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expression for the thermal radiative term has been successively proposed by Rosseland 

[135] which is given as 

�̌�𝑟 = −
16�̌�Τ̌3

3�̌�

𝜕Τ̌

𝜕�̌�
, (6.6) 

where the coefficient for mean absorption is given by �̌� while �̌� stands for Stefan-

Boltzmann constant. Therefore, after incorporating the Eqs. (6.6) in Eq. (6.4), the energy 

equation would be generalized as follows 

𝜕Τ̌

𝜕�̌�
+
𝜕Τ̌

𝜕�̌�
�̌� +

𝜕Τ̌

𝜕�̌�
�̌� =

𝓀ℎ𝑛𝑓

(�̂�𝐶𝑝)ℎ𝑛𝑓
(
𝜕2Τ̌

𝜕�̌�2
+
𝜕2Τ̌

𝜕�̌�2
) +

1

(�̌�𝐶𝑝)ℎ𝑛𝑓

16�̌�

3�̌�

𝜕

𝜕�̌�
(Τ̌3

𝜕Τ̌

𝜕�̌�
). (6.7) 

The auxiliary conditions specifying the current flow situation are given as 

�̌� = 𝒰𝓌(�̌�) = 𝒶�̌� (1 − 𝜆�̌�)⁄ , �̌� = 0, (Τ̌ − Τ̌0) = 0, ( ℭ̌ − ℭ̌0) = 0  at   �̌� = 0, (6.8) 

�̌� =
𝒹𝒷

𝒹�̌�
=

−𝜆

2
(
𝒶(1−𝜆�̌�)

𝜐𝑓
)
−0.5

, �̌� = 0,    (Τ̌ − Τ̌𝒷) = 0,   (ℭ̌ − ℭ̌𝒷) = 0,  

at     �̌� =  𝒷(�̌�), (6.9) 

where, Τ̌0 and Τ̌𝒷 simultaneously indicates the temperatures of the plates situated at �̌� = 0 

and �̌� =  𝒷(�̌�). The concentration of nanoparticles at the bottom plate is denoted by ℭ̌0, 

while, ℭ̌𝒷 is the nanoparticles concentration at the top wall. Moreover, the rate with which 

the lower surface is being stretched is 𝒶, while 𝜆 represents the constant characteristics 

parameter. 

In the equations above, 𝜐𝑓 = 𝜇𝑓 �̌�𝑓⁄  denotes the effective kinematic viscosity. Furthermore, 

𝜇ℎ𝑛𝑓 and 𝜇𝑛𝑓 are the effective dynamic viscosities of the hybrid nanofluid and mono 

nanofluid, which influences the flow behaviour of the host fluid. Tables 6.1 and 6.2 exhibits 

the mathematical expressions for the thermo-mechanical properties of mono and hybrid 

nanofluids, respectively. 
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Table 6.1: Thermo-mechanical relations for Mono Nanofluids [31, 32, 123–125, 129–131]. 

 

Table 6.2: Thermo-mechanical relations for Hybrid Nanofluids [124, 126]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̌�ℎ𝑛𝑓 = 𝜑1�̌�𝑝1 + 𝜑2�̌�𝑝2 + (1 − 𝜑ℎ)�̌�𝑓  

Specific Heat (�̌�𝐶𝑝)ℎ𝑛𝑓 = 𝜑1(�̌�𝐶𝑝)𝑝1 + 𝜑2(�̌�𝐶𝑝)𝑝2 +
(1 − 𝜑ℎ)(�̌�𝐶𝑝)𝑓  

Mass Diffusivity 𝔇ℎ𝑛𝑓 = (1 − 𝜑ℎ)𝔇𝑓  

Dynamic Viscosity 𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜑ℎ)
5 2⁄

  

Thermal Conductivity 

(Maxwell′s Model) 

𝓀ℎ𝑛𝑓

𝓀𝑓
=

𝜑1𝓀𝑝1+𝜑2𝓀𝑝2

𝜑ℎ
+2𝓀𝑓+2(𝜑1𝓀𝑝1+𝜑2𝓀𝑝2)−2𝜑ℎ𝓀𝑓

𝜑1𝓀𝑝1+𝜑2𝓀𝑝2

𝜑ℎ
+2𝓀𝑓−(𝜑1𝓀𝑝1+𝜑2𝓀𝑝2)+𝜑ℎ𝓀𝑓

  

Thermal Conductivity 

(Bruggeman′s Model) 

𝓀ℎ𝑛𝑓

𝓀𝑓
=

1

4
[
(3𝜑ℎ−1)(

𝜑1𝓀𝑝1+𝜑2𝓀𝑝2

𝜑ℎ
)

𝓀𝑓
+ (2 − 3𝜑ℎ) + (Δ)

1 2⁄ ]  

where 

Title 𝐌𝐨𝐧𝐨 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̌�𝑛𝑓 = �̌�𝑓 + 𝜑(�̌�𝑝 − �̌�𝑓)  

Specific Heat (�̌�𝐶𝑝)𝑛𝑓 = (�̌�𝐶𝑝)𝑓 + 𝜑 ((�̌�𝐶𝑝)𝑝 − (�̌�𝐶𝑝)𝑓)  

Mass Diffusivity 𝔇𝑛𝑓 = (1 − 𝜑)𝔇𝑓  

Dynamic Viscosity 𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜑)5 2⁄   

Thermal Conductivity 

(Maxwell′s Model) 
𝓀𝑛𝑓 = 𝓀𝑓

𝓀𝑝(1+2𝜑)+2𝓀𝑓(1−𝜑)

𝓀𝑝(1−𝜑)+𝓀𝑓(2+𝜑)
  

Thermal Conductivity 

(Bruggeman′s Model) 

𝓀ℎ𝑛𝑓

𝓀𝑓
=

1

4
[(3𝜑 − 1) (

𝓀𝑝1

𝓀𝑓
) + (2 − 3𝜑) + (Δ)1 2⁄ ]  

where 

Δ = [
(3𝜑 − 1)2 (

𝓀𝑝1

𝓀𝑓
)
2

+ (2 − 3𝜑)2 +

2(2 + 9𝜑 − 9𝜑2) (
𝓀𝑝1

𝓀𝑓
)

]  
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Δ =

[
 
 
 
 
 
(3𝜑ℎ − 1)

2 (

𝜑1𝓀𝑝1+𝜑2𝓀𝑝2

𝜑ℎ

𝓀𝑓
)

2

+ (2 − 3𝜑ℎ)
2 +

2(2 + 9𝜑ℎ − 9𝜑ℎ
2) (

𝜑1𝓀𝑝1+𝜑2𝓀𝑝2

𝜑ℎ

𝓀𝑓
)

]
 
 
 
 
 

  

In the above relations (presented in Table 6.1 and 6.2), 𝜑 denotes the nanoparticle volume 

fraction (in case of regular nanofluid). 𝜑ℎ = 𝜑1 + 𝜑2 (in case of hybrid nanofluid) is a net 

volume fraction of distinct nanoparticles, in which 𝜑1 and 𝜑2 simultaneously represents 

the volume concentration of magnetite (𝐹𝑒3𝑂4) and silver (𝐴𝑔) nanoparticles in hybrid 

nanofluids. The viscosity, density and specific heat of host fluid are respectively denoted 

by 𝜇𝑓 , �̌�𝑓 and (𝐶𝑝)𝑓. At constant pressure, (𝐶𝑝)𝑝1 and (𝐶𝑝)𝑝2 respectively denotes the 

specific heat of magnetite and silver nanoparticles. The densities of magnetite and silver 

nanoparticles are specified by �̌�𝑝1 and �̌�𝑝2 respectively. 𝓀𝑓 and 𝔇𝑓 represents the thermal 

conductivity and mass diffusivity of the water (𝐻2𝑂). The thermal conductivity of 

magnetite and silver nanocomposites are respectively symbolized by 𝓀𝑝1 and 𝓀𝑝2. 

The following are the prescribed form of similarity transforms, which deals with the 

process of conversion of the system of Eqs. (6.1)-(6.3), (6.7) and (6.5) into a nonlinear set 

of ordinary differential equations (ODE) and are given as 

Ψ = (
(1−𝜆�̌�)

𝒶𝜐𝑓
)
−0.5

�̌�Ϝ̌(𝜒),     𝜒 = �̌�(𝒷(�̌�))
−1

,       �̌� =
𝜕

𝜕�̌�
(Ψ) = 𝒰𝓌Ϝ̌

′(𝜒), 

�̂� = −
𝜕

𝜕�̌�
(Ψ) = −(

(1−𝜆�̌�)

𝒶𝜐𝑓
)
−0.5

Ϝ̌(𝜒),     �̌�(𝜒) =
Τ̌−Τ̌𝒷

Τ̌0−Τ̌𝒷
,      �̌�(𝜒) =

ℭ̌−ℭ̌𝒷

ℭ̌0−ℭ̌𝒷
. 

(6.10) 

where the superscript ′ stands for 𝑑 𝑑𝜒⁄ . Thus, by opting Brinkman and Bruggeman 

models, a dimensionless mode of a system of the nonlinear ordinary differential equation 

for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid along with radiation and chemical reaction 

parameter has been accomplished, which can be written as 

Ϝ̌𝑖𝑣 + Υ̌1 [Ϝ̌
′Ϝ̌′′ − Ϝ̌Ϝ̌′′′ −

𝛾

2
(3Ϝ̌′′ + 𝜒Ϝ̌′′′)] − (1 − 𝜑ℎ)

5 2⁄ ℳ𝒷𝒫𝑒
−𝒫𝜒 = 0, (6.11) 
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((
𝓀ℎ𝑛𝑓

𝓀𝑓
+ 𝑅𝑑 ((1 − �̌�) + �̌�휃𝓌)

3
) �̌�′)

′

+ Pr Υ̌2 (Ϝ̌ −
𝛾

2
𝜒) �̌�′ = 0. (6.12) 

Θ̌′′ +
Sc

(1−𝜑ℎ)
(Ϝ̌ −

𝛾

2
𝜒) Θ̌′ −

Sc

(1−𝜑ℎ)
𝒸ℛΘ̌ = 0, (6.13) 

where, Ϝ̌, �̌� and Θ̌ all are the dependent functions of dimensionless variable 𝜒. Furthermore, 

the dimensionless auxiliary conditions, supporting the present flow situation, are therefore 

written as 

Ϝ̌(𝜒) ↓𝜒=0= 0,   Ϝ̌(𝜒) ↓𝜒=1=
𝛾

2
,    Ϝ̌′(𝜒) ↓𝜒=0− 1 = 0,    Ϝ̌′(𝜒) ↓𝜒=1= 0, (6.14) 

�̌�(𝜒) ↓𝜒=0− 1 = 0,    �̌�(𝜒) ↓𝜒=1= 0, (6.15) 

Θ̌(𝜒) ↓𝜒=0− 1 = 0,     Θ̌(𝜒) ↓𝜒=1= 0. (6.16) 

In the system, mentioned above, of Eqs. (6.11) and (6.13), 𝛾 = 𝜆 𝒶⁄  represents a 

dimensionless squeeze number, while ℳ𝒷 = 𝜋𝒿0ℳ0�̌� 8�̌�𝑓⁄ 𝒰𝓌
2  is the modified Hartman 

number and 𝒫 = 𝜋𝒷(�̌�) ℓ⁄  is the dimensionless parameter. Moreover, the radiation 

parameter is denoted by 𝑅𝑑 = 16�̌�Τ̌𝒷
3 3�̌� 𝓀𝑓⁄ . Prandtl number is symbolized by Pr =

(𝓀𝑓 (�̌�𝐶𝑝)𝑓𝜐𝑓⁄ )
−1

. Besides, Sc = 𝜐𝑓 𝔇𝑓⁄  signifies the Schmidt number. The chemical 

reaction is indicated by 𝒸ℛ = 𝒸1(1 − 𝜆�̌�) 𝒶⁄ . 

Moreover, the constants Υ̌1 and Υ̌2 embroiled in the governing dimensionless model can be 

mathematically stated as 

Υ̌1 =
𝜐𝑓

𝜐ℎ𝑛𝑓
=

(1−𝜑ℎ+𝜑1
�̌�𝑝1

�̌�𝑓
+𝜑2

�̌�𝑝2

�̌�𝑓
)

(1−𝜑ℎ)
−5 2⁄

,                                

Υ̌2 =
(�̌�𝐶𝑝)ℎ𝑛𝑓

(�̌�𝐶𝑝)𝑓
= 1 − 𝜑ℎ + 𝜑1

(�̌�𝐶𝑝)𝑝1

(�̌�𝐶𝑝)𝑓
+ 𝜑2

(�̌�𝐶𝑝)𝑝2

(�̌�𝐶𝑝)𝑓
.

}
 
 

 
 

 (6.17) 
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The coefficient of skin friction, local heat transferal rate (i.e., local Nusselt number) and 

local Sherwood number, for the present flow situation, opt the following dimensionless 

expressions 

�̂�𝑓�̌� =
𝜏𝓌

�̌�ℎ𝑛𝑓𝒰𝓌
2 ,      𝑁𝑢�̌� =

𝒷𝓀𝑓
−1

(Τ̌0−Τ̌𝒷)
(�̌�𝓌 + �̌�𝑟)     and     𝑆ℎ�̌� =

𝒷𝔇𝑓
−1

(ℭ̌0−ℭ̌𝒷)
�̌�𝓂, (6.18) 

where, 𝜏𝓌 indicates the shear stress, while, the heat and mass fluxes at both of the walls 

are simultaneously signified by �̌�𝓌 and �̌�𝓂. They are respectively defined as 

𝜏𝓌 = 𝜇ℎ𝑛𝑓 (
𝜕�̌�

𝜕�̌�
)
�̌�= {

0     
𝒷(�̌�)

,�̌�𝓌 = −𝓀ℎ𝑛𝑓 (
𝜕Τ̌

𝜕�̌�
)
�̌�= {

0     
𝒷(�̌�)

,�̌�𝓂 = −𝔇ℎ𝑛𝑓 (
𝜕ℭ̌

𝜕�̌�
)
�̌�= {

0     
𝒷(�̌�)

 (6.19) 

Subsequently, by incorporating Eqs. (6.6) and (6.19) into Eq. (6.18), we finally achieve the 

dimensionless form of skin friction, the Nusselt number, and the Sherwood number both 

at the top and bottom walls, which can be expressed as 

and 

where, 𝑅𝑒�̌� = �̌�𝒰𝓌 𝜐𝑓⁄  denotes the local Reynolds number. 

6.3 Application of Method of Moment 

In order to solve the set of Eqs. (6.11)-(6.13) subject to boundary conditions (6.14)-(6.16), 

we have used the method of moments (for detail procedure, see Sections 1.1.3). 

For the present flow problem, the system of the trial solutions is given as follows, 

𝑅𝑒�̌�
0.5�̂�𝑙𝑜𝑤𝑒𝑟 =

1

Υ̌1
Ϝ̌′′(0),         𝑅𝑒�̌�

0.5�̂�𝑢𝑝𝑝𝑒𝑟 =
1

Υ̌1
Ϝ̌′′(1), (6.20) 

(1 − 𝜆�̌�)0.5𝑅𝑒�̌�
−0.5𝑁𝑢𝑙𝑜𝑤𝑒𝑟 = −(

𝓀ℎ𝑛𝑓

𝓀𝑓
+ 𝑅𝑑(휃𝓌)

3) �̌�′(0), 

(1 − 𝜆�̌�)0.5𝑅𝑒�̌�
−0.5𝑁𝑢𝑢𝑝𝑝𝑒𝑟 = −(

𝓀ℎ𝑛𝑓

𝓀𝑓
+ 𝑅𝑑) �̌�′(1), 

(6.21) 

𝑅𝑒�̌�
−0.5𝑆ℎ𝑙𝑜𝑤𝑒𝑟 = −(1 − 𝜑ℎ)Θ̌

′(0),         𝑅𝑒�̌�
−0.5𝑆ℎ𝑢𝑝𝑝𝑒𝑟 = −(1 − 𝜑ℎ)Θ̌

′(1), (6.22) 
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Ϝ̌(𝜒) =
4

5
𝜒3 −

17

10
𝜒2 + 𝜒 + ∑ 𝒸𝑖𝜒(𝜒 − 1)

𝑖5
𝑖=1 , (6.23) 

�̌�(𝜒) = 1 − 𝜒 + ∑ 𝑑𝑖𝜒(𝜒 − 1)
𝑖5

𝑖=1 , (6.24) 

Θ̌(𝜒) = 1 − 𝜒 + ∑ 𝑒𝑖𝜒(𝜒 − 1)
𝑖5

𝑖=1 . (6.25) 

By following the procedure as suggested in Sections 1.1 and 1.1.3, the numerical solution 

has been achieved, by substituting the above set of trial solutions (Eqs. (6.23)-(6.25)) into 

the governing dimensionless system of equations (Eqs. (6.11)-(6.13)), which are nonlinear 

in nature. Thus, by assigning some specific values to the parameters, the approximate 

solutions for the velocity along with temperature and concentration profiles are given as 

under 

Ϝ̌(𝜒) ≅ Ϝ̃(𝜒) = 0.03879706𝜒6 − 0.135831461𝜒5 + 0.15091595𝜒4 

                          +0.75068836𝜒3 − 1.70467857𝜒2 + 1.00010867𝜒, 
(6.26) 

�̌�(𝜒) ≅ �̃�(𝜒) = −0.08663897𝜒6 + 0.500946013𝜒5 − 1.06954771𝜒4 

                            +0.91108093𝜒3 − 0.044878919𝜒2 − 1.21096135𝜒 + 1.0, 
(6.27) 

Θ̌(𝜒) ≅ Θ̃(𝜒) = −0.002818153𝜒6 + 0.030137823𝜒5 − 0.083466501𝜒4 

                           +0.06354873𝜒3 + 0.05099067𝜒2 − 1.0583926𝜒 + 1.0. 
(6.28) 

The above solutions are obtained for certain values of parameters, which are given as 

𝛾 = 𝒸ℛ = 𝑅𝑑 = 0.2, Sc = 0.5, 휃𝓌 = 1.1,ℳ𝒷 = 1.5, 𝒫 = 10, 𝜑1 = 𝜑2 = 0.01. (6.29) 

Table 6.3 displays some important thermal and physical properties of carrier fluid (𝐻2𝑂) 

[134] and the nanoparticles. These values play a crucial role to obtain the above solutions 

((6.26)-(6.28)). 
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Table 6.3: Thermo-mechanical properties of 𝐻2𝑂, 𝐹𝑒3𝑂4 and Ag nanoparticles [131, 134, 148]. 

𝐓𝐢𝐭𝐥𝐞 𝑯𝟐𝑶 (𝒇) 𝑭𝒆𝟑𝑶𝟒 (𝝋𝟏) 𝐀𝐠 (𝝋𝟐) 

Density, �̌� (𝑘𝑔 𝔪−3) 997.1 5180 10500 

Specific Heat, 𝐶𝑝 (𝐽 𝑘𝑔
−1𝐾−1) 4179 670 235 

Thermal Conductivity, 𝓀 (𝑊𝔪−1𝐾−1) 0.613 9.7 429 

Prandtl Number, Pr 6.2 − − 

The subsequent Tables 6.4-6.6 provides a comparison between the results obtained via MM 

and RKF for velocity, temperature, and concentration profiles, respectively. The values, as 

suggested above, remains the same for the ingrained parameters. From these Tables, one 

can visualize the validity of the acquired results. 

Table 6.4: Comparison of the results obtained for Ϝ̌(𝜒) for (𝐴𝑔 − 𝐹𝑒3𝑂4/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.01). 

𝝌 𝐑𝐊𝐅 𝐌𝐌 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0 0 0 

0.1 0.08361971055 0.0837285414 0.0001.088308511 

0.2 0.1377601897 0.1380405799 0.0002803901712 

0.3 0.1674522669 0.1678007463 0.0003484793851 

0.4 0.1776981193 0.1779703975 0.0002722782048 

0.5 0.1734032258 0.1735144536 0.000111227772 

0.6 0.1593783977 0.1593361686 4.222905318e-005 

0.7 0.1403592885 0.1402398353 0.0001194532992 

0.8 0.121027384 0.1209214235 0.0001059605161 

0.9 0.1060297995 0.1059871531 4.264639591e-005 

1.0 0.1 0.1 9.714451465e-017 
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Table 6.5: Comparison of the results obtained for �̌�(𝜒) for (𝐴𝑔 − 𝐹𝑒3𝑂4/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.01). 

𝝌 𝐑𝐊𝐅 MM 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 1 1 3.330669074e-016 

0.1 0.8793088955 0.8792641251 4.477043666e-005 

0.2 0.7618050723 0.7617447028 6.036949009e-005 

0.3 0.6498328728 0.6497624809 7.039195054e-005 

0.4 0.5442201803 0.5441384063 8.177390468e-005 

0.5 0.4447153684 0.4446388103 7.655810257e-005 

0.6 0.3504084469 0.3503582131 5.023374496e-005 

0.7 0.2600611457 0.2600397494 2.139626803e-005 

0.8 0.1723422761 0.1723332129 9.063245823e-006 

0.9 0.08599850137 0.08599072095 7.780414458e-006 

1.0 0 -2.359223927e-016 2.359223927e-016 

 

Table 6.6: Comparison of the results obtained for Θ̌(𝜒) for (𝐴𝑔 − 𝐹𝑒3𝑂4/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.01). 

𝝌 𝐑𝐊𝐅 𝐌𝐌 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 1 1 3.330669074e-016 

0.1 0.8947297917 0.8947261509 3.640704357e-006 

0.2 0.7907519656 0.7907454211 6.544490808e-006 

0.3 0.688190526 0.6881823084 8.217550026e-006 

0.4 0.5870371838 0.5870289256 8.258260527e-006 

0.5 0.4871828347 0.4871760929 6.741763491e-006 

0.6 0.3884468482 0.3884424019 4.446265971e-006 

0.7 0.2906036897 0.29060125 2.439726146e-006 

0.8 0.1934071528 0.1934058456 1.307163078e-006 

0.9 0.09661287932 0.09661218516 6.941535812e-007 

1.0 0 -1.244664094e-016 1.244664094e-016 
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The reliability of the obtained results has been further checked by reproducing the results 

for Skin friction coefficient, which were previously presented by Hayat et al. [87]. The 

results were obtained for the regular fluid (𝜑1 = 𝜑2 = 0). Table 6.7 has been prepared to 

check the validity of the obtained results. It has been observed that the results obtained via 

the Method of Moments (MM) are in good agreement with the previously existing results. 

Moreover, the Method of Moments (MM) offers less computational complexity as 

compared to Homotopy analysis method (HAM). From the table, it has also been detected 

that the skin friction coefficient displays a decline with the increasing squeezing parameter 

𝛾. However, a reversed behaviour has been observed for increasing values of Modified 

Hartmann number ℳ𝒷. 

Table 6.7: Assessment of the outcomes for Skin friction coefficient with the assumption (𝜑1 = 𝜑2 = 0). 

𝓜𝓫 𝜸 𝐑𝐊𝐅 [87] 𝐇𝐀𝐌 [87] 𝐌𝐌 

1.5 0.5 0.467511 0.467511 0.467511 

1.0  0.452395 0.452395 0.452395 

0.0  0.422159 0.422159 0.422159 

1.5 0.3 1.08543 1.08543 1.08543 

 0.1 1.69635 1.69634 1.69634 

6.4 Interpretation of Results 

The goal of this segment is to graphically elucidate the influential behaviour of velocity 

profile due to various ingrained entities. The graphical upshots for temperature, together 

with concentration profiles, have also been given. A pictorial view, from Figure 6.2 to 

Figure 6.20, have been presented for the purpose, as mentioned earlier. Figures 6.2-6.4 

displays the performance of velocity constituents, under the action of the squeezing 

parameter, Modified Hartmann number and solid volume fraction. The variations in the 

velocity component Ϝ̌′(𝜒) due to squeezing parameter 𝛾 have been depicted in Figure 6.2a. 

For 𝛾 > 0, i.e., when the surface, at the top, moves in the downward direction, the fluid 

nearby the upper wall experiences a force due to squeezing effects of the upper plate, which 

in turn enhances the fluid velocity in that region. As 𝛾 increases sufficiently, the axial 

velocity Ϝ̌′(𝜒) increases and gradually, the reversal behaviour of the flow depreciated with 
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the increasing 𝛾. The velocity component Ϝ̌(𝜒) also experiences an increment in the region 

adjacent to the upper wall, which is mainly due to the squeezing behaviour of the upper 

plate and this phenomena has been observed from Figure 6.2b. Figure 6.3 demonstrates the 

impact of Modified Hartmann number ℳ𝒷 on the axial and normal components of the 

velocity distribution. Since the magnetic field experiences an exponential decline, therefore 

velocity component Ϝ̌′(𝜒) seems to be increasing, particularly in the lower region of the 

channel. The fact behind is that the application of the magnetic field generates the Lorentz 

force which in turn opposes the fluid flow, but in the present situation, due to exponential 

decline, the magnetic field decreases, so the Lorentz forces decreases and consequently, an 

increment in velocity has been perceived in the region close to the lower Riga plate. 

Besides, in the upper half, the velocity displays the opposite behaviour as compared to the 

bottom half of the conduit. Figure 6.3b exhibits an increment in the normal component of 

velocity Ϝ̌(𝜒) with the increasing Modified Hartmann number, which is primarily due to 

the decreasing effects of Lorentz force. It can be detected from Figure 6.4a that the axial 

velocity decreases in the lower region with the increasing nanoparticles concentration 

while an opposite behaviour has been perceived in the upper portion of the channel. The 

reason behind is that the nanoparticle’s concentration resists the fluid to move and therefore 

decreases the fluid velocity. Figure 6.4b depicts a decline in the normal component of 

velocity Ϝ̌(𝜒) with increasing nanoparticle’s concentration. This is due to the higher 

concentration of nanocomposites, which opposes the fluid motion. Moreover, the inset 

pictures reveal the fact that the velocity for the (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid mostly attains the 

higher values as compared to the (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid. 
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(a) 

 

(b) 

Figure 6.2: Impact of particular values of 𝛾 on (a) Ϝ̌′(𝜒) and (b) Ϝ̌(𝜒). 

 

 

(a) 

 

(b) 

Figure 6.3: Impact of particular values of ℳ𝒷 on (a) Ϝ̌′(𝜒) and (b) Ϝ̌(𝜒). 

 

 

(a) 

 

(b) 

Figure 6.4: Impact of particular values of 𝜑1 and 𝜑2 on (a) Ϝ̌′(𝜒) and (b) Ϝ̌(𝜒). 

The upcoming figures display graphical upshots of the temperature patterns due to various 

embedded parameters. Figure 6.5 demonstrates the impact of squeezing variable 𝛾 on the 

temperature distribution. When the upper plate squeezed down, i.e., 𝛾 > 0, it exerts a force 
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on the nearby fluid and enhances its velocity but since the temperature seems to be 

dominant at the lower wall, therefore the fluid in that region displays the maximum 

temperature values when compared to the area nearby the channel’s upper wall. To 

demonstrate the impact of Modified Hartmann number ℳ𝒷 on temperature distribution, 

Figure 6.6 has been plotted. It has been found that temperature reveals lower values as ℳ𝒷 

increases. As the impact of Lorentz force on velocity profile produces friction on the flow, 

which is mainly responsible for producing more heat energy. In the present flow situation, 

since the magnetic field exponentially decreases, so the Lorentz force decreases, which in 

turn generates less friction force and consequently reduces the heat energy. Therefore, the 

fluid’s temperature, as well as thermal boundary layer thickness, decreases. From Figure 

6.7, one can observe an increment in temperature profile with increasing nanoparticles 

concentration. The fact behind is that the inclusion of nanoparticles with different volume 

fractions augments the thermal properties of the host fluid and therefore enhances its 

temperature. It has also be observed that the temperature of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid 

nanofluid shows its supremacy over the (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid which definitely be due 

to the rising values of thermal conductivity for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid. 

Figure 6.8 has been sketched to highlight the temperature behaviour under the influence of 

radiation parameter 𝑅𝑑. An upsurge in temperature has been encountered for increasing 

𝑅𝑑. The fact behind is that the increasing 𝑅𝑑 corresponds to the decrement in mean 

absorption coefficient, which in turn raises the fluid temperature. The temperature also 

depicts a rising behaviour with increasing 휃𝓌 (see Figure 6.9). The increasing 휃𝓌 implies 

that the temperature differences between the lower and upper walls significantly rise and 

subsequently, an increment in temperature has been recorded.  
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Figure 6.5: Impact of particular values of 𝛾 on �̌�(𝜒). 

 

Figure 6.6: Impact of particular values of ℳ𝒷 on �̌�(𝜒). 

 

 

Figure 6.7: Impact of particular values of 𝜑1 and 𝜑2 on 

�̌�(𝜒). 

 

Figure 6.8: Impact of particular values of 𝑅𝑑 on �̌�(𝜒). 

 

 

Figure 6.9: Impact of particular values of 휃𝓌 on �̌�(𝜒). 

The next set of figures provide aid to visualizing the deviations in concentration profile 

caused by various embedded parameters. Figure 6.10 reveals the impact of squeezing 

parameter 𝛾 on the concentration profile. When the upper plate moves vertically 
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downward, i.e., 𝛾 > 0, it suppresses the adjacent fluid layers and enhances its velocity but 

since the concentration shows its supremacy at the lower Riga plate, therefore the 

concentration profile shows its dominance in the region close to the lower wall as compared 

to the region adjacent to the upper wall. To demonstrate the impact of Modified Hartmann 

number ℳ𝒷 on the concentration profile, Figure 6.11 has been painted. As explained earlier 

that the Lorentz force, in present flow situation, experiences a decline which, as a result, 

generates less friction force and therefore, decreases the concentration profile along with 

concentration boundary layer thickness. From Figure 6.12, one can detect a decline in 

concentration profile as nanoparticle fraction increases. Moreover, it has been noticed that 

the concentration profile for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid possesses lower values 

as compared to the (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. 

Figure 6.13 portrays the influence of chemical reaction parameter 𝒸ℛ on concentration 

profile. A clear decline has been perceived in the concentration of species with the growing 

values of chemical reaction parameter 𝒸ℛ. Since the chemical reaction, in the present flow 

analysis, is due to the consumption of the chemicals; therefore, the concentration profile 

experiences a decline with the increasing values of 𝒸ℛ. The variations in concentration 

profile under the action of Schmidt number Sc has been presented in Figure 6.14. It has 

been observed that the increasing values of Schmidt number Sc cause a decline in the 

concentration of the species. Since the Schmidt number is the ratio of momentum 

diffusivity to mass diffusivity. Therefore the increment in Schmidt number consequently 

implies a decline in mass diffusivity, which in turn decreases the concentration profile. 

 

Figure 6.10: Impact of particular values of 𝛾 on Θ̌(𝜒). 

 

Figure 6.11: Impact of particular values of ℳ𝒷 on Θ̌(𝜒). 
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Figure 6.12 Impact of particular values of 𝜑1 and 𝜑2 

on Θ̌(𝜒). 

 

Figure 6.13 Impact of particular values of 𝒸ℛ on Θ̌(𝜒). 

 

 

Figure 6.14: Impact of particular values of Sc on Θ̌(𝜒). 

The impact of various ingrained entities on the skin friction coefficient both at the upper 

and lower Riga surfaces has been displayed in Figures 6.15 and 6.16. It has been detected 

from Figure 6.15 that, increasing the nanoparticles concentration certainly enhances the 

coefficient of skin friction drag at the lower Riga plate, however, at the upper plate, an 

opposite behaviour has been visible. As far as squeezing parameter 𝛾 is concerned, the skin 

friction coefficient exhibits an increasing behaviour in the region adjacent to the lower 

plate; however, a decline has been perceived at the upper Riga plate. From Figure 6.16, 

one can observe an increment in skin friction coefficient with the growing ℳ𝒷 (both at the 

upper and lower Riga plates). Moreover, the skin friction coefficient for 

(𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid possesses higher values at the bottom of the channel 

as compared to the (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. 
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Figure 6.15: Coefficient of skin friction drag for particular values of 𝜑1 and 𝜑2. 

 

 

Figure 6.16: Coefficient of skin friction drag for particular values of ℳ𝒷. 

Figures 6.17 and 6.18 have been plotted to assess the consequences of various embedded 

entities on the local rate of heat transfer, i.e., Nusselt number. From Figure 6.17, one can 

detect an increment in heat transfer with increasing nanoparticle volume fraction at both of 

the plates. Since the nanoparticle’s inclusion, in the base fluid, is responsible for raising its 

temperature; therefore, an augmentation in the heat transfer rate is quite apparent. By 

varying the squeezing number 𝛾 horizontally, the local Nusselt number at the upper as well 

as on the lower plate indicates a decreasing behaviour. Figure 6.18 depicts the variations 
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in heat transfer rate with growing values of temperature difference parameter 휃𝓌 and 

Radiation parameter 𝑅𝑑. Since both the parameters (𝑅𝑑 and 휃𝓌) significantly amplifies 

the temperature of the fluid, therefore, they play a key role in enhancing the local Nusselt 

number both at the upper and lower Riga surfaces. Besides, it has been observed from both 

the figures that the (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid shows its supremacy in 

transferring the heat both at the upper and lower Riga plates. 

 

Figure 6.17: Nusselt number for particular values of 𝜑1 and 𝜑2. 

 

 

Figure 6.18: Nusselt number for particular values of 휃𝓌. 
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Figures 6.19 and 6.20 depict the variations in the rate of mass transfer, i.e., Sherwood 

number, due to various involved entities. Figure 6.19 reveals a decline in the Sherwood 

number with increasing nanoparticle concentration, both at the upper and lower Riga 

plates. Since the increasing nanoparticle’s volume fraction indeed opposes the fluid 

motion; therefore, a decrement in Sherwood number is quite obvious. The rate, with which 

mass flows, also shows a decreasing behaviour, when the squeezing parameter 𝛾 increases 

horizontally. From Figure 6.20, one can observe a clear enhancement in the rate of mass 

flow in the region near the lower plate, when the chemical reaction parameter 𝒸ℛ increases 

curve wise and Schmidt number Sc varies along the horizontal axis. On the other hand, a 

reverse behaviour has been perceived at the upper plate. Moreover, (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 

nanofluid remains dominant in transferring the mass both at the upper and lower Riga 

plates. 

 

Figure 6.19: Sherwood number for particular values of 𝜑1 and 𝜑2. 
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Figure 6.20: Sherwood number for particular values of 𝒸ℛ. 

Hybrid nanofluids, being an advanced version of nanofluids, considerably influence the 

thermo-mechanical properties of the working fluid, particularly the thermal conductivity. 

For the said purpose, Table 6.8 and 6.9 have been designed to see the deviations in thermo-

mechanical properties of the (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid and (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 

nanofluid. It has been detected that the density of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid 

depicts an increment as compared to (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid, while, the specific heat 

clearly experiences a decline with the increasing nanoparticles fraction. As far as thermal 

conductivity is a concern, (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid shows a dominant 

behaviour against the (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. Besides, the Bruggeman’s model for 

thermal conductivity shows its proficiency over Maxwell’s model. The reason is, 

Bruggeman’s model is more focused on the maximum interactions between randomly 

dispersed particles. It usually involves the spherical shaped particles, with no limitation on 

the concentration of the particles. On the other hand, Maxwell’s model depends on the 

nanoparticle’s volume fraction and the thermal conductivity of the base fluid and the 

spherical-shaped particles. 
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Table 6.8: Variation in thermo-physical properties of (𝐴𝑔 − 𝐹𝑒3𝑂4/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.01). 

𝝋𝟐 �̌� �̌�𝑪𝒑 × 𝟏𝟎
𝟔 

𝓴𝒉𝒏𝒇 

(Bruggeman’s model) 

𝓴𝒉𝒏𝒇 

(Maxwell’s model) 

0.00 1038.929 4.159918091 0.628640157 0.628422974 

0.02 1228.987 4.125930473 0.67317743 0.6695051201 

0.04 1419.045 4.091942855 0.72042306 0.7092486827 

0.06 1609.103 4.057955237 0.77474778 0.7506805172 

0.08 1799.161 4.023967619 0.83787931 0.7939214931 

0.10 1989.219 3.989980001 0.91213707 0.8390950667 

 

Table 6.9: Variation in thermo-physical properties of (𝐹𝑒3𝑂4/𝐻2𝑂) nanofluid with (𝜑2 = 0). 

𝝋𝟏 �̌� �̌�𝑪𝒑 × 𝟏𝟎
𝟔 

𝓴𝒏𝒇 

(Bruggeman’s model) 

𝓴𝒏𝒇 

(Maxwell’s model) 

0.00 997.1 4.1668809 0.613 0.613 

0.02 1080.758 4.152955282 0.644998753 0.6441068291 

0.04 1164.416 4.139029664 0.680047429 0.6762841143 

0.06 1248.074 4.125104046 0.718527614 0.7095880769 

0.08 1331.732 4.111178428 0.760870799 0.7440789486 

0.10 1415.39 4.09725281 0.80756218 0.779821329 

6.5 Concluding remarks 

This study discloses the impact of a chemical reaction along with nonlinear thermal 

radiation on the squeezing flow of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid between two 

parallel Riga plates. Method of moment has been employed for the solution point of view. 

The obtained results are then compared with the numerical results obtained via the Runge-

Kutta-Fehlberg algorithm. Both the methods depict an excellent agreement between the 

results. 

Further investigations are as follows: 

• Velocity profile seems to be an increasing function of both squeezing parameter 𝛾 

and modified Hartmann number ℳ𝒷. 
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• A decrement in the velocity behaviour has been perceived with increasing 

nanoparticle concentration.  

• The velocity profile for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid mostly remains on 

the lower side. 

• The amplification in temperature has been recorded for increasing squeezed 

number 𝛾 and nanoparticle concentration, while, a reversed behaviour has been 

noticed for increasing modified Hartman number ℳ𝒷. 

• The temperature behaves increasingly with the rising 𝑅𝑑 and 휃𝓌. Besides, the 

temperature profile possesses a dominant behaviour for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 

hybrid nanofluid. 

• The concentration profile demonstrates a decreasing behaviour with increasing 

modified Hartman number ℳ𝒷 and nanoparticle volume fraction. 

• The increment in chemical reaction parameter 𝒸ℛ and Schmidt number Sc depicts 

an apparent decline in the concentration profile. 

• The skin friction coefficient for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid displays an 

increasing behaviour, in the region adjacent to the lower Riga plate, against the 

varying values of squeezing parameter 𝛾, modified Hartman number ℳ𝒷 and 

nanoparticle concentration. 

• The local heat transfer rate for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid shows its 

proficiency for varying nanoparticle concentration, radiation parameter 𝑅𝑑, and 

temperature difference parameter 휃𝓌 and this phenomena has been detected at both 

plates.  

• The augmentation of chemical reaction parameter 𝒸ℛ and Schmidt number Sc 

enhances the Sherwood number at the lower plate, while a reversed phenomenon 

has been observed at the upper plate. 
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Till now, the studies related to mono and hybrid nanofluids have been conducted inside the 

rectangular channels whose one\both walls either exhibit embracing\parting motion 

(Chapter 2 and 3) or the wall (especially the lower one) is uni-directional or bi-directional 

stretchable (Chapter 4 and 5) or between two Riga plates (Chapter 6). However, the study 

related to hybrid nanofluids inside a three-dimensional rotatory channel (whose upper wall 

exhibit a squeezing motion, while the lower one is permeable and capable of being 

stretched) has not been considered. So for this purpose, Chapter 7 has been presented. 
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Chapter 7. Heat Transfer Enhancement by 

Coupling of Carbon nanotubes and SiO_2 

Nanofluids: A Numerical Approach 
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7.1 Overview 

The objective of this chapter is to present a detailed analysis related to the 

(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid inside a three-dimensional rotatory channel, whose 

upper wall exhibit a squeezing motion, while, the lower one is permeable and capable of 

being stretched. The hybrid composition (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) has been achieved by 

scattering CNTs nanoparticles in already composed (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. So the models 

for the thermal conductivity (i.e., Hamilton and Crosser’s model and a renovated Hamilton-

Crosser model) has been utilized accordingly. Moreover, the governing transformed set of 

ordinary differential equations (ODE) coupled with suitable BCs, are then handled via 

Modified Hermite Wavelet Method (MHWM). The procured results are then compared 

with the Runge-Kutta (order-4). This comparability and the error estimation analysis, 

therefore, lead to the credibility of the proposed algorithm. Moreover, the graphical 

assistance, along with a detailed discussion, have been provided in Section 7.4, to check 

the influence of various emerging parameters on the velocity and temperature profiles. 

7.2 Mathematical Analysis 

A 3D channel comprising infinite long parallel plates has been under consideration, which 

confines a rotatory flow of (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. The fluid is also 

supposed to be viscid, incompressible and time-dependent. The hybrid composition has 

been accomplished by dispersing CNTs with different volume fractions into 0.1 vol. (which 

remains fixed for the present flow situation) of (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. Furthermore, the 

assumptions, for the present flow situation, are enlisted as [94]: 

• The lower wall, situated at �̆� =  0, experiences a time-dependent stretching 

velocity (𝕌0 = 𝒸𝓍 (1 − 𝜅�̆�)⁄ ) in the horizontal direction. 

• The channel’s upper wall, at �̆� =  𝒶(�̆�) = (𝒸 (1 − 𝜅�̆�)𝜐𝑓⁄ )
−0.5

, exhibit a time-

dependent squeezing velocity 𝕍𝒶 = 𝒹𝒶 𝒹�̆�⁄ , in the direction opposite to the 

positive �̆� −direction. 
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• Besides, it is also supposed that the bottom surface of the channel is permeable and 

the velocity with which fluid is sucked (𝕍0 > 0), is given as −𝕍0 (1 − 𝜅�̆�)⁄ . 

• The channel along with the fluid confined between the parallel plates turns around 

the �̆� −axis with the angular velocity Ω̆ = Ω̆0�̂� (1 − 𝜅�̆�)⁄ . 

• The temperatures of the stretching wall at the lower side and the squeezing wall at 

the upper side of the channel are respectively denoted by Τ̆0 and Τ̆𝒶 along with the 

assumption that Τ̆𝒶 < Τ̆0. Figure 7.1 exhibits the configuration of the present flow 

situation. 

 
Figure 7.1: Geometrical illustration of the channel. 

Keeping in view the abovementioned assumptions, the present flow and heat transfer 

phenomenon subject to the rotating frame of reference, can be deliberated through the 

subsequent equations [94] 

𝜕�̆�

𝜕�̆�
+
𝜕�̆�

𝜕𝓍
= 0, (7.1) 

𝜕�̆�

𝜕𝓍
+ �̆�𝒽𝑛𝑓 (

𝜕�̆�

𝜕�̆�
+
𝜕�̆�

𝜕𝓍
�̆� +

𝜕�̆�

𝜕�̆�
�̆� + 2

Ω̆0

1−𝜅�̆�
�̆�) = 𝜇𝒽𝑛𝑓 (

𝜕2�̆�

𝜕�̆�2
+
𝜕2�̆�

𝜕𝓍2
), (7.2) 



169 

𝜕�̆�

𝜕�̆�
+ �̆�𝒽𝑛𝑓 (

𝜕�̆�

𝜕�̆�
+
𝜕�̆�

𝜕𝓍
�̆� +

𝜕�̆�

𝜕�̆�
�̆�) = 𝜇𝒽𝑛𝑓 (

𝜕2�̆�

𝜕�̆�2
+
𝜕2�̆�

𝜕𝓍2
), (7.3) 

�̆�𝒽𝑛𝑓 (
𝜕�̆�

𝜕�̆�
+
𝜕�̆�

𝜕𝓍
�̆� +

𝜕�̆�

𝜕�̆�
�̆� − 2

Ω̆0

1−𝜅�̆�
�̆�) = 𝜇𝒽𝑛𝑓 (

𝜕2�̆�

𝜕�̆�2
+
𝜕2�̆�

𝜕𝓍2
), (7.4) 

(�̆�𝐶𝑝)𝒽𝑛𝑓 (
𝜕Τ̆

𝜕�̆�
+
𝜕Τ̆

𝜕𝓍
�̆� +

𝜕Τ̆

𝜕�̆�
�̆�) = Κ𝒽𝑛𝑓 (

𝜕2Τ̆

𝜕�̆�2
+

𝜕2Τ̆

𝜕𝓍2
) + 𝜇𝒽𝑛𝑓 {(

𝜕�̆�

𝜕�̆�
)
2

+

4(
𝜕�̆�

𝜕𝓍
)
2

+ (
𝜕�̆�

𝜕𝓍
)
2

+ (
𝜕�̆�

𝜕𝓍
+
𝜕�̆�

𝜕�̆�
)
2

}, 

(7.5) 

where, �̆�, �̆� and �̆� represents the velocity components along 𝓍, �̆� and �̆� direction. �̆� and 

Τ̆ denotes the dimensional pressure and temperature of the fluid. Moreover, 𝜅 indicates the 

characteristic parameter, which holds the dimension of (time)−1 and 1 > 𝜅�̆�. 

The boundary conditions that specify the current flow situation are given as [94, 95] 

�̆� = 𝕌0 =
𝒸𝓍

1−𝜅�̆�
,     �̆� = −

𝕍0

1−𝜅�̆�
,     �̆� = 0,     Τ̆ = Τ̆0,      at     �̆� = 0, (7.6) 

�̆� = 𝕍𝒶 =
−𝜅

2
(
𝒸(1−𝜅�̆�)

𝜐𝑓
)
−0.5

,    �̆� = 0,     �̆� = 0,    Τ̆ = Τ̆𝒶,     at     �̆� =  𝒶(�̆�), (7.7) 

where, Τ̆0 and Τ̆𝒶 simultaneously indicates the temperatures of the plates, situated at �̆� = 0 

and �̆� =  𝒶(�̆�). Moreover, 𝒸 > 0 is the constant, which indicates the stretching rate of the 

surface placed at �̆� = 0. Tables 7.1 and 7.2 exhibits the mathematical expressions for the 

thermo-mechanical properties of mono and hybrid nanofluids, respectively. 

Table 7.1: Thermo-mechanical relations for Mono Nanofluids [31, 123, 125]. 

Title 𝐌𝐨𝐧𝐨 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density 
�̆�𝑛𝑓

�̆�𝑓
= {1 + 𝜑1 (

�̆�𝑝1

�̆�𝑓
− 1)}  

Specific Heat 
(�̆�𝐶𝑝)𝑛𝑓

(�̆�𝐶𝑝)𝑓
= {1 + 𝜑1 (

(�̆�𝐶𝑝)𝑝1

(�̆�𝐶𝑝)𝑓
− 1)}  

Dynamic Viscosity 𝜇𝑛𝑓 = (1 − 𝜑1)
−5 2⁄ 𝜇𝑓  
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Thermal Conductivity 

(Maxwell′s Model) 
Κ𝑏𝑓 = Κ𝑓

Κ𝑝1+2Κ𝑓−2𝜑1(Κ𝑓−Κ𝑝1)

Κ𝑝1+2Κ𝑓+𝜑1(Κ𝑓−Κ𝑝1)
  

 

Table 7.2: Thermo-mechanical relations for Hybrid Nanofluids [44, 49, 112, 114]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density 
�̆�𝒽𝑛𝑓

�̆�𝑓
= [{1 + 𝜑1 (

�̆�𝑝1

�̆�𝑓
− 1)} (1 − 𝜑2) +

�̆�𝑝2

�̆�𝑓
𝜑2]  

Specific Heat 
(�̆�𝐶𝑝)ℎ𝑛𝑓

(�̆�𝐶𝑝)𝑓
= [1 + 𝜑1 (

(�̆�𝐶𝑝)𝑝1

(�̆�𝐶𝑝)𝑓
− 1)] (1 − 𝜑2) +

(�̆�𝐶𝑝)𝑝2

(�̆�𝐶𝑝)𝑓
𝜑2  

Dynamic Viscosity 𝜇𝒽𝑛𝑓 =
(1−𝜑1)

−5 2⁄

(1−𝜑2)5 2⁄
𝜇𝑓  

In the relations as mentioned above (see Tables 7.1 and 7.2), the effective density is �̆�𝒽𝑛𝑓 

and the dynamic viscosity of the hybrid nanofluid is represented by 𝜇𝒽𝑛𝑓. (�̆�𝐶𝑝)𝒽𝑛𝑓 

specifies the heat capacity of the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. Moreover, 𝜇𝑓, �̆�𝑓 

and (�̆�𝐶𝑝)𝑓 denotes the effective viscosity, density and specific heat of the host fluid 

(water), respectively. 

In order to estimate the thermal conductivity (Κ𝒽𝑛𝑓) of (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid 

nanofluid, a renovated Hamilton-Crosser model [35] have been employed, whose 

mathematical expression is given as 

Κ𝒽𝑛𝑓 = Κ𝑏𝑓
Κ𝔭ℯ+(𝓃1−1)Κ𝑏𝑓−(𝓃1−1)(1+𝒞)(Κ𝑏𝑓−Κ𝔭ℯ)𝜑2

Κ𝔭ℯ+(𝓃1−1)Κ𝑏𝑓+(1+𝒞)(Κ𝑏𝑓−Κ𝔭ℯ)𝜑2
,             𝓃1 = 3𝜓−ℊ,      

Κ𝔭ℯ =
1

𝜋
∫ √Κ𝔭ℯ𝓏2 sin2 𝛼 + Κ𝔭ℯ𝓍2 cos2 𝛼 𝒹𝛼
𝜋

0
,        Κ𝔭ℯ𝓍 =

𝒜Κ𝑝2𝜑2+ℬ𝒞Κℓ𝓇𝜑2

𝒜𝜑2+ℬ𝒞𝜑2
,

Κ𝔭ℯ𝓏 =
Κ𝑝2+𝒞Κℓ𝓇

1+𝒞
, Κℓ𝓇 =

Κ𝑝2[𝕥+ℛ(1−Κ𝑏𝑓 Κ𝑝2⁄ )]𝑙𝑛[(𝕥 ℛ⁄ )+1]

𝕥Κ𝑏𝑓𝑙𝑛[{(𝕥 ℛ⁄ )+1}Κ𝑝2 Κ𝑏𝑓⁄ ]
, 𝒜 = −

2Κℓ𝓇

Κ𝑝2+Κℓ𝓇
,

ℬ =
ℛ

ℛ+𝕥
(
Κ𝑝2−Κℓ𝓇

Κ𝑝2+Κℓ𝓇
− 1) ,     𝒞 =

(ℛ+𝕥)2−ℛ2

ℛ2
,     𝜓 =

2ℯ(𝕦)[1−ℯ2(𝕦)]
1 6⁄

ℯ(𝕦)√1−ℯ2(𝕦)+sin−1(ℯ(𝕦))
,

ℯ(𝕦) = √1 −
(ℛ2+𝕦)

((ℒ 2⁄ )2+𝕦)
.                                                                                         

}
 
 
 
 
 

 
 
 
 
 

  (7.8) 

In the above equation, the empirical shape factor (𝓃1) is dependent on the sphericity 𝜓 

and the empirical parameter ℊ. Yu and Choi [36, 37] followed by Jiang et al. [38], through 
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their studies, found that this parameter ℊ should be equivalent to 1.55, for CNTs based 

nanofluids. ℯ(𝕦) denotes the eccentricity. ℒ and ℛ respectively, indicate the length and 

radius of the CNTs, with the assumption ℒ > ℛ. Moreover, the interfacial layer thickness 

around the CNTs is symbolized by 𝕥 and is set as 2𝑛𝑚 for the present flow model. The 

thermal conductivity of the CNT/layer composites in the radial direction is represented by 

Κ𝔭ℯ𝓍, while, Κ𝔭ℯ𝓏 denotes the same in the axial direction. Κℓ𝓇 elucidates the thermal 

conductivity of the interfacial layer around the CNTs and its mathematical expression was 

reported by Jiang et al. [38]. The thermal conductivity of the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid 

nanofluid is symbolized by Κ𝒽𝑛𝑓, while, Κ𝑏𝑓 illustrates the thermal conductivity of the 

(𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid, which can be defined by Maxwell correlation [31, 49] as 

Κ𝑏𝑓 = Κ𝑓
Κ𝑝1+2Κ𝑓−2𝜑1(Κ𝑓−Κ𝑝1)

Κ𝑝1+2Κ𝑓+𝜑1(Κ𝑓−Κ𝑝1)
. (7.9) 

Furthermore, the thermal conductivities of 𝑆𝑖𝑂2 and 𝐶𝑁𝑇 nanocomposites are denoted by 

Κ𝑝1 and Κ𝑝2, respectively. Κ𝑓 represents the thermal conductivity of the host fluid (𝐻2𝑂). 

Moreover, 𝜑1 symbolizes the volume fraction for 𝑆𝑖𝑂2 tiny particles, while, the solid 

volume fraction for CNTs is given by 𝜑2. Table 7.3 has been fabricated with the 

thermophysical properties of the carrier fluid (𝐻2𝑂) and the nanomaterials 

(𝑆𝑖𝑂2 and 𝐶𝑁𝑇𝑠). 

Table 7.3: Thermo-physical properties of water (𝐻2𝑂) and the nanomaterials (𝑆𝑖𝑂2 and 𝐶𝑁𝑇𝑠) [95, 149]. 

𝐓𝐢𝐭𝐥𝐞 𝐇𝟐𝐎 (𝐟) 𝐒𝐢𝐎𝟐 𝐒𝐖𝐂𝐍𝐓 𝐌𝐖𝐂𝐍𝐓 

Density, �̆� (𝑘𝑔 𝔪−3) 997.1 3970 2600 1600 

Specific Heat, 𝐶𝑝 (𝐽 𝑘𝑔
−1𝐾−1) 4179 765 425 796 

Thermal Conductivity, Κ (𝑊𝔪−1𝐾−1) 0.613 36 6600 3000 

Prandtl Number, Pr 6.2 − − − 

The set of Eqs. (7.1)-(7.5) along with auxiliary conditions (7.6) and (7.7), maybe brought 

into non-dimensional form, by taking the following similarity transforms into account 
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�̆� = 𝕌0ℱ̆
′(𝜒),    �̆� = −(

1−𝜅�̆�

𝒸𝜐𝑓
)
−0.5

ℱ̆(𝜒),     �̆� = 𝕌0�̆�(𝜒),     𝜒 = (
𝒶(�̆�)

�̆�
)
−1

, 

Θ̆(𝜒) =
 Τ̆−Τ̆𝒶

 Τ̆0−Τ̆𝒶
. (7.10) 

Under the group of transformation described above, the set of Eqs. (7.2)-(7.5) can be 

written in the subsequent non-dimensional form 

ℱ̆ 𝒾𝑣 − Ῠ1 [
1

(Ῠ2)
−1 {ℱ̆

′ℱ̆′′ − ℱ̆ℱ̆′′′ + 2𝜛0�̆�
′ +

𝒮𝓆

2
(𝜒ℱ̆′′′ + 3ℱ̆′′)}] = 0, (7.11) 

�̆�′′ + Ῠ1 [
1

(Ῠ2)
−1 {ℱ̆�̆�

′ − ℱ̆′�̆� + 2𝜛0ℱ̆
′ − 𝒮𝓆 (�̆� +

𝜒

2
�̆�′)}] = 0, (7.12) 

(
Κ𝒽𝑛𝑓

Κ𝑓
Θ̆′)

′

+ Pr Ῠ3 (ℱ̆ −
𝒮𝓆

2
𝜒) Θ̆′ +

Pr

Ῠ1
{

𝛦𝑐 (4ℱ̆′
2
+ �̆�2)

+𝛦𝑐𝓍 (4ℱ̆
′′2 + �̆�′

2
)
} = 0. (7.13) 

and the non-dimensional auxiliary conditions, are therefore defined as 

Θ̆(0) = 1,    ℱ̆(0) = 𝛾1,   �̆�(0) = 0,     ℱ̆
′(0) − 1 = 0,

Θ̆(1) = 0,     ℱ̆(1) =
𝒮𝓆

2
,   �̆�(1) = 0,    ℱ̆′(1) = 0.       

} (7.14) 

The preceding Eqs. (7.11)-(7.14) comprises various dimensionless parameters, which are 

defined as follows 

𝒮𝓆 =
𝜅

𝒸
,   𝜛0 =

Ω̆0

𝒸
,   𝛾1 =

𝕍0

𝒸𝒶
, 𝛦𝑐 =

𝜐𝑓
2(𝐶𝑝)𝑓

−1

𝒶2(Τ̆0−Τ̆𝒶)
, 𝛦𝑐𝓍 =

𝕌0
2(𝐶𝑝)𝑓

−1

(Τ̆0−Τ̆𝒶)
,    

  Pr = (
Κ𝑓

(�̆�𝐶𝑝)𝑓
𝜐𝑓
)

−1

. 

(7.15) 

These parameters, subsequently, indicate the squeezing number, the rotation parameter, the 

suction parameter, the Eckert number, the modified Eckert number, and the Prandtl 

number. It is expedient to mention that 𝒮𝓆 > 0 corresponds to the case when the upper 

wall, with velocity 𝕍𝒶 < 0, moves in the negative �̆� −direction and therefore, a squeezing 
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effect seems to be prominent on the fluid. 𝒮𝓆 < 0 implies the case when the upper wall 

moves along the �̆� −direction and 𝒮𝓆 = 0 entail the case of steady flow or the stationary 

upper wall. Moreover, the mathematical expression for the constants Ῠ1, Ῠ2 and Ῠ3 involved 

in the set of Eqs. (7.11)-(7.13), are given as follows 

Ῠ1 =
𝜇𝑓

𝜇𝒽𝑛𝑓
=

(1−𝜑1)
5 2⁄

(1−𝜑2)−5 2⁄

                       
,                                                                        

Ῠ2 =
�̆�𝒽𝑛𝑓

�̆�𝑓
= [{1 + 𝜑1 (

�̆�𝑝1

�̆�𝑓
− 1)} (1 − 𝜑2) +

�̆�𝑝2

�̆�𝑓
𝜑2],                 

Ῠ3 =
(�̆�𝐶𝑝)ℎ𝑛𝑓

(�̆�𝐶𝑝)𝑓
= [1 + 𝜑1 (

(�̆�𝐶𝑝)𝑝1

(�̆�𝐶𝑝)𝑓
− 1)] (1 − 𝜑2) +

(�̆�𝐶𝑝)𝑝2

(�̆�𝐶𝑝)𝑓
𝜑2.

}
 
 
 

 
 
 

 (7.16) 

In the present flow problem, the physical entities, like the Nusselt number and the 

coefficient for skin friction can be expressed mathematically as 

𝑁𝑢𝓍 =
Κ𝑓

−1𝓍

(Τ̆0−Τ̆𝒶)
(�̆�𝓌),       and       �̆�𝑓𝓍 =

𝜏𝓌

�̆�𝒽𝑛𝑓𝕌0
2, (7.17) 

where the shear stress (𝜏𝓌) and the heat flux (�̆�𝓌) at the walls, placed at the bottom and 

upper sides of the channel, are respectively defined as 

𝜏𝓌 = 𝜇𝒽𝑛𝑓 (
𝜕�̆�

𝜕�̆�
)
�̆�= {

0     
𝒶(�̆�)

,       and       �̆�𝓌 = −Κ𝒽𝑛𝑓 (
𝜕Τ̆

𝜕�̆�
)
�̆�= {

0     
𝒶(�̆�)

, (7.18) 

Consequently, the dimensionless form of skin friction and the Nusselt number has been 

accomplished, by using Eqs. (7.18) into Eq. (7.17), which can be expressed as 

and 

𝑅𝑒𝓍
0.5�̆�𝑙𝑜𝑤𝑒𝑟 =

(Ῠ1)
−1

Ῠ2
ℱ̆′′(0),         𝑅𝑒𝓍

0.5�̆�𝑢𝑝𝑝𝑒𝑟 =
(Ῠ1)

−1

Ῠ2
ℱ̆′′(1), (7.19) 
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where, 𝑅𝑒𝓍 = 𝓍𝕌0 𝜐𝑓⁄  represents the local Reynolds number. 

7.3 Application of Modified Hermite Wavelets Method 

We have implemented a modified Hermite wavelets method (MHWM), to evaluate the 

particular set of Eqs. (7.11)-(7.13), corresponding to auxiliary conditions (7.14). The 

detailed procedure of this scheme has already been described in Section 1.2.2.2. This 

innovative version involves a new set of undetermined coefficients, which significantly 

reduces the computational complexity. Moreover, the boundary conditions are restricted to 

satisfy the proposed trial solution. The proposed way seems to be quite reasonable while 

compared with the results obtained via RKF. 

By employing the traditional Hermite wavelets method (HWM) (see Section 1.2.2.1), the 

suitable trial solutions, for Eqs. (7.11)-(7.13), can be defined as 

where the mathematical expressions for 𝚳𝒾 and 𝚿(𝜒) are given as 

By following the steps stated in Section 1.2.2.2, the new trial solutions can take the 

following forms 

(1 − 𝜅�̆�)0.5𝑅𝑒𝓍
−0.5𝑁𝑢𝑙𝑜𝑤𝑒𝑟 = −(

Κ𝒽𝑛𝑓

Κ𝑓
) Θ̆′(0), 

(1 − 𝜅�̆�)0.5𝑅𝑒𝓍
−0.5𝑁𝑢𝑢𝑝𝑝𝑒𝑟 = −(

Κ𝒽𝑛𝑓

Κ𝑓
) Θ̆′(1), 

(7.20) 

ℱ̆(𝜒) ≅ ℱ̃(𝜒) = ∑ ∑ 휂𝒾𝒿
1 𝜓𝒾𝒿(𝜒)

𝒩−1
𝒿=0

2𝓀−1
𝒾=1 = 𝚳1

𝑇𝚿(𝜒), (7.21) 

�̆�(𝜒) ≅ �̃�(𝜒) = ∑ ∑ 휂𝒾𝒿
2 𝜓𝒾𝒿(𝜒)

𝒩−1
𝒿=0

2𝓀−1
𝒾=1 = 𝚳2

𝑇𝚿(𝜒), (7.22) 

Θ̆(𝜒) ≅ Θ̃(𝜒) = ∑ ∑ 휂𝒾𝒿
3 𝜓𝒾𝒿(𝜒)

𝒩−1
𝒿=0

2𝓀−1
𝒾=1 = 𝚳3

𝑇𝚿(𝜒), (7.23) 

𝚳𝒾 = [휂10
𝒾 , 휂11

𝒾 , 휂12
𝒾 , 휂13

𝒾 , … ]𝑻,   𝒾 = 1,2,3,            and 

𝚿(𝜒) = 𝜋−1 4⁄ [1, 2(2𝜒 − 1), 2(8𝜒2 − 8𝜒 + 1),… ]𝑻. 
(7.24) 
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where the unknown coefficients {휂́0
𝒾, 휂́1

𝒾, 휂́2
𝒾, … }, 𝒾 = 1,2,3 are bound to satisfy the 

following mathematical relations 

After incorporating the auxiliary conditions (7.14) into the trial solution (7.25), the reduced 

form of trial solutions, for the current problem (Eqs. (7.11)-(7.13)), can be written as 

In the next step, a set of residual vectors has been achieved by plugging Eqs. (7.27)-(7.29) 

back into Eqs. (7.11)-(7.13). Further, the concept of the Galerkin method (see Section 

1.1.2) has been adopted, which consequently generate a set of algebraic equations, whose 

solution reveal the undetermined constants 휂́’s. By substituting them back into Eq. (7.26) 

yields the unknown coefficients 휂’s. Finally, an approximate solutions of Eqs. (7.11)-(7.13) 

have been found by plugging all 휂’s back into the reduced trial solutions (7.21)-(7.23). 

By following the procedure as mentioned above and by assigning some specific values to 

the ingrained parameters, the approximate solutions are, therefore, given as under 

ℱ̃(𝜒) = ∑ 휂́𝒿
1𝜒𝒿𝒩−1

𝒿=0 ,      �̃�(𝜒) = ∑ 휂́𝒿
2𝜒𝒿𝒩−1

𝒿=0 ,       Θ̃(𝜒) = ∑ 휂́𝒿
3𝜒𝒿𝒩−1

𝒿=0 , (7.25) 

휂10
𝒾 − 2휂11

𝒾 + 2휂12
𝒾 + 4휂13

𝒾 −⋯ = 휂́0
𝒾,

4휂11
𝒾 − 16휂12

𝒾 + 24휂13
𝒾 +⋯ = 휂́1

𝒾,

16휂12
𝒾 − 96휂13

𝒾 +⋯ = 휂́2
𝒾 ,

64휂13
𝒾 −⋯ = 휂́3

𝒾 ,
⋮ }

 
 

 
 

 (7.26) 

ℱ̃(𝜒) = 𝛾1 + 𝜒 + 3(
𝒮𝓆

2
− 𝛾1 −

2

3
) 𝜒2 + (2𝛾1 + 1 − 𝒮𝓆)𝜒

3  

             +∑ 휂́𝑗
1𝒩−4

𝑗=1 (𝜒𝑗+3 + 𝑗𝜒2 − (𝑗 + 1)𝜒3), 
(7.27) 

�̃�(𝜒) = ∑ 휂́𝑗
2(𝜒𝑗 − 1)𝜒𝒩−2

𝑗=1 , (7.28) 

Θ̃(𝜒) = 1 − 𝜒 + ∑ 휂́𝑗
3(𝜒𝑗 − 1)𝜒𝒩−2

𝑗=1 . (7.29) 
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ℱ̆(𝜒) ≅ ℱ̃(𝜒) = 0.07317377𝜒6 + 0.0449209733𝜒5 − 0.6031756𝜒4  

                           +1.8788933𝜒3 − 2.4438124𝜒2 + 0.999999𝜒 + 0.29999, 
(7.30) 

�̆�(𝜒) ≅ �̃�(𝜒) = −0.56084355𝜒6 + 2.260491135𝜒5 − 5.88541112𝜒4  

                           +8.7143105𝜒3 − 5.005677201𝜒2 + 0.47713026𝜒 

                           +5.6205041 × 10−16, 

(7.31) 

Θ̆(𝜒) ≅ Θ̃(𝜒) = −1.60325898𝜒6 + 6.1986725𝜒5 − 10.7888399𝜒4  

                            +10.28946602𝜒3 − 5.314133435𝜒2 + 0.218093791𝜒 

                            +0.999999. 

(7.32) 

The above approximate solutions are obtained explicitly for (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) 

hybrid nanofluid, whose thermo-mechanical properties have been displayed in Table 7.3. 

The values for the other ingrained parameters are set as 

𝛾1 = 0.3, 𝒮𝓆 = 0.5, 𝜛0 = 5, 𝛦𝑐 = 0.1, 𝛦𝑐𝓍 = 0.1, 𝜑1 = 0.1, 𝜑2 = 0.01,  

 𝓀 = 1, 𝒩 = 7. 
(7.33) 

Comparability has been made between the results, obtained for (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) 

hybrid nanofluids, through MHWM and RKF and, are subsequently displayed in the Tables 

7.4-7.6. The ingrained parameters have similar values, as stated above. These tables 

successfully assured the credibility of the proposed method. 

Table 7.4: Comparison of the procured data for ℱ̆(𝜒) for (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.1). 

𝛘 𝐑𝐊𝐅 𝐌𝐇𝐖𝐌 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0.3 0.3 2.593641968e-011 

0.1 0.3774039047 0.37738097 2.293046022e-005 

0.2 0.416335455 0.41633263 2.827271419e-006 

0.3 0.4260281722 0.42606378 3.561081736e-005 



177 

0.4 0.4145222176 0.414557603 3.538503405e-005 

0.5 0.3887617932 0.3887572071 4.586071578e-006 

0.6 0.3548443935 0.3548039777 4.041579712e-005 

0.7 0.3183622629 0.3183285447 3.371814744e-005 

0.8 0.2847890381 0.284794461 5.422909814e-006 

0.9 0.2598728046 0.2598945602 2.175554662e-005 

1.0 0.25 0.25 4.161085365e-011 

 

Table 7.5: Comparison of the procured data for �̆�(𝜒) for (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.1). 

𝛘 𝐑𝐊𝐅 𝐌𝐇𝐖𝐌 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 0 5.620504062e-016 5.620504062e-016 

0.1 0.005802094264 0.005804067419 1.973155666e-006 

0.2 -0.04382408744 -0.04381574686 8.340585765e-006 

0.3 -0.1146903718 -0.1146731788 1.719292621e-005 

0.4 -0.1821413741 -0.1821566884 1.531427835e-005 

0.5 -0.2294710274 -0.2295263884 5.536096274e-005 

0.6 -0.2465663136 -0.2466147809 4.846736954e-005 

0.7 -0.2289378517 -0.2289313012 6.55048326e-006 

0.8 -0.1772168988 -0.1771706684 4.62303143e-005 

0.9 -0.0971404644 -0.0971250446 1.541980722e-005 

1.0 0 9.99850272e-011 9.99850272e-011 
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Table 7.6: Comparison of the procured data for Θ̆(𝜒) for (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2/𝐻2𝑂) hybrid nanofluid with (𝜑1 = 0.1). 

𝛘 𝐑𝐊𝐅 𝐌𝐇𝐖𝐌 𝐀𝐛𝐬𝐨𝐥𝐮𝐭𝐞 𝐄𝐫𝐫𝐨𝐫 

0.0 1 0.9999999999 8.646217076e-011 

0.1 0.9779520896 0.9779390102 1.307943899e-005 

0.2 0.8979059075 0.8979879717 8.206423352e-005 

0.3 0.7915314212 0.7914761059 5.531524871e-005 

0.4 0.6762802425 0.6762151485 6.509400443e-005 

0.5 0.560955134 0.5610518902 9.67562121e-005 

0.6 0.4490879412 0.4492663711 0.0001784299275 

0.7 0.3407844527 0.3408157287 3.127594595e-005 

0.8 0.2335742472 0.2334236991 0.0001505481632 

0.9 0.1225694428 0.1225157722 5.367065929e-005 

1.0 0 -2.631228568e-014 2.631228568e-014 

7.4 Interpretation of Results 

The impact of various ingrained parameters on the velocity and temperature profiles, for 

(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid is the core objective of this study. The length and 

diameter of the CNT’s, involved in the numerical computation, are 2.5𝜇𝑚 ≤ ℒ ≤ 70𝜇𝑚 

and 10𝑛𝑚 ≤ 𝒹 ≤ 40𝑛𝑚. The graphical overview of the flow has been accomplished, by 

assigning the appropriate numerical values to the embedded parameters, which indeed 

enabled us to analyze the important features of the fluid flow. Therefore, the upcoming 

figures have been designed, which depicts the variations in temperature and velocity 

profiles. 
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In the current scenario, the values of the length and diameter of CNTs were considered as 

ℒ = 2.5𝜇𝑚 and 𝒹 = 10𝑛𝑚, unless indicated otherwise. The impact of a squeezed number 

𝒮𝓆 on ℱ̆(𝜒) is specified in Figure 7.2a. The velocity component ℱ̆(𝜒) exhibit an increasing 

behaviour, adjacent to the upper wall, as 𝒮𝓆 increases, which shows the significance of the 

squeezing behaviour on the fluid flow. Figure 7.2b has been sketched, to check the 

influence of squeezing parameter 𝒮𝓆 on the axial velocity component ℱ̆′(𝜒). For 𝒮𝓆 < 0, 

i.e., the case when the upper wall moves along the positive �̆� −diection, in turn, creates a 

vacant region nearby the upper wall. The adjacent fluid is then move in the opposite 

direction, to fill this gap, and as a result, a drop in velocity has been perceived. Moreover, 

since the fluid has been continuously sucked from the stretching wall, which is placed at 

the lower side of the channel, therefore, a reversal flow has been observed at the central 

half of the channel. This phenomenon can also be observed for 𝒮𝓆 = 0. The case, when 

𝒮𝓆 > 0, i.e., the upper wall moves in the negative �̆� −diection, enforces a certain pressure 

on the adjacent fluid layers and hence, became a reason for an increment in the axial 

component of velocity. It is pertinent to note that the higher values of 𝒮𝓆, certainly, 

amortize the reversal behaviour of the flow. From Figure 7.2c, it has been noticed that the 

transverse component of velocity �̆�(𝜒) revealed the same behaviour as depicted in Figure 

7.2b. The increasing values of 𝒮𝓆, gradually enhances the transverse component of velocity 

�̆�(𝜒) and it seems to be dominant in the central half of the channel. Further, it has been 

noticed that the transverse velocity component possess higher values for 

(𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. Figure 7.2d depicts the behaviour of 

temperature distribution, due to the squeezing parameter 𝒮𝓆. One can observe a clear 

decline in the temperature, as the upper wall moves in the positive �̆� −direction (𝒮𝓆 < 0). 

On the other hand, when 𝒮𝓆 > 0, i.e., the downward motion of the upper wall, enforces a 

squeezing force on the adjacent fluid layers. This, in turn, gives rise to the fluid velocity, 

which subsequently augments the viscous dissipative effects within the fluid and therefore, 

significantly augments the fluid temperature. Moreover, it has been detected that the 

temperature of (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid remains on the lower side as 

compared to (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid.  
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7.2: Impact of some specific values of squeezing parameter (𝒮𝓆) on: (a) normal velocity component ℱ̆(𝜒), 

(b) axial velocity component ℱ̆′(𝜒), (c) transverse velocity component �̆�(𝜒) and (d) temperature profile Θ̆(𝜒). 

Figure 7.3 illustrates the velocity and temperature behaviours, under the action of suction 

parameter 𝛾1. The rising values of 𝛾1, significantly enhances the normal velocity 

component ℱ̆(𝜒) and this phenomena seems to be more prominent, in the lower portion of 

the channel (see Figure 7.3a). Figure 7.3b reveal a decline in the axial component of 

velocity ℱ̆′(𝜒) with the augmented 𝛾1. Moreover, the larger suction values 𝛾1 supports the 

reversal flow behaviour, which is more prevailing in the region adjacent to the upper wall. 

In the region close to the lower wall, the reverse flow is caused by the adverse pressure 

gradient, which is mainly due to the suction of the fluid from the lower permeable wall. 

Further, a sharp drop in axial velocity ℱ̆′(𝜒) has been witnessed, for the case when 𝒮𝓆 <

0, as compared to 𝒮𝓆 > 0. 𝒮𝓆 < 0 corresponds to the scenario, when the surface, at the top, 

moves in the positive �̆� −diection, which, results in, a vicinity nearby the upper surface. 

The fluid is then move inwards to fill this space and hence, a steep reversal behaviour of 

the fluid has been observed, near the upper wall of the channel. Almost alike behaviour has 
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been perceived for the transverse velocity component �̆�(𝜒), which has been presented in 

Figure 7.3c. Figure 7.3d elucidate the temperature variations, with varying suction 

parameter 𝛾1. An upsurge in temperature has been noticed with the growing 𝛾1. Also, the 

temperature distribution seems to be sufficiently high in the region near the bottom plate 

when compared to the upper one. Suction, at the lower surface, perhaps be the reason 

behind this behaviour. It is also evident from this figure that the temperature boosts up in 

the middle portion of the channel. Further, when 𝒮𝓆 = −0.5, the fluid temperature display 

a significant increment, as compared to the case, when 𝒮𝓆 = 0.5. It has also been noted 

that the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid exhibit lower temperature profile, as 

compared to (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7.3: Impact of some specific values of the suction parameter (𝛾1) on: (a) normal velocity component ℱ̆(𝜒), 
(b) axial velocity component ℱ̆′(𝜒), (c) transverse velocity component �̆�(𝜒) and (d) temperature profile Θ̆(𝜒). 

Figure 7.4 has been painted to demonstrate the impact of nanoparticles volume fraction on 

the velocity and temperature profiles. From Figure 7.4a, one can witness an augmentation 
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in the normal velocity module ℱ̆(𝜒) with the growing values of nanoparticles volume 

fraction. The velocity component along 𝓍 −direction, (ℱ̆′(𝜒)), exhibit an increment in the 

vicinity, adjacent to the bottom permeable stretching wall of the channel, with increasing 

nanocomposites volume fraction, while, a reversed behaviour has been detected in the 

middle and the upper half of the channel (see Figure 7.4b). Also, the transverse velocity 

component �̆�(𝜒) reveals a decreasing behaviour with increasing nanoparticle volume 

fraction, which can be displayed in Figure 7.4c. It is evident from these pictures(7.4a, 7.4b, 

7.4c) that the normal, axial and transverse velocity components depict a higher velocity 

behaviour, for the case when 𝒮𝓆 > 0. Furthermore, the reversal flow phenomena has also 

been observed form Figures 7.4b and 7.4c. The inset pictures, from Figure 7.4a and 7.4b, 

reveals the fact that the (𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid exhibit a slightly higher 

velocity as compared to (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid and (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) 

nanofluid. The same behaviour, for (𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid, has been 

clearly noticed from Figure 7.4c. This perhaps be due to the lower density values of the 

MWCNT, which significantly affects the velocity components, in the case of 

(𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. Figure 7.4d portrays the consequences of 

nanoparticles volume fraction on the temperature profile. Over here, the behaviour is quite 

a surprising one. An evident rise in temperature has been detected for (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) 

nanofluid, with the increasing volume fraction, however, a drop in temperature has been 

perceived, for both (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) and (𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid 

nanofluid. The reason perhaps be the increment in heat transfer, which appears to be quite 

significant, in a hybrid nanofluid. It has been further observed that the temperature profile 

depict a remarkable advancement, for the case when 𝒮𝓆 = −0.5. Interestingly, the 

(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid offers a slightly lesser temperature values as 

compared to (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7.4: Impact of some specific values of nanoparticle volume fractions (𝜑1 and 𝜑2) on: (a) normal velocity 

component ℱ̆(𝜒), (b) axial velocity component ℱ̆′(𝜒), (c) transverse velocity component �̆�(𝜒) and (d) temperature 

profile Θ̆(𝜒). 

The next set of figures (7.5a-7.5d) provides a pictorial view of the impact of the rotation 

parameter 𝜛0 on the velocity and temperature profiles. Figure 7.5a portrays an interesting 

behaviour of the normal velocity component ℱ̆(𝜒). With the rising 𝜛0, the normal velocity 

component ℱ̆(𝜒) exhibit a continuous decline in the vicinage, nearby the lower wall and 

from the middle portion of the channel and onwards, an adverse trend has been perceived. 

It is also notable that the velocity possesses lower values, in the upper region of the channel 

as compared to the lower one. The deviations in the axial component of velocity ℱ̆′(𝜒), 

under the action of rotation parameter 𝜛0, has been presented in Figure 7.5b. The environs, 

nearby lower wall, i.e., 0 ≤ 𝜒 ≤ 0.3, exhibit a decelerated flow with the increasing 𝜛0 and 

the same behaviour of velocity has been witnessed, in the region adjacent to the wall at the 

top i.e., 0.8 ≤ 𝜒 ≤ 1.0. However, in the middle section of the channel (i.e., 0.28 ≤ 𝜒 ≤

0.81), the axial velocity ℱ̆′(𝜒) displays an increasing behaviour with the increasing 𝜛0. 
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The axial velocity ℱ̆′(𝜒) for (𝑆𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid remains on the 

higher side as compared to (𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid, in the central 

portion of the conduit. Figure 7.5c shows the variation in the transverse velocity component 

�̆�(𝜒), with the growing values of 𝜛0. A clear decrement in the transverse velocity 

component �̆�(𝜒) has been noticed, with the increasing values of 𝜛0. Also, the normal, axial 

and transverse components of velocity offer higher velocity values, for the case when 𝒮𝓆 =

0.5. Moreover, the (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid provides a drop in the transverse module of 

velocity as compared to the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. Figure 7.5d graphically 

narrates the deviation in temperature distribution, with the growing values of 𝜛0. The 

increasing values of 𝜛0, certainly augments the temperature distribution. The growing 

rotation of the channel and fluid, consequently, enhances the convection rate, which is the 

main reason behind this rising behaviour. The case, when the surface, at the top, moves in 

the negative �̆� −direction, i.e., 𝒮𝓆 = 0.5 delivers a low temperature profile as compared to 

the case when 𝒮𝓆 = −0.5. The fact behind this temperature difference is that when the 

upper wall moves in the opposite direction to the lower one (𝒮𝓆 = −0.5), the vicinity, 

between the walls, confines a large amount of heated fluid, which consequently, augments 

the fluid temperature. However, when the upper wall moves in negative �̆� −

 direction (𝒮𝓆 = 0.5), the amount of fluid certainly decreases between the parallel walls, 

and therefore, a decrement in temperature values is quite evident in this case. Furthermore, 

the (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid bears higher temperature values as compared to 

(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7.5: Impact of some specific values of the rotation parameter (𝜛0) on: (a) normal velocity component ℱ̆(𝜒), 
(b) axial velocity component ℱ̆′(𝜒), (c) transverse velocity component �̆�(𝜒) and (d) temperature profile Θ̆(𝜒). 

Figure 7.6 and 7.7, graphically, elucidate the consequences of the Eckert number (both 𝛦𝑐 

and 𝛦𝑐𝓍) on the temperature profiles. Both the figures depict a considerable augmentation 

in the temperature distribution, with the growing Eckert numbers. The increment in Eckert 

number reveals the dominance of viscous forces, inside the fluid, which consequently 

enhances the kinetic energy of the fluid and hence, an upsurge in temperature has been 

perceived. Furthermore, maximum temperature values have been detected, for the case 

when the wall at the top moves away from the lower one, i.e., 𝒮𝓆 = −0.5. It is notable that 

the temperature for (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid seems to be least affected as 

compared to the temperature for (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. 
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Figure 7.6: Impact of some specific values of Eckert 

number (𝛦𝑐) on Θ̆(𝜒). 

 

Figure 7.7: Impact of some specific values of modified 

Eckert number (𝛦𝑐𝓍) on Θ̆(𝜒). 

The next couple of figures (7.8 and 7.9), highlights the analysis of the skin friction 

coefficient, under the influence of various ingrained entities. Figure 7.8 has been sketched 

to study the effect of squeezing parameter 𝒮𝓆 and suction parameter 𝛾1 on the skin friction 

coefficient. It has been discerned that when the upper wall moves in the negative 

�̆� −diection, i.e., 𝒮𝓆 > 0, the skin friction coefficient display its dominancy at the surface, 

placed at the lower extremity of the channel, which possibly be due to higher resistant 

forces, while, an opposite behaviour has been recorded at the wall, located at the top of the 

channel. The instance, when the wall at the top moves in the upward direction, i.e., 𝒮𝓆 <

0, an increment in the coefficient of skin friction has been perceived, at the upper side of 

the conduit, with the increasing absolute values of 𝒮𝓆. However, a reversed phenomenon 

has been identified at the other end of the channel. Besides, at the bottom of the channel, 

the skin friction coefficient for (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid depict a marginally 

low behaviour then (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid, for the case, when 𝒮𝓆 > 0. As far as the suction 

parameter 𝛾1 is concerned, the increment in 𝛾1, clearly augments the coefficient of skin 

friction, at the top wall of the channel, while, at the other extremity of the channel, a 

declining behaviour has been visible. 
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Figure 7.8: Coefficient of skin friction drag for some specific values of the squeezing parameter (𝒮𝓆) and suction 

parameter (𝛾1). 

Figure 7.9 elaborates the consequences of nanoparticle volume fraction and rotation 

parameter 𝜛0 on the coefficient of skin friction. One can witness a decrement in the skin 

friction coefficient, with the increasing nanocomposite volume fraction at the bottom of 

the channel. Also, the coefficient of skin friction exhibit higher values, for the case, when 

the wall at the top moves toward the wall at the bottom, i.e., 𝒮𝓆 = 0.5 and this phenomena 

has been detected at the bottom end of the channel. On the upper extremity of the channel, 

the rising values of nanoparticles concentration certainly augment the skin friction 

coefficient. Moreover, the increment in the rotation parameter 𝜛0 displays a decline in the 

coefficient of skin friction, at the bottom plate of the conduit, while, the behaviour is quite 

the opposite at the upper side of the channel. It is notable that, in both the scenarios, when 

𝒮𝓆 = 0.5 and 𝒮𝓆 = −0.5, the (𝑀𝑊𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid possesses higher 

skin friction values, at the surface located at the upper side of the channel. 
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Figure 7.9: Coefficient of skin friction drag for some specific values of nanoparticle volume fractions (𝜑1 and 𝜑2) 
and rotation parameter (𝜛0). 

Figure 7.10-7.12 has been designed, to investigate the consequences of various embedded 

parameters on the local rate of heat transfer, i.e., Nusselt number. In this context, Figure 

7.10 demonstrates the deviations in local Nusselt number, with the varying values of the 

squeezing parameter 𝒮𝓆 and suction parameter 𝛾1. The instance, when 𝒮𝓆 > 0, the heat 

transfer rate reveals a declining behaviour at the upper wall of the channel, which may be 

due to lesser temperature values at that extremity; however, a rising behaviour has been 

achieved at the bottom wall of the channel. Also, when 𝒮𝓆 < 0, the growing absolute values 

of 𝒮𝓆 causes a decrement in the heat transport rate, at the bottom end of the conduit, while, 

the surface, placed at the top of the channel, it behaves oppositely. Furthermore, at the 

bottom surface, the local heat flux rate appeared to deteriorate, with the increasing suction 

parameter 𝛾1, however, a reversed phenomena has been recorded at the other end of the 

channel. It is further notable that the heat transfer rate for (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid 

nanofluid display its supremacy, at both walls of the channel. 
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Figure 7.10: Local rate of heat flux for some specific values of squeezing parameter (𝒮𝓆) and suction parameter 

(𝛾1). 

Figure 7.11 has been painted, to discuss the variations in the local rate of heat transfer, 

under the influence of nanoparticle volume fraction and the local Eckert number 𝛦𝑐. The 

rise in nanocomposite volume fraction causes augmentation in the local heat transfer rate, 

and this phenomenon is quite prominent, at both walls of the channel. The fact behind is 

that the inclusion of nanoparticles in the base fluid certainly enhances its thermal 

conductivity and consequently, the Nusselt number, which is the product of thermal 

conductivity and the temperature gradient, shows an increasing behaviour. Moreover, a 

downfall in the rate of heat transfer has been perceived, at the lower side of the channel, 

with the rising values of the Eckert number. The reason behind is that the increment of 

Eckert number is the dominance of viscous diffusion within the energy equation, which, in 

turn, ascertains the decaying behaviour of the local Nusselt number at the bottom wall of 

the channel. At the top wall, the increment in 𝛦𝑐 enhances the heat transfer rate. Also, at 

the bottom wall of the channel, the local heat transfer rate shows its proficiency in the case 

when the upper wall experiences a downward motion, i.e., 𝒮𝓆 = 0.5 and this behaviour 

seems to be reversed at the upper side of the channel. Furthermore, the heat transfer rate in 

the case of (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid significantly enhances, at both ends of 

the channel. 
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Figure 7.11: Local rate of heat flux for some specific values of nanoparticle volume fractions (𝜑1 and 𝜑2) and 

Eckert number (Ec). 

The consequences of the rotation parameter 𝜛0 and the modified Eckert number 𝛦𝑐𝓍 on 

the local rate of heat transfer has been displayed, in Figure 7.12. At the bottom surface of 

the channel, the local rate of heat transport can be decreased, with the increasing values of 

the rotation parameter 𝜛0. Since the increment in the rotation parameter 𝜛0 is due to the 

rise in Coriolis force as compared to viscous forces. Stronger Coriolis forces imply 

increment in rotation parameter 𝜛0, which give rise to the heat transfer rate at the wall 

placed at the top of the channel. Moreover, the modified Eckert number 𝛦𝑐𝓍 also, play a 

role in enhancing the heat transfer rate, at the upper side of the channel; however, a reversed 

relationship has been observed at the bottom wall of the channel. Further, the case, when 

𝒮𝓆 = −0.5, the local heat transfer depicts higher values, nearby the upper extremity of the 

channel, while, it remains on the inferior at the other end of the channel. It is worth 

mentioning that the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid display higher heat transferring 

rate as compared to (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid, at the both extremities of the channel. 
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Figure 7.12: Local rate of heat flux for some specific values of the rotation parameter (𝜛0) and modified Eckert 

number (𝛦𝑐𝓍). 

Tables 7.7-7.9 have been fabricated with the results procured through a Modified Hermite 

Wavelet Method (MHWM). Comparison with the previously published data, of Butt and 

Ali [94] and Khan et al. [95], have also been taken into account. It has been found that the 

results are in good agreement with each other. More precisely, Modified Hermite Wavelet 

Method (MHWM) exhibit less computational work as compared to the homotopy analysis 

method or some other techniques, like computational fluid dynamics (CFD) solvers. 

Although the CFD simulation offers some beneficial results for engineers, but yet, there 

are some limitations. The solvers generate computationally complex results that are hard 

to understand for the non-professionals. Besides, the significance of an appropriate choice 

of a model, especially for the turbulence, cannot be ignored, because an inappropriate 

choice of a turbulence model, lead us to physically unrealistic results. Instead, Modified 

Hermite Wavelet method (MHWM) involves the orthogonal polynomial basis functions 

that reduce the given problems to those of solving a system of algebraic equations, and 

thus, greatly simplifying the problem. Based on these facts, this method can be extended 

to the other physical problems of diversified nature. 
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Table 7.7: Assessment of procured results for ℱ̆′′(0), with the previously published data (𝜑1 = 𝜑2 = 0). 

𝜸𝟏 𝓢𝓺 𝝕𝟎 
�̆�′′(𝟎) 

𝐇𝐀𝐌 [94] 

�̆�′′(𝟎) 
𝐑𝐊𝐅 [94, 95] 

�̆�′′(𝟎) 
𝐌𝐇𝐖𝐌  

0.3 2.0 0.5 0.025724 0.025724 0.025724 

0.8   -3.369658 -3.369658 -3.369658 

1.2   -6.311701 -6.311701 -6.311701 

0.5 -1.01  -10.214133 -10.214133 -10.214133 

 0.0  -7.419696 -7.419696 -7.419696 

 1.0  -4.445146 -4.445146 -4.445146 

 2.0  -1.297045 -1.297045 -1.297045 

  1.0 -1.291472 -1.291472 -1.291472 

  5.0 -1.110254 -1.110254 -1.110254 

  10.0 -0.522086 -0.522086 -0.522086 

 

 

Table 7.8: Assessment of procured results for �̆�′(0), with the previously published data (𝜑1 = 𝜑2 = 0). 

𝜸𝟏 𝓢𝓺 𝝕𝟎 
�̆�′(𝟎) 

𝐇𝐀𝐌 [94] 

�̆�′(𝟎) 
𝐑𝐊𝐅 [94, 95] 

�̆�′(𝟎) 
𝐌𝐇𝐖𝐌  

0.3 2.0 0.5 0.372682 0.372682 0.372682 

0.8   0.172282 0.172282 0.172282 

1.2   -0.040879 -0.040879 -0.040879 

0.5 -1.01  -0.707731 -0.707731 -0.707731 

 0.0  -0.237555 -0.237555 -0.237555 

 1.0  0.075782 0.075782 0.075782 

 2.0  0.300313 0.300313 0.300313 

  1.0 0.600474 0.600474 0.600474 

  5.0 2.979537 2.979537 2.979537 

  10.0 5.844396 5.844396 5.844396 
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Table 7.9: Assessment of procured results for −Θ̆′(0), with the previously published data (𝜑1 = 𝜑2 = 0). 

𝜸𝟏 𝓢𝓺 𝝕𝟎 𝜠𝒄 𝜠𝒄�̆� 𝑷𝒓 
−�̆�′(𝟎) 
𝐇𝐀𝐌 [94] 

−�̆�′(𝟎) 
𝐑𝐊𝐅 [94] 

−�̆�′(𝟎) 
𝐌𝐇𝐖𝐌  

0.5 2.0 0.5 0.2 0.2 1.0 0.906244 0.906244 0.906244 

0.7      0.925122 0.925122 0.925122 

1.2      0.263867 0.263867 0.263867 

0.5 -1.0 0.5 0.2 0.2 1.0 3.138926 3.138926 3.138926 

 0.0     0.833320 0.833320 0.833320 

 1.0     0.500581 0.500581 0.500581 

0.5 2.0 1.0 0.2 0.2 1.0 0.899782 0.899782 0.899782 

  5.0    0.697004 0.697004 0.697004 

  10.0    0.105967 0.105967 0.105967 

0.5 2.0 0.5 0.0 0.2 1.0 1.110433 1.110433 1.110433 

   0.5   0.599962 0.599962 0.599962 

   1.0   0.089492 0.089492 0.089492 

0.5 2.0 0.5 0.2 0.0 1.0 1.018241 1.018241 1.018241 

    0.5  0.738249 0.738249 0.738249 

    1.0  0.458256 0.458256 0.458256 

0.5 2.0 0.5 0.2 0.2 2.0 0.805892 0.805892 0.805892 

     3.0 0.699222 0.699222 0.699222 

     5.0 0.468654 0.468654 0.468654 

7.5 Concluding remarks 

The objective of this chapter is to comprehensively discuss the consequences of various 

ingrained entities on the three-dimensional squeezing flow and heat transport 

characteristics of (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid which is confined inside a rotating 

channel. Among both walls, the lower one is permeable. The modified version of the 

Hermite wavelet method has been endorsed to tackle the nonlinear physical model 

associated with the present flow problem. 
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The major upshots are enlisted below: 

• The instance when 𝒮𝓆 > 0, the normal, axial and transverse velocity components 

expedite with the increasing values of squeezing parameter 𝒮𝓆. 

• The increment in the suction parameter 𝛾1 accelerate the flow in a normal direction; 

however, in the axial and transverse direction, the reversal flow has been perceived. 

• The normal velocity component ℱ̆(𝜒) certainly enhances with the increasing 

nanoparticle volume fraction. However, the axial and transverse velocity behaves 

differently. 

• Both the normal and axial velocity component exhibit dual behaviour with the 

increasing rotation parameter 𝜛0, while a transverse velocity component �̆�(𝜒) 

depicts declining behaviour. 

• The augmentation in temperature has been recorded with the increasing values of 

various embedded parameters like suction parameter 𝛾1, the rotation parameter 𝜛0 

and Eckert number (both 𝛦𝑐 and 𝛦𝑐𝓍). Further, the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid 

nanofluid offers minimum temperature value against the (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. 

• The dispersion of CNTs with different volume fractions in (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid 

contributes to reducing the temperature of the fluid. 

• The temperature profile depicts a remarkable advancement for 𝒮𝓆 < 0. 

• The increment in 𝒮𝓆 give rise to the skin friction coefficient at the bottom surface, 

while a reversed phenomenon has been perceived at the other wall of the channel. 

• The inclusion of nanoparticles enhances the skin friction coefficient at the wall 

located at the upper side of the channel, while a decrement has been noticed at the 

bottom wall.  

• The skin friction coefficient drops at the lower end of the channel with the 

increasing suction parameter 𝛾1 and rotation parameter 𝜛0. The 
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(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid slightly lessens the coefficient of skin 

friction at the lower extremity of the channel. 

• The Nusselt number seems to be dropping with the rising values of the suction 

parameter 𝛾1 and rotation parameter 𝜛0 at the lower end of the channel. 

• The nanoparticle volume concentration enhances the heat transfer rate at the upper 

surface. It is noteworthy that the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid, at both 

ends of the channel, displays higher heat transferring rate as compared to 

(𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid. 

• The error analysis endorsed that the modified version of the Hermite wavelet 

method is suitable for handling the nonlinear physical models and can be extended 

to the other physical problems of diversified nature. 

So far, the rheological and thermal characteristics of mono and hybrid nanofluids have 

been examined between the parallel plates of the finite domain (Chapters 2 to 7). However, 

still, there is a need to investigate these properties in the semi-infinite domains, especially 

over a curved stretching surface. 
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Chapter 8. Thermophysical Analysis of Mono 

and Hybrid Nanofluids Flow over a Curved 

Stretching Surface  
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8.1 Thermal Analysis of Nanofluid Flow over a Curved Stretching 

Surface Suspended by Carbon Nanotubes with Internal Heat 

Generation 

8.1.1 Overview 

In this section, the heat transfer in a radiative boundary layer flow, heat generation, of 

carbon nanotubes (CNTs) − based nanofluid over a curved stretching sheet has been 

examined. Shooting method followed by Runge–Kutta–Fehlberg scheme is employed to 

obtain a numerical solution to the problem. Consequently, a comprehensive graphical 

description (highlighting the impact of several entities on the velocity, pressure and 

temperature profiles) of the flow behaviour is presented. 

8.1.2 Mathematical Analysis 

We consider a laminar flow of an incompressible nanofluid over a curved stretching sheet 

at 𝑟∗ = ℛ∗ (see Figure 8.1). The flow is steady and two dimensional. The nanofluid under 

consideration is composed of CNT nanoparticles add to base fluid (water). Since we are 

dealing with a curved sheet that is being stretched in the opposite direction by two forces 

of the same magnitude, we use curvilinear coordinates (𝑟∗, 𝑠∗). The linear velocity by 

which the sheet is being stretched is taken to be �́� = �́�𝑠∗, where �́� is a positive constant. 

The temperature of the sheet is represented by 𝒯∗𝑤 (𝒯
∗
𝑤(𝑠

∗) = �́�(𝑠∗ ℓ⁄ ); where �́� is a 

constant). The free stream temperature is denoted by 𝒯∗∞.and it is assumed that 𝒯∗∞ <

𝒯∗𝑤. 

 
Figure 8.1: Geometrical illustration of the boundary layer flow problem. 
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In the context of the aforementioned coordinate scheme and the assumptions along with 

the boundary layer approximation, the equations representing the conservative balance for 

mass, momentum, and energy are given as follows: 

𝜕

𝜕𝑟∗
(Υ�́�) + ℛ∗

𝜕�́�

𝜕𝑠∗
= 0, (8.1) 

𝜕𝑝∗

𝜕𝑟∗
− �̀�𝑛𝑓

�́�2

Υ
= 0, (8.2) 
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= −
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1

Υ
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−

�́�
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}, (8.3) 
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ℛ∗�́�
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𝜕𝒯∗

𝜕𝑠∗
=

𝑘𝑛𝑓

(�̀�𝐶𝑝)𝑛𝑓
[
𝜕2𝒯∗

𝜕𝑟∗2
+

1

Υ

𝜕𝒯∗

𝜕𝑟∗
−

1

𝑘𝑛𝑓Υ

𝜕

𝜕𝑟∗
(Υ)�̃�𝑟∗ +

�́�

𝑘𝑛𝑓
(𝒯∗ − 𝒯∗∞)], (8.4) 

where Υ = 𝑟∗ + ℛ∗. In the above set of equations, the velocities along 𝑠∗ and 𝑟∗ are 

denoted by the symbols �́� and �́�, respectively. Moreover, 𝑝∗ represents the dimensional 

pressure, �̃�𝑟∗ describes the radiative heat flux and   𝒯∗ is the base fluid temperature. The 

term �́� arises due to heat generation, and it represents the volumetric rate of heat generation 

through a source. Furthermore, (�̀�𝐶𝑝)𝑛𝑓 denotes volumetric heat capacity of the nanofluid 

and 𝜇𝑛𝑓 is its dynamic viscosity. Effective density and the thermal conductivity of the 

nanofluid are respectively symbolized by  �̀�𝑛𝑓 ,  and 𝑘𝑛𝑓 [34, 150, 151]. The following 

Table 8.1 highlighted the thermo-mechanical characteristics of pure water (base fluid) and 

CNTs. 

Table 8.1: Thermo-mechanical features of pure water and carbon nanotubes [34, 150]. 

𝐓𝐢𝐭𝐥𝐞 𝐏𝐮𝐫𝐞 𝐰𝐚𝐭𝐞𝐫 𝐒𝐖𝐂𝐍𝐓𝐬 𝐌𝐖𝐂𝐍𝐓𝐬 

Specific Heat, 𝐶𝑝 (𝐽(𝑘𝑔𝐾)
−1) 4179 425 796 

Density, �̀� (𝑘𝑔(𝑚)−3) 997.1 2600 1600 

Thermal Conductivity, 𝑘 (𝑊(𝑚𝐾)−1) 0.613 6600 3000 

Table 8.2 display the mathematical expressions for the thermo-mechanical properties of 

CNTs based nanofluids. 
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Table 8.2: Thermo-mechanical relations for CNTs-based Nanofluids [34, 150, 151]. 

Title 𝐂𝐍𝐓𝐬 − 𝐛𝐚𝐬𝐞𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density   
�̀�𝑛𝑓

�̀�𝑓
= [1 − (1 −

�̀�𝐶𝑁𝑇

�̀�𝑓
)Φ]  

Specific Heat 
(�̀�𝐶𝑝)𝑛𝑓

(�̀�𝐶𝑝)𝑓
= [1 − (1 −

(�̀�𝐶𝑝)𝐶𝑁𝑇
(�̀�𝐶𝑝)𝑓

)Φ]  

Dynamic Viscosity 𝜇𝑛𝑓 = 𝜇𝑓(1 − Φ)
−5 2⁄   

Thermal Conductivity 

(Xue′s Model) 

𝑘𝑛𝑓

𝑘𝑓
= (

(1−Φ)(𝑘𝐶𝑁𝑇−𝑘𝑓)+2Φ𝑘𝐶𝑁𝑇ln (
𝑘𝐶𝑁𝑇+𝑘𝑓

2𝑘𝑓
)

(1−Φ)(𝑘𝐶𝑁𝑇−𝑘𝑓)+2Φ𝑘𝑓ln (
𝑘𝐶𝑁𝑇+𝑘𝑓

2𝑘𝑓
)

)  

In the expressions mentioned above (Table 8.2), the base fluid viscosity is indicated by 𝜇𝑓, 

Φ represents the volume fraction of nanocomposites and 𝛼𝑛𝑓 is the thermal diffusivity. 

(�̀�𝑓 , �̀�𝐶𝑁𝑇) and (𝑘𝑓 , 𝑘𝐶𝑁𝑇)represents the densities and thermal conductivities of carrier 

fluid and carbon nanotubes, respectively. 

The associated boundary conditions are imposed as follows 

𝐴𝑡 𝑟∗ = 0, �́� = �́�𝑤 = �́�𝑠∗,    �́� = 0,    𝒯∗ = 𝒯∗𝑤,  

�́� → 0,   
𝜕�́�

𝜕𝑟∗
→ 0,    𝒯∗ → 𝒯∗∞   as   𝑟∗ → ∞ . (8.5) 

The radiative heat flux is defined by mean of Rosseland approximation [135], as 

�̃�𝑟∗ = −
16�́�𝒯∗

3

3𝑎𝑅

𝜕𝒯∗
4

𝜕𝑟∗
, (8.6) 

where Stefan-Boltzmann constant and Rosseland mean absorption coefficient are 

respectively symbolized by �́� and 𝑎𝑅. The small changes in temperature diffusion are 

assumed in such a way that we may expand the Taylor series expansion of 𝒯∗4 about 𝒯∗∞ 

and ignoring the terms of a higher-order implies 
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𝒯∗4 ≅ −(3𝒯∗∞
4 − 4𝒯∗∞

3 𝒯∗). (8.7) 

By using Eqs. (8.6) and (8.7) into Eq. (8.4), we get 

 �́�
𝜕𝒯∗

𝜕𝑟∗
+
ℛ∗�́�

Υ

𝜕𝒯∗

𝜕𝑠∗
=

𝑘𝑛𝑓

(�̀�𝐶𝑝)𝑛𝑓
(1 +

16�́�𝒯∗∞
3

3𝑎𝑅𝑘𝑓(𝑘𝑛𝑓 𝑘𝑓⁄ )
) [

𝜕2𝒯∗

𝜕𝑟∗2
+

1

Υ

𝜕𝒯∗

𝜕𝑟∗
] 

                               +
�́�

(�̀�𝐶𝑝)𝑛𝑓

(𝒯∗ − 𝒯∗∞). 

(8.8) 

Now by assuming 𝑅𝑑 = 16�́�𝒯∗∞
3 3𝑎𝑅𝑘𝑓⁄  as a radiation parameter, following Magyari and 

Pantokratoras [152], Eq. (8.8) becomes 

�́�
𝜕𝒯∗

𝜕𝑟∗
+
ℛ∗�́�

Υ

𝜕𝒯∗

𝜕𝑠∗
=

𝜐𝑓

Λ2

1

𝑃𝑟

𝑘𝑛𝑓

𝑘𝑓
(1 +

𝑅𝑑

(𝑘𝑛𝑓 𝑘𝑓⁄ )
) [

𝜕2𝒯∗

𝜕𝑟∗2
+

1

Υ

𝜕𝒯∗

𝜕𝑟∗
] +

�́�

(�̀�𝐶𝑝)𝑛𝑓

(𝒯∗ − 𝒯∗∞), (8.9) 

where Prandtl number is given as 𝑃𝑟 = 𝜐𝑓 𝛼𝑓⁄ . 

The dimensionless transformation variables for the simplification of flow equations are 

defined as 

�́� = �́�𝑠∗𝑓′(휁),      �́� = −
ℛ∗

Υ
√�́�𝜐𝑓𝑓(휁),    휁 = √

�́�

𝜐𝑓
𝑟∗,      �́� = 𝜌�́�2𝑠∗2𝑃(휁), 

 

𝒯∗ = 𝒯∗∞ +
�́�𝑠∗

ℓ
Θ(휁),    Θ(휁) =

𝒯∗−𝒯∗∞

𝒯∗𝑤−𝒯∗∞
 . (8.10) 

The substitution of the above equation implies the automatic satisfaction of the continuity 

Eq. (8.1), while Eqs. (8.2), (8.3) and (8.9) are given as  

𝜕𝑃

𝜕𝜁
=

𝑓′
2

𝜁+𝜅
, (8.11) 

2𝜅

𝜁+𝜅
𝑃 =

𝜐𝑛𝑓

𝜐𝑓
[𝑓′′′ +

𝑓′′

𝜁+𝜅
−

𝑓′

(𝜁+𝜅)2
] −

𝜅

𝜁+𝜅
𝑓′
2
+

𝜅

𝜁+𝜅
𝑓𝑓′′ +

𝜅

(𝜁+𝜅)2
𝑓𝑓′, (8.12) 
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(1 +
𝑅𝑑

(𝑘𝑛𝑓 𝑘𝑓⁄ )
) (Θ′′ +

Θ′

𝜁+𝜅
) −

𝑃𝑟

(𝑘𝑛𝑓 𝑘𝑓⁄ )
[Λ2

𝜅

𝜁+𝜅
(𝑓′Θ − 𝑓Θ′) − 𝜆Θ] = 0, (8.13) 

where the dimensionless radius of curvature and heat generation parameter is symbolized 

by 𝜅 = ℛ∗√�́� 𝜐𝑓⁄  and 𝜆 = �́� �́�(�̀�𝐶𝑝)𝑓⁄ , respectively. The classical energy equation can be 

recovered from Eq. (8.13) by ignoring the radiative (𝑅𝑑 = 0) and heat generation (𝜆 = 0) 

effects. Moreover, it is noteworthy that by taking 𝜅 → ∞ and in the absence of pressure 

gradient, Eq. (8.12) gets converted to the classical problem of flat stretching sheet as 

discussed by Crane [153], 

𝑓′′′ − 𝑓′
2
+ 𝑓𝑓′′ = 0. (8.14) 

The implementation of Eq. (8.10) reduces the boundary conditions to a dimensionless form 

as: 

𝑓(0) = 1,       𝑓′(0) = 1,     Θ(0) = 1,  

𝑓′(∞) = 0,     𝑓′′(∞) = 0,        Θ(∞) = 0. (8.15) 

We can eliminate 𝑃(휁) from Eqs. (8.11) and (8.12). Consequently  

𝑓𝑖𝑣 +
2𝑓′′′

𝜁+𝜅
−

𝑓′′

(𝜁+𝜅)2
+

𝑓′

(𝜁+𝜅)3
+ Λ1 [

𝜅

𝜁+𝜅
(𝑓𝑓′′′ − 𝑓′𝑓′′)

−
𝜅

(𝜁+𝜅)2
(𝑓′

2
− 𝑓𝑓′′) −

𝜅

(𝜁+𝜅)3
𝑓𝑓′

] = 0, (8.16) 

where 

Λ1 =
𝜐𝑓

𝜐𝑛𝑓
= (1 − Φ)5 2⁄ [1 − (1 −

�̀�𝐶𝑁𝑇

�̀�𝑓
)Φ] ,

Λ2 = [1 − (1 −
(�̀�𝐶𝑝)𝐶𝑁𝑇
(�̀�𝐶𝑝)𝑓

)Φ].                         
}
 
 

 
 

 (8.17) 

After obtaining 𝑓(휁), 𝑃(휁) can be easily determined from Eq. (8.12) as 
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𝑃(휁) =
𝜁+𝜅

2𝜅
[
1

Λ1
{𝑓′′′ +

𝑓′′

𝜁+𝜅
−

𝑓′

(𝜁+𝜅)2
} −

𝜅

𝜁+𝜅
𝑓′
2
+

𝜅

𝜁+𝜅
𝑓𝑓′′ +

𝜅

(𝜁+𝜅)2
𝑓𝑓′]. (8.18) 

The skin-friction coefficient 𝐶𝑓 and the local Nusselt number 𝑁𝑢𝑠∗ in the 𝑠∗ −direction is 

given by 

𝐶𝑓 =
(𝜏
𝑟∗𝑠∗́

)
𝑟∗=0

�̀�𝑓�́�𝑤
2 ,      𝑁𝑢𝑠∗ =

𝑠∗�̃�𝑤 𝑘𝑓⁄

(𝒯∗𝑤−𝒯∗∞)
, (8.19) 

where 𝜏𝑟∗𝑠∗ represents the wall shear stress while �̃�𝑤 symbolizes the wall heat flux in 

𝑠∗ −direction, which is specified as 

𝜏𝑟∗𝑠∗ = 𝜇𝑛𝑓 (
𝜕�́�

𝜕𝑟∗
−
�́�

Υ
)|
𝑟∗=0

,     �̃�𝑤 = −𝑘𝑛𝑓 (1 +
16�́�𝒯∗∞

3

3𝑎𝑅𝑘𝑓(𝑘𝑛𝑓 𝑘𝑓⁄ )
)
𝜕𝒯∗

𝜕𝑟∗
|
𝑟∗=0

 . (8.20) 

Using Eq. (8.10), (8.19) and (8.20) becomes 

𝑅𝑒𝑠∗
1 2⁄ 𝐶𝑓 =

1

(1−Φ)2.5
(𝑓′′(0) −

𝑓′(0)

𝜅
),  

𝑅𝑒𝑠∗
−1 2⁄ 𝑁𝑢𝑠∗ = −

𝑘𝑛𝑓

𝑘𝑓
(1 +

𝑅𝑑

(𝑘𝑛𝑓 𝑘𝑓⁄ )
)Θ′(0), (8.21) 

where local Reynold number symbolized by 𝑅𝑒𝑠∗ = �́�𝑠∗2 𝜐𝑓⁄ . 

8.1.3 Computational Methodology 

Shooting method followed by Runge–Kutta–Fehlberg scheme has been taken into account. 

Shooting method transforms the system into a combination of initial value problems and 

then, the solution is obtained via the Runge–Kutta–Fehlberg (RKF) method. A 

mathematical software Mathematica has been used to solve the present problem by 

assuming the step size ∆휁 = 0.001, and the convergence criteria are fixed at 10−6. 

8.1.4 Interpretation of Results 

The size and shape of nanocomposites matter a lot to enhance the thermal properties of the 

base fluid. Carbon nanotubes are long nanotube wires with distinctive size and shape and 

also possesses significant physical properties. They are supposed to be much better than 
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steel and Kevlar due to material’s exceptional tensile strength and stiffness. The length and 

diameter of CNT’s are usually assumed to be 0.1𝜇𝑚 ≤ L ≤ 70𝜇𝑚 and 10𝑛𝑚 ≤ d ≤

40𝑛𝑚. Table 8.1 displays the thermo-physical properties of the base fluid and the 

nanoparticles. These properties would mainly be dependent upon the length, diameter 

(inner and outer) and a number of the walls [154–157]. Thus, the flow and heat transfer 

characteristics of single and multi-walled carbon nanotubes over a curved stretching sheet 

have been investigated. The core objective of this section is to graphically demonstrate the 

impact of various entities like the dimensionless radius of curvature 𝜅, nanoparticle volume 

fraction Φ (ranging from 0 ≤ Φ ≤ 0.2), heat generation parameter 𝜆 and radiation 

parameter Rd on the velocity, temperature, and pressure profiles. The mass flow rate is 

assumed to be 0.02 kg 𝑠⁄ . Since water has been utilized as host fluid, therefore, a fixed 

value for Prandtl number (𝑃𝑟 = 6.2) has been opted. 

In order to visualize the effects of dimensionless curvature on the velocity, temperature 

and pressure profiles, Figure 8.2 (a and b) has been plotted. Figure 8.2 (a and b) depicts the 

graphical description of the velocity profile for both SWCNTs and MWCNTs based 

nanofluid under the influence of the dimensionless radius of curvature 𝜅. One can clearly 

notice an increase in the velocity as well as the momentum boundary layer thickness, with 

increasing dimensionless curvature (i.e. decreasing 𝜅). The fact is that as the fluid particles 

trace the curved path along the surface of the sheet, the curvature of the sheet, under the 

influence of centrifugal force, enhances the secondary flow of the fluid. This flow is 

relatively minor, which is then superimposed on the primary flow, which in the result 

enhances the fluid velocity. 

The effect of curvature seems to be small in the 𝑠∗–direction, while in the 𝑟∗ direction, the 

impact is quite prominent, which is mainly due to the centrifugal force acting towards the 

origin. Figure 8.2c also exhibits the role of the dimensionless radius of curvature κ on 

temperature profile Θ(휁). The increment of the dimensionless curvature augments the 

temperature of the fluid, i.e., the maximum amount of heat is transferred when the radius 

of curvature decreases. Figure 8.2d illustrates the influence of dimensionless curvature on 

the pressure profile. A decline in the dimensionless radius of curvature enhances the 

magnitude of pressure inside the boundary layer. However, far away from the boundary, 
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the pressure remains almost negligible. The reason behind is the behaviour of streamlines 

away from the sheet, which follows the same pattern of flow as in the case of the flat 

expanding sheet. Furthermore, it is pertinent to mention that the pressure variations, near 

and away from the surface, seems insignificant in the case of flat stretching sheet (i.e., 𝜅 =

1000). On the other hand, the pressure does not remain constant when the curvature is 

employed into the sheet, and therefore, a certain variation has been perceived especially 

inside the boundary layer. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 8.2: (a). 𝑓(휁), (b). 𝑓′(휁), (c). Θ(휁), (d). P(휁) for some values of 𝜅. 

Figure 8.3 has been placed to show the influence of nanoparticle volume fraction Φ on the 

velocity, temperature and pressure profiles. A specific rise in velocity has been observed 

when the nanoparticle volume fraction increases (see Figure 8.3a). Besides, it has been 

observed that the SWCNTs have a slightly lower velocity than MWCNTs, which is due to 

the higher density values for SWCNTs with which the resistance within the fluid increases 

and consequently the dimensionless horizontal velocity component, i.e., 𝑓′(휁) for 
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SWCNTs decreases. Figure 8.3b also shows the variations in temperature Θ(휁) with 

increasing Φ. The temperature of the fluid rises and consequently, the thermal boundary 

layer increases. Since the carbon nanotubes bear high thermal conductivity and low specific 

heat as compared to the base fluid, therefore, the inclusion of a sufficient amount of 

nanoparticles enhances the temperature of the fluid quite significantly. Moreover, the 

temperature for MWCNT- nanoparticles exhibits lower values as compared to SWCNT- 

nanoparticles. Figure 8.3c depicts the behaviour of pressure distribution for distinct values 

of solid volume fraction Φ. A decline has been noticed in the magnitude of pressure 

distribution with an increasing Φ. 

 

(a) 

 

(b) 

 

(c) 

Figure 8.3: (a). 𝑓′(휁), (b). Θ(휁), (c). P(휁) for some values of Φ. 

The results in Figure 8.4 highlighted the variations in temperature for increasing values of 

radiative factor 𝑅𝑑. As expected, because of radiation, nanofluid temperature raises quite 

significantly. The reason behind is the decline in mean absorption coefficient and as a 

result, the rate with which radiative heat transfers seems to be increasing at every point 
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distant from the sheet. It has also been observed that the temperature of SWCNTs- 

nanoparticles increase more than MWCNTs nanoparticles because of the less thermal 

conductivity of the MWCNTs nanoparticles. Figure 8.5 depicts the behaviour of heat 

generation parameter 𝜆 on the temperature profile. The increasing 𝜆 > 0 displays an 

upsurge in temperature together with the thickness of the thermal boundary layer, for both 

SWCNTs and MWCNTs nanoparticle. The heat generation parameter usually involves the 

heat generation coefficient, and thus, the increment of heat generation parameters leads to 

an augmentation in heat generation coefficient. This means that the temperature at the 

surface is higher than the free-stream temperature and therefore, by transferring the heat 

from the sheet to the fluid, the rise in the temperature is quite obvious. Moreover, the 

increment of heat absorption parameter 𝜆 < 0 implies a decline in temperature in the region 

adjacent to the wall for both SWCNTs and MWCNTs based nanofluid. 

 

Figure 8.4: Impact of particular values Rd on Θ(휁).  

 

Figure 8.5: Impact of particular values λ on Θ(휁). 

Figures 8.6 has been sketched to illustrate the influential behaviour of various involved 

entities on the skin friction coefficient. The increment in the nanoparticle volume fraction 

considerably enhances the magnitude of the skin friction coefficient, as seen in Figure 8.6a. 

The reason is the higher volume fraction of nanoparticles, in terms of composite carbon 

chains, which plays a prominent role within the fluid as well as on the surface and as a 

result increases the surface friction in both directions. Furthermore, it has been observed 

that the SWCNTs remains on the higher side. The reason behind is the higher density value 

of SWCNTs as compared to MWCNTs. Therefore, the resistance within the fluid seems to 

be more significant in the case of SWCNTs and thus exhibits higher skin friction. Figure 

8.6b depicts the impact of the dimensionless radius of curvature 𝜅 on skin friction 
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coefficient for both SW- and MW- carbon nanotubes. A decline in skin friction coefficient 

has been observed with the increasing values of dimensionless radius of curvature 𝜅, which 

indicates that the increment in 𝜅 decrease the curvature of the surface and therefore, offers 

a less amount of resistance to the fluid particles which eventually decays the skin friction 

coefficient. 

 
(a) 

 
(b) 

Figure 8.6: Skin friction coefficient for some values of (a) Φ, (b) 𝜅. 

Figure 8.7 has been designed to illustrate the effects of various parameters like solid 

volume fraction Φ, heat generation parameter λ, radiation parameter Rd and dimensionless 

radius of curvature 𝜅 on the rate of heat transfer for both single-walled and multi-walled 

carbon nanotubes. From Figure 8.7a, one can observe an enhancement in the local heat flux 

rate with an increasing nanoparticle volume fraction Φ for both SW- and MW- carbon 

nanotubes. Nusselt number is usually a product of thermal conductivity ratio and 

temperature gradient. Since the temperature gradient experiences a decline due to the 

inclusion of nanoparticles and it is much smaller than the thermal conductivity ratio, which 

in result enhances the magnitude of Nusselt number. Furthermore, it has also been noticed 

from Figure 8.7a that the local heat flux experiences a decline with the increasing heat 

generation parameter 𝜆 > 0. Since the increment of heat generation parameter significantly 

raises the temperature of the fluid; therefore, the decrement in the rate of heat transfer is 

quite obvious. The impact of radiation parameter Rd on the magnitude of the local heat 

flux rate has been presented in Figure 8.7b. It has been noticed that the rate of heat flux is 

an increasing function of Rd. The increment of radiation parameter Rd drastically enhances 

the heat transfer coefficient, which, as a result, shows an increment in heat transfer rate. 

Moreover, Figure 8.7b also describes the effect of the dimensionless radius of curvature 𝜅 
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on the rate of heat flux. The increment in the magnitude of local Nusselt number has been 

perceived with an increasing dimensionless curvature (i.e. decreasing 𝜅). Since the 

temperature of the fluid rises with an increasing dimensionless curvature, therefore, the 

rate of heat flux seems to be significant with decreasing 𝜅. 

 
(a) 

 
(b) 

Figure 8.7: Heat flux rate for some values of (a) λ, (b) 𝜅. 

Table 8.3 has been organized to see the variations in thermal and physical properties of 

base fluid with the dispersion of carbon nanotubes. It has been noticed that the inclusion 

of both types of carbon nanotubes significantly enhances the thermal conductivity of the 

base fluid. The density of the fluid also increases while the specific heat experiences an 

apparent decline. Tables 8.4 and 8.5 has been organized to discover the impact of various 

embedded parameters on local skin friction and local Nusselt number for both SW- and 

MW- carbon nanotubes. Table 8.4 illustrates the influence of both solid volume fraction Φ 

and dimensionless radius of curvature κ on the skin friction coefficient 𝐶𝑓. Also, 

comparison with the previously existing results of Abbas et al. [98] has been presented. It 

has been witnessed that the skin friction coefficient experiences a decline because of 

increasing dimensionless radius of curvature κ which indicates that the larger drag force 

has been required to drag the fluid over the curved stretching sheet. Table 8.5 provides the 

numerical values for the skin friction coefficient −𝑅𝑒𝑠∗
1 2⁄ 𝐶𝑓 and the magnitude of local 

Nusselt number  𝑅𝑒𝑠∗
−1 2⁄ 𝑁𝑢𝑠∗  for numerous values of solid volume fraction Φ and heat 

generation parameter 𝜆 under the assumption that the dimensionless radius of curvature 

𝜅 → ∞, i.e., 𝜅 = 1000 (for flat dilating sheet). It has been observed that the skin friction 

coefficient increases with increasing values of Φ and this has also be observed from Table 
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8.4. Moreover, less resistance has been offered by MWCNTs as compared to SWCNTs. 

Also, the magnitude of the local Nusselt number seems to be an increasing function of Φ 

for both SWCNTs and MWCNTs. The reason behind is the supremacy of CNTs over 

traditional base fluid, i.e., water, which is primarily due to the higher thermal conductivity 

and low specific heat. Thus, the ability to conduct heat significantly improves the rate of 

heat flux at the sheet. This proves the fact that the addition of carbon nanotubes certainly 

enhances the local heat flux. On the other hand, the local rate of heat flux experiences a 

decrement with the increasing values of 𝜆 for CNTs based nanofluid as well as traditional 

base fluid. Finally, to validate our results when the dimensionless radius of curvature 𝜅 →

∞, i.e., 𝜅 = 1000 (for flat dilating sheet), Table 8.6 has been prepared. An excellent 

agreement has been found between obtained results and previously published results of Ali 

[158], Ishak et al. [159] and Grubka and Bobba [160] in the absence of heat generation 

parameter 𝜆, Radiation parameter Rd, and carbon nanotubes Φ. 

Table 8.3: Variation in thermo-physical properties of CNTs based nanofluid. 

𝐓𝐢𝐭𝐥𝐞 𝚽 �̀� �̀�𝑪𝒑 × 𝟏𝟎
𝟔 𝒌 

SWCNT 0.0 997.1 4.1669 0.613 

 0.05 1077.25 4.0138 1.1673 

 0.10 1157.39 3.8607 1.7831 

 0.15 1237.54 3.7076 2.4712 

 0.20 1317.68 3.5545 3.2451 

MWCNT 0.0 997.1 4.1669 0.613 

 0.05 1027.25 4.0222 1.1164 

 0.10 1057.39 3.8776 1.6755 

 0.15 1087.54 3.7329 2.3002 

 0.20 1117.68 3.5882 3.0027 

 

 



210 

Table 8.4: Comparison of −𝑅𝑒𝑠∗
1 2⁄ 𝐶𝑓 between present results and previously existing results of Abbas et al. [98] for 

various values of Φ and 𝜅.  

𝚽 𝜿 Abbas et al. [98] SWCNT MWCNT 

0.0 5 1.15763 1.15763 1.15763 

 10 1.07349 1.07349 1.07349 

 20 1.03561 1.03561 1.03561 

 50 1.01405 1.01405 1.01405 

 100 1.00704 1.00704 1.00704 

 200 1.00356 1.00356 1.00356 

 1000 1.00079 1.00079 1.00079 

 ∞ 1.00000 1.00000 1.00000 

0.1 5  1.43781 1.38677 

 10  1.32577 1.27251 

 20  1.27579 1.22190 

0.2 5  1.80802 1.69810 

 10  1.65195 1.53544 

 20  1.58323 1.46471 

 

Table 8.5: Comparison of −𝑅𝑒𝑠∗
1 2⁄ 𝐶𝑓 and 𝑅𝑒𝑠∗

−1 2⁄ 𝑁𝑢𝑠∗  for numerous values of Φ and 𝜆 by setting 𝑅𝑑 = 0 and 𝜅 =

1000 fixed. 

𝐓𝐢𝐭𝐥𝐞 𝚽 
𝜆 = −0.3 𝜆 = 0.0 𝜆 = 0.3 

−𝐶𝑓 𝑁𝑢𝑠∗ 𝐶𝑓 𝑁𝑢𝑠∗ −𝐶𝑓 𝑁𝑢𝑠∗  

SWCNT 0.0 1.00001 3.19358 1.00001 2.87661 1.00001 2.51646 

 0.1 1.22906 5.06371 1.22906 4.43995 1.22906 3.66480 

 0.2 1.51945 6.42309 1.51945 5.47268 1.51945 4.01986 

MWCNT 0.0 1.00001 3.19358 1.00001 2.87661 1.00001 2.51646 

 0.1 1.17477 4.95614 1.17477 4.36549 1.17477 3.64727 

 0.2 1.39944 6.29734 1.39944 5.42743 1.39944 4.25578 
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Table 8.6: Comparison of −Θ′(0) between present results and previously existing results for different values of 𝑃𝑟 by 

setting 𝑅𝑑 = 𝜆 = Φ = 0 and 𝜅 → ∞.  

𝐏𝐫 Ali [158] Grubka and Bobba [160] Ishak et al. [159] 
Present 

Results 

0.72 0.8058 0.8086 0.8086 0.80884 

1 1.0000 1.0000 1.0000 1.00001 

3 1.9237 1.9144 1.9237 1.92368 

7   3.0723 3.07226 

10 3.7006 3.7207 3.7207 3.72068 

100  12.2940 12.2941 12.29407 

8.1.5 Concluding remarks 

This study discloses the characteristic features of the boundary layer flow of CNT (single-

walled and multi-walled carbon nanotubes) based nanofluid over time independent curved 

dilating sheet. Impact of different physical parameters have enabled us to draw the 

following conclusions: 

• Velocity distribution indicates a decreasing behaviour for both the dimensionless 

radius of curvature and nanoparticle volume fraction Φ. Also, in the case of multi-

walled carbon nanotubes, velocity dominates. 

• The temperature profile is higher for SWCNTs than MWCNTs when there is an 

increase in the volume fraction of nanoparticle Φ, heat generation parameter 𝜆, and 

radiation parameter 𝑅𝑑. 

• A decline is observed in the magnitude of pressure distribution inside the boundary 

layer as the dimensionless radius of curvature increases while a rise in nanoparticle 

volume fraction depicts a clear enhancement in it. 

• Higher values of solid volume fraction Φ and dimensionless radius of curvature 𝜅 

implies a reduction in skin friction coefficient for both SWCNTs and MWCNTs. 

However, the effect of SWCNTs dominates over MWCNTs. 
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• The scaler value of local Nusselt number seems to increase with increasing values 

of nanoparticle volume fraction Φ and heat generation parameter 𝜆. 

In Section 8.1, a detailed study related to boundary layer flow of CNT (single-walled and 

multi-walled carbon nanotubes) based mono nanofluid over time independent curved 

dilating sheet has been presented. However, the concept of hybrid nanofluid, by taking the 

nonlinear thermal radiation, magnetohydrodynamics, and first-order chemical reaction 

effects into account, needs to be explored over a curved dilating surface. For this purpose, 

the next section serves a great deal. 

8.2 Analysis of Nonlinear thermal radiation and chemical reaction 

effects on a (𝑪𝒖 − 𝑪𝒖𝑶)/𝑵𝒂𝑨𝒍𝒈 hybrid nanofluid flow past over a 

stretching curved surface 

8.2.1 Overview 

This section presents an analysis related to the flow and heat transport mechanism of the 

sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, over a stretchable curved 

surface. The whole analysis has been carried out with additional factors, such as nonlinear 

thermal radiation, magnetohydrodynamics, and chemical reaction effects. Heat, together 

with mass transport mechanisms, has also been analyzed in detail. The hybrid composition 

(𝐶𝑢 − 𝐶𝑢𝑂 𝑁𝑎𝐴𝑙𝑔⁄ ) has been achieved by scattering 𝐶𝑢 nanoparticles in already 

composed (𝐶𝑢𝑂 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid. So for the thermal conductivity, the Bruggeman 

model has been modified accordingly (i.e., Eqs. (1.50) and (1.52)). Moreover, the 

numerical results for the resulting system of differential equations have been developed by 

implementing a numerical recipe, the so-called Runge–Kutta–Fehlberg algorithm, 

accompanied by shooting technique. The graphical simulation, along with a detailed 

physical description, has also been provided, which significantly highlights the traits of 

various meaningful emerging entities on the involved distributions. The present 

investigations have great practical relevance, especially in the polymer and chemical 

industry, where the high-quality polymer sheets have been designed via rapid expansion 

processes. 
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8.2.2 Mathematical Analysis 

A time-independent, incompressible, laminar flow of sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based 

(𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, moving over a curved surface at �̂� = ℝ̂, has been under 

consideration (see Figure 8.8). The curved surface depicts a linear stretchable velocity 

(�̂� = �̂�1�̂� with �̂�1 > 0) in the horizontal (�̂�) direction, while a boundary layer has been 

established by the fluid in the radial (�̂�) direction. The curvy shaped of the surface can be 

determined via ℝ̂, the distance between the surface to the origin, and the curved surface 

become flat, for an infinitely large radius of curvature (ℝ̂). The constant magnetic field, 

with strength Β̂0, is also employed, which acts normal to the fluid flow, i.e., in the radial 

(�̂�) direction. By owing the assumption of small Reynolds number, all the impacts due to 

electric and induced magnetic fields are neglected. Furthermore, heat along with mass 

transport mechanisms are examined through nonlinear thermal radiation and chemical 

reaction, respectively. It is further pertinent to mention that the temperature, along with 

concentration, are simultaneously represented by �̂�𝑤 and ℂ̂𝑤, while �̂�∞ and ℂ̂∞ correspond 

to the temperature and concentration of free streamlines with the assumptions of �̂�∞  < �̂�𝑤 

and ℂ̂∞ < ℂ̂𝑤. 

 
Figure 8.8: Geometrical illustration of the boundary layer flow problem. 
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Under the assumptions above, the governing equations, including the continuity, 

momentum, temperature and concentration profiles, relevant to the current boundary layer 

flow situation, can be mathematically expressed as follows [100, 101] 

1

ℝ̂

𝜕

𝜕�̂�
(Λ�̂�) +

𝜕�̂�

𝜕�̂�
= 0, (8.22) 

1

�̂�𝒽𝑛𝑓

𝜕ℙ̂

𝜕�̂�
−
�̂�2

Λ
= 0, (8.23) 

1

�̂�𝒽𝓃𝒻

ℝ̂

Λ

𝜕ℙ̂

𝜕�̂�
+ (

𝜕�̂�

𝜕�̂�
�̂� +

ℝ̂

Λ

𝜕�̂�

𝜕�̂�
�̂� +

1

Λ
�̂��̂�) = �̂�𝒽𝓃𝒻 {

𝜕2�̂�

𝜕�̂�2
+

1

Λ

𝜕�̂�

𝜕�̂�
−

�̂�

Λ2
} −

�̂�𝒽𝓃𝒻

�̂�𝒽𝓃𝒻
Β̂0
2�̂�, (8.24) 

(�̂��̂�𝓅)𝒽𝓃𝒻
(
𝜕�̂�

𝜕�̂�
�̂� +

ℝ̂

Λ

𝜕�̂�

𝜕�̂�
�̂�) +

1

Λ

𝜕

𝜕�̂�
(Λ�̂��̂�) =

Κ̂𝒽𝓃𝒻

Λ
[(
𝜕�̂�

𝜕�̂�
+ Λ

𝜕2�̂�

𝜕�̂�2
)], (8.25) 

(
𝜕ℂ̂

𝜕�̂�
�̂� +

ℝ̂

Λ

𝜕ℂ̂

𝜕�̂�
�̂�) =

�̂�𝒽𝓃𝒻

Λ
[(
𝜕ℂ̂

𝜕�̂�
+ Λ

𝜕2ℂ̂

𝜕�̂�2
)] − �̂�0(ℂ̂ − ℂ̂∞), (8.26) 

where Λ = �̂� + ℝ̂. �̂� and �̂� simultaneously depict the horizontal (�̂�) and radial (�̂�) velocity 

components. ℙ̂ stands for the pressure term, while the temperature and concentration are 

represented by �̂� and ℂ̂, respectively. The radiative term is indicated by �̂��̂�, while 𝒸̂0 

illustrates the chemical reaction. Moreover, �̂�𝒽𝑛𝑓, �̂�𝒽𝓃𝒻 and �̂�𝒽𝓃𝒻 symbolize the density, 

electrical conductivity and kinematic viscosity for the hybrid nanofluid, respectively. The 

heat capacity, thermal conductivity, and thermal diffusivity, in the case of hybrid nanofluid, 

are denoted by(�̂��̂�𝓅)𝒽𝓃𝒻
, Κ̂𝒽𝓃𝒻 and �̂�𝒽𝓃𝒻 , respectively. Tables 8.7 and 8.8 exhibits the 

mathematical expressions for the thermo-mechanical properties of mono and hybrid 

nanofluids, respectively. 

Table 8.7: Thermo-mechanical relations for Mono Nanofluids [31, 32, 49, 114, 123, 125, 129, 130]. 

Title 𝐌𝐨𝐧𝐨 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̂�𝓃𝒻 = {�̂�𝒻 −Φ1(�̂�𝒻 − �̂�𝓈1)}  

Specific Heat (�̂��̂�𝓅)𝓃𝒻
= {(�̂��̂�𝓅)𝒻

−Φ1 ((�̂��̂�𝓅)𝒻
− (�̂��̂�𝓅)𝓈1

)}  

Mass Diffusivity �̂�𝓃𝒻 = (1 − Φ1)�̂�𝒻  
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Dynamic Viscosity �̂�𝓃𝒻 = �̂�𝒻(1 − Φ1)
−25 10⁄   

Electrical Conductivity �̂�𝓃𝒻 = �̂�𝒻
�̂�𝓈1(2Φ1+1)−2�̂�𝒻(Φ1−1)

�̂�𝒻(Φ1+2)−�̂�𝓈1(Φ1−1)
  

Thermal Conductivity 

(Maxwell′s Model) 
Κ̂𝓃𝒻 = Κ̂𝒻

Κ̂𝓈1(2Φ1+1)−2Κ̂𝒻(Φ1−1)

Κ̂𝒻(Φ1+2)−Κ̂𝓈1(Φ1−1)
  

Thermal Conductivity 

(Bruggeman′s Model) 

Κ̂𝓃𝒻 =
Κ̂𝒻

4
[(3Φ1 − 1) (

Κ̂𝓈1

Κ̂𝒻
) − (3Φ1 − 2) + (Δ1)

0.5]  

where, 

Δ1 = [
(3Φ1 − 1)

2 (
Κ̂𝓈1

Κ̂𝒻
)
2

+ (2 − 3Φ1)
2

+2(2 + 9Φ1 − 9Φ1
2) (

Κ̂𝓈1

Κ̂𝒻
)

]  

 

Table 8.8: Thermo-mechanical relations for Hybrid Nanofluids [44, 49, 112, 114]. 

Title 𝐇𝐲𝐛𝐫𝐢𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density �̂�𝒽𝓃𝒻 = �̂�𝓈2Φ2 + (1 − Φ2){�̂�𝒻 −Φ1(�̂�𝒻 − �̂�𝓈1)}  

Specific Heat 
(�̂��̂�𝓅)𝒽𝓃𝒻

= (�̂��̂�𝓅)𝓈2
Φ2 + (1 − Φ2) {(�̂��̂�𝓅)𝒻

−

Φ1 ((�̂��̂�𝓅)𝒻
− (�̂��̂�𝓅)𝓈1

)}  

Mass Diffusivity �̂�𝒽𝓃𝒻 = (1 − Φ2)�̂�𝓃𝒻  

Dynamic Viscosity �̂�𝒽𝓃𝒻 = �̂�𝓃𝒻(1 − Φ2)
−25 10⁄   

Electrical Conductivity �̂�𝒽𝓃𝒻 = �̂�𝒻
�̂�𝓈1(2Φ1+1)−2�̂�𝒻(Φ1−1) �̂�𝓃𝒻(Φ2+2)−�̂�𝓈2(Φ2−1)⁄

�̂�𝒻(Φ1+2)−�̂�𝓈1(Φ1−1) �̂�𝓈2(2Φ2+1)−2�̂�𝓃𝒻(Φ2−1)⁄
  

Thermal Conductivity 

(Maxwell′s Model) 
Κ̂𝒽𝓃𝒻 = Κ̂𝓃𝒻

Κ̂𝓈2(2Φ2+1)−2Κ̂𝓃𝒻(Φ2−1)

Κ̂𝓃𝒻(Φ2+2)−Κ̂𝓈2(Φ2−1)
  

Thermal Conductivity 

(Bruggeman′s Model) 

Κ̂𝒽𝓃𝒻 =
Κ̂𝓃𝒻

4
[(3Φ2 − 1) (

Κ̂𝓈2

Κ̂𝓃𝒻
) − (3Φ2 − 2) + (Δ2)

0.5]  

where, 

Δ2 = [
(3Φ2 − 1)

2 (
Κ̂𝓈2

Κ̂𝓃𝒻
)
2

+ (2 − 3Φ2)
2

+2(2 + 9Φ2 − 9Φ2
2) (

Κ̂𝓈2

Κ̂𝓃𝒻
)

]  
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In the expressions above (Tables 8.7 and 8.8), Φ1 and Φ2 simultaneously shows the 

volumetric fractions of 𝐶𝑢𝑂 and 𝐶𝑢 nanoadditives. The subscript 𝓈1 and 𝓈2 stands for 

𝐶𝑢𝑂 and 𝐶𝑢nanocomposites. Table 8.9 displays the thermophysical traits associated with 

the host fluid (sodium alginate) and the nano-additives (𝐶𝑢𝑂 and 𝐶𝑢). 

Table 8.9: Thermo-physical properties (electrical conductivity, thermal conductivity, heat capacity, and density) of the 

base fluid (Sodium alginate) and the nano-additives (𝐶𝑢𝑂 and 𝐶𝑢) [140, 143]. 

𝐏𝐡𝐲𝐬𝐢𝐜𝐚𝐥 

𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 

𝐁𝐚𝐬𝐞 𝐟𝐥𝐮𝐢𝐝 𝐍𝐚𝐧𝐨𝐚𝐝𝐝𝐢𝐭𝐢𝐯𝐞𝐬 

𝐍𝐚𝐀𝐥𝐠 (𝐟) 𝐂𝐮𝐎 𝐂𝐮 

Electrical Conductivity, �̂�(Ω−1𝔪−1) 2.6 × 10−4 2.7 × 10−8 5.96 × 107 

Thermal Conductivity, Κ̂ (𝑊𝐾−1𝔪−1) 0.6376 76.5 401 

Heat Capacity, �̂�𝓅 (𝐽 𝐾
−1𝑘𝑔−1) 4175 531.8 385 

Density, �̂� (𝑘𝑔 𝔪−3) 989 6320 8933 

The relevant boundary conditions are defined as [100, 101] 

�̂�|
�̂�=0

= �̂�𝑤(�̂�) = �̂�1�̂�,    �̂�|�̂�=0 = 0,    �̂�|�̂�=0 = �̂�𝑤,    ℂ̂|�̂�=0 = ℂ̂𝑤,  

�̂�|
�̂�→∞

→ 0,   
𝜕�̂�

𝜕�̂�
|
�̂�→∞

→ 0,    �̂�|
�̂�→∞

→ �̂�∞,    ℂ̂|�̂�→∞ → ℂ̂∞. (8.27) 

The terminology for radiative heat transport can be estimated via Rosseland approximation 

[135], which is given as follows 

�̂��̂� = −
4�̂�𝑐

3�̂�𝑐

𝜕�̂�4

𝜕�̂�
= −

16�̂�𝑐

3�̂�𝑐
(�̂�3

𝜕�̂�

𝜕�̂�
), (8.28) 

where, �̂�𝑐 signifies the Stefan-Boltzmann constant, while the coefficient for mean 

absorption is characterized by 𝛿𝑐. Therefore, by making use of Eq. (8.28), the energy 

equation (Eq. (8.25)) can be put into the following form 

(�̂��̂�𝓅)𝒽𝓃𝒻
(
𝜕�̂�

𝜕�̂�
�̂� +

ℝ̂

Λ

𝜕�̂�

𝜕�̂�
�̂�) +

1

Λ

𝜕

𝜕�̂�
(−

16�̂�

3�̂�
Λ (�̂�3

𝜕�̂�

𝜕�̂�
)) =

Κ̂𝒽𝓃𝒻

Λ
[(
𝜕�̂�

𝜕�̂�
+ Λ

𝜕2�̂�

𝜕�̂�2
)]. (8.29) 

Now, by considering the following similarity variables [100, 101] 
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�̂� = �̂�1�̂�ℱ̂
′(𝜍), �́� = −

ℝ̂

Λ
(�̂�𝒻�̂�1)

0.5
ℱ̂(𝜍), 𝜍 = �̂� (

�̂�1

�̂�𝒻
)
0.5

, ℙ̂ =
�̂�𝒽𝓃𝒻

(�̂�1�̂�)−4 2⁄
�̂�(𝜍), 

 

�̂� = �̂�∞ (1 − β̂(𝜍)(1 − �̂�𝓌)),        ℂ̂ = Θ̂(𝜍)ℂ̂𝑤 − (Θ̂(𝜍) − 1)ℂ̂∞. (8.30) 

The equation for mass conservation (Eq. (8.22)) is automatically verified, however, Eqs. 

(8.23), (8.24), (8.29) and (8.26) can be written in dimensionless form, as 

𝜕�̂�

𝜕𝜍
=

ℱ̂′
2

𝜍+𝜅1
, (8.31) 

2𝜅1

𝜍+𝜅1
�̂� =

�̂�𝒽𝓃𝒻

�̂�𝒻
[ℱ̂′′′ +

ℱ̂′′

𝜍+𝜅1
−

ℱ̂′

(𝜍+𝜅1)2
] −

𝜅1

𝜍+𝜅1
ℱ̂′

2
+

𝜅1

𝜍+𝜅1
ℱ̂ℱ̂′′ +

𝜅1

(𝜍+𝜅1)2
ℱ̂ℱ̂′ −

ℳ̂
�̂�𝒽𝓃𝒻

�̂�𝒻
ℱ̂′, 

(8.32) 

(
Κ̂𝒽𝓃𝒻

Κ̂𝒻
+ ℛ𝒹 (1 + β̂(�̂�𝓌 − 1))

3
) (β̂′′ +

β̂′

𝜍+𝜅1
) + 3ℛ𝒹 (1 + β̂(�̂�𝓌 −

1))
2

(�̂�𝓌 − 1)β̂′ + 𝒫𝓇 (Υ̂3
𝜅1

𝜍+𝜅1
ℱ̂β̂′) = 0, 

(8.33) 

(Θ̂′′ +
Θ̂′

𝜍+𝜅1
) +

𝒮𝒸

Υ̂4
(
𝜅1

𝜍+𝜅1
ℱ̂Θ̂′ − 𝛾1Θ̂) = 0, (8.34) 

The associated boundary conditions, after the implementation of Eq. (8.30), can be 

expressed by following dimensionless form 

ℱ̂(𝜍)|
𝜍=0

= 0,       ℱ̂′(𝜍)|
𝜍=0

= 1,     β̂(𝜍)|
𝜍=0

= 1,     Θ̂(𝜍)|
𝜍=0

= 1,  

ℱ̂′(𝜍)|
𝜍→∞

= 0,       ℱ̂′′(𝜍)|
𝜍→∞

= 0,     β̂(𝜍)|
𝜍→∞

= 0,     Θ̂(𝜍)|
𝜍→∞

= 0. (8.35) 

The dimensionless quantities, arising in the above set of equations ((8.31)-(8.34)), can be 

defined as 
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𝜅1 = ℝ̂ (
�̂�1

�̂�𝒻
)
0.5

,   ℳ̂ =
�̂�𝒻Β̂0

2

�̂�1�̂�𝒻
,     ℛ𝒹 =

16�̂�𝑐

3�̂�𝑐Κ̂𝒻
�̂�∞
3,    �̂�𝓌 =

�̂�𝑤

�̂�∞
,     𝛾1 =

�̂�0

�̂�1
, 

𝒮𝒸 =
�̂�𝒻

�̂�𝒻
,    𝒫𝓇 = (

Κ̂𝒻

(�̂��̂�𝓅)𝒻
�̂�𝒻
)

−1

. 

(8.36) 

where the dimensionless radius of curvature is denoted by 𝜅1. ℳ̂ represents the magnetic 

parameter, while the radiation and temperature ratio parameters are symbolized by ℛ𝒹 and 

�̂�𝓌, respectively. 𝛾1 signifies the chemical reaction parameter. The Schmidt and Prandtl 

numbers are characterized by 𝒮𝒸 and 𝒫𝓇, respectively. Also, 

Υ̂1 =
�̂�𝒻

�̂�𝒽𝓃𝒻
=

(1−Φ1)
25 10⁄

(1−Φ2)−25 10⁄ ,                                                                            

Υ̂2 =
�̂�𝒽𝓃𝒻

�̂�𝒻
= [Φ2

�̂�𝓈2

�̂�𝒻
+ (1 −Φ2) {1 + (

�̂�𝓈1

�̂�𝒻
− 1)Φ1}],                        

Υ̂3 =
(�̂��̂�𝓅)𝒽𝓃𝒻

(�̂��̂�𝓅)𝒻
= [Φ2

(�̂��̂�𝓅)𝓈2
(�̂��̂�𝓅)𝒻

+ (1 −Φ2) {1 + (
(�̂��̂�𝓅)𝓈1
(�̂��̂�𝓅)𝒻

− 1)Φ1}] ,

Υ̂4 =
�̂�𝒽𝓃𝒻

�̂�𝒻
=

(1−Φ1)

(1−Φ2)−1
.                                                                                  

}
 
 
 
 

 
 
 
 

   (8.37) 

By excluding the pressure term from Eqs. (8.31) and (8.32), we get 

ℱ̂𝑖𝑣 +
2ℱ̂′′′

𝜍+𝜅1
−

ℱ̂′′

(𝜍+𝜅1)2
+

Υ̂1

(Υ̂2)
−1 {

𝜅1

𝜍+𝜅1
(ℱ̂ℱ̂′′′ − ℱ̂′ℱ̂′′)

−
𝜅1

(𝜍+𝜅1)2
(ℱ̂′

2
− ℱ̂ℱ̂′′) −

𝜅1

(𝜍+𝜅1)3
ℱ̂ℱ̂′

} +

ℱ̂′

(𝜍+𝜅1)3
+ ℳ̂Υ̂1

�̂�𝒽𝓃𝒻

�̂�𝒻
(ℱ̂′′ +

ℱ̂′

𝜍+𝜅1
) = 0, 

(8.38) 

Afterwards, the pressure �̂�(𝜍) can be evaluated from Eq. (8.32), which is given as: 

�̂�(𝜍) =
𝜍+𝜅1

2𝜅1
[
1

Λ1
{ℱ̂′′′ +

ℱ̂′′

𝜍+𝜅1
−

ℱ̂′

(𝜍+𝜅1)2
} −

𝜅1

𝜍+𝜅1
ℱ̂′

2
+

𝜅1

𝜍+𝜅1
ℱ̂ℱ̂′′ +

𝜅1

(𝜍+𝜅1)2
ℱ̂ℱ̂′ − ℳ̂

�̂�𝒽𝓃𝒻

�̂�𝒻
ℱ̂′]. 

(8.39) 
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The quantities that can be practically useful in many engineering and industrial situations 

are surface drag coefficient (�̂�𝒻), the local Nusselt (𝒩𝑢�̂�), and Sherwood (𝒮𝒽�̂�) numbers. 

Their respective mathematical expressions are given as 

�̂�𝒻 =
�̂�𝓌
−2

�̂�𝒻
�̂��̂��̂�,      𝒩𝑢�̂� =

(Κ̂𝒻 �̂�⁄ )
−1

(�̂�𝓌−�̂�∞)
(�̂��̂� + �̂��̂�),     𝒮𝒽�̂� =

(�̂�𝒻 �̂�⁄ )
−1

(ℂ̂𝑤−ℂ̂∞)
�̂��̂�, (8.40) 

where the wall shear stress is symbolized by �̂��̂��̂�, while �̂��̂� and �̂��̂� represent the rate of 

heat and mass transports at the wall, respectively. They can be mathematically specified as 

�̂��̂��̂� = �̂�𝒽𝓃𝒻 (
𝜕�̂�

𝜕�̂�
−
�̂�

Λ
)|
�̂�=0

,   �̂��̂� = −Κ̂𝒽𝓃𝒻 (
𝜕�̂�

𝜕�̂�
)|
�̂�=0

,   �̂��̂� = −�̂�𝒽𝓃𝒻 (
𝜕ℂ̂

𝜕�̂�
)|
�̂�=0
 . (8.41) 

By making use of Eqs. (8.30) and (8.41) into Eq. (8.40), the respective dimensionless 

forms, for the surface drag coefficient (�̂�𝒻), the local Nusselt (𝒩𝑢�̂�)and Sherwood (𝒮𝒽�̂�) 

numbers, are 

𝑅𝑒�̂�
5 10⁄

�̂�𝒻 = (Υ̂1)
−1
(ℱ̂′′(𝜍) −

ℱ̂′(𝜍)

𝜅1
)|
𝜍=0
 . (8.42) 

𝑅𝑒�̂�
−5 10⁄

𝒩𝑢�̂� = −(
Κ̂𝒽𝓃𝒻

Κ̂𝒻
+ ℛ𝒹 (1 + β̂(𝜍)(�̂�𝓌 − 1))

3
) β̂′(𝜍)|

𝜍=0

, (8.43) 

𝑅𝑒�̂�
−5 10⁄

𝒮𝒽�̂� = −Υ̂4Θ̂
′(𝜍)|

𝜍=0
, (8.44) 

where, 𝑅𝑒�̂� = �̂�1�̂�
2 �̂�𝒻⁄  expresses the local Reynolds number. 

8.2.3 Computational Methodology 

The numerical recipe, comprising shooting method along with Runge–Kutta–Fehlberg 

(RKF) technique has been chosen to evaluate the set of nonlinear differential equations 

(Eqs. (8.38), (8.33), and (8.34)) together with the auxiliary conditions (Eq. (8.35)). At first, 

a shooting technique was employed, with which the system of nonlinear differential 

equations (Eqs. (8.38), (8.33), and (8.34)) undergoes a conversion procedure and, thus, a 

first-order initial value problem has been achieved. Afterwards, the Runge–Kutta–Fehlberg 
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(RKF) algorithm has been taken into account to solve the resulting initial value problem. 

The computational procedure has been performed via Mathematical software 

‘Mathematica’, by considering the step size ∆𝜍 = 0.005 and the convergence criteria is set, 

up to 10−6. 

8.2.4 Interpretation of Results 

This segment is designed to investigate the impact of several emerging entities on the 

velocity and pressure distributions. The temperature, together with concentration profiles, 

has also been considered. For the said purpose, the graphical simulations, along with the 

detailed description, have been presented. The graphical pictures were plotted for both 

𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid 

nanofluid. The main emphasis is to present the comparative study related to both types 

(mono and hybrid) of nanofluids. In the upcoming pictures, solid lines represent the 

outcomes of sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, while the 

results for 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid are presented via dashed lines.  

Figures 8.9-8.11 have been sketched for the velocity distribution, by considering the 

distinct values of emerging entities like the dimensionless radius of curvature 𝜅1, Magnetic 

parameter ℳ̂, and the volume fractions for both mono and hybrid nanofluids (Φ1 and Φ2), 

respectively. From Figure 8.9, a clear rise in the horizontal, as well as vertical components 

of velocity, have been witnessed, with the decreasing values of 𝜅1 (or increasing the 

dimensionless curvature). This rising behaviour is more prominent, in the case of the 

vertical velocity as compared to horizontal velocity. The physical reasoning behind this 

fact is the existence of the centrifugal force, which the fluid, over a curved stretching 

surface, may encounter while moving along the circular path. In actuality, the curvature of 

the surface is mainly responsible for the production of centrifugal force, corresponding to 

centripetal acceleration, whose direction is normal to the centre of curvature, in order to 

maintain the circular flow of the fluid. As a result of this centrifugal force, an additional 

disturbance has been produced; whose effects were then combined with the primary wave, 

which is caused by the surface expansion. Since, the direction of the centrifugal force is 

normal to the surface, therefore, a significant impact on the vertical velocity ℱ̂(𝜍) has been 

recorded. However, the horizontal velocity ℱ̂′(𝜍) experiences a small increment. In the 
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limiting case of infinitely large radius of curvature (i. e. , 𝜅1 → ∞), the curved surface 

turned out to be a flat surface and, consequently, the centrifugal force disappears. In this 

situation, the net effect on the flow is due to the primary flow caused by the stretched 

surface alone. Moreover, it has been observed that the sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based 

(𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid exhibits low velocity profiles along the �̂� and �̂� direction, 

when compared to the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid. 

 

(a) 

 

(b) 

Figure 8.9: Graphical illustration of (a) ℱ̂(𝜍); (b) ℱ̂′(𝜍), for copious values of dimensionless radius of curvature 𝜅1. 

The consequences of Magnetic parameter ℳ̂ on the normal, along with horizontal 

components of velocity, are presented in Figure 8.10 (a and b). A decline in the velocity 

fields (ℱ̂(𝜍) and  ℱ̂′(𝜍)) for both the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-

based hybrid (𝐶𝑢 − 𝐶𝑢𝑂) nanofluid has been perceived with the growing Magnetic 

parameter ℳ̂. The cause behind is the development of the Lorentz forces, due to the applied 

magnetic field, inside an electrically conducting fluid. These forces act like a resistive 

force, which in turn suppresses the bulk motion of the liquid and hence, the velocity 

together with the thickness of momentum boundary layer, of the fluid, exhibit a declining 

behaviour.  
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(a) 

 
(b) 

Figure 8.10: Graphical illustration of (a) ℱ̂(𝜍); (b) ℱ̂′(𝜍), for copious values of magnetic parameter ℳ̂. 

Figure 8.11 (a and b) has been designed to see the performance of nanoparticles volume 

fractions (Φ1 and Φ2) on the velocity profiles (ℱ̂(𝜍) and  ℱ̂′(𝜍)), respectively. Both the 

velocity modules, ℱ̂(𝜍) and  ℱ̂′(𝜍) show a declinatory mechanisms with the increasing 

values of volume fractions (Φ1 and Φ2), for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium 

alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid. In actuality, the augmentation in 

the nanocomposites volumetric factions is mainly responsible for the production of viscous 

effects within the fluid. These effects provide resistance for the further movement of the 

liquid and, hence, decreases the fluid velocity. This particular phenomenon has been 

detected for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) 

hybrid nanofluid. Moreover, it has been noticed that the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid has been 

least affected by the inclusion of nanocomposites volumetric fractions compared to the 

sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, which is due to the lower 

density values of the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid. 

 
(a) 

 
(b) 

Figure 8.11: Graphical illustration of (a) ℱ̂(𝜍); (b) ℱ̂′(𝜍), for copious values of nanoadditives volume fractions 

Φ1 and Φ2. 
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Figures 8.12-8.16 have been designed to visualize the impact of various meaningful 

emerging entities like the dimensionless radius of curvature 𝜅1, magnetic parameter ℳ̂, 

the volume fractions for both mono and hybrid nanofluids (Φ1 and Φ2), the temperature 

difference parameter �̂�𝓌 and Radiation parameter ℛ𝒹 on the temperature distribution β̂(𝜍). 

An upsurge in the temperature distribution β̂(𝜍), for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and 

sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, has been noticed with the 

decreasing values of 𝜅1 (see Figure 8.12). The main cause behind is the heat conduction 

process, which grows when the curvature is employed in the flat expanding surface. From 

Figure 8.13, one can see an increment in the temperature behaviour with the growing values 

of ℳ̂. The applied magnetic field develops Lorentz forces within the fluid, which behaves 

like a resistive force and, eventually, the friction effects have been recorded inside the fluid. 

These effects ultimately produce the heat and, consequently, intensification of the 

temperature profile has been achieved. Moreover, it is noteworthy that the (𝐶𝑢 − 𝐶𝑢𝑂)/

𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid exhibited a higher temperature profile compared to the 

𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid. 

 

Figure 8.12: Graphical illustration of β̂(𝜍), for copious 

values of dimensionless radius of curvature 𝜅1. 

 

Figure 8.13: Graphical illustration of β̂(𝜍), for copious 

values of magnetic parameter ℳ̂. 

The role of increasing nanocomposites volumetric fractions on the temperature profiles 

have been displayed in Figure 8.14. It has been noted that the inclusion of nano-sized 

structures, with variable volumetric fractions, contributes to the enhancement of the 

temperature of the fluid. The physical reasoning behind this fact is the intensification in 

the thermal conductive properties of the host fluid. Therefore, it is understood that the 

temperature gets its maximum values in the case of (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid, 
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which can be seen from Figure 8.14. Figure 8.15 portrays the impact of Radiation 

parameter ℛ𝒹 on the temperature profile. The increment in the radiation parameter 

significantly supports the augmentation in the temperature distribution. The actual reason 

is the drop in the mean absorption coefficient, which considerably improves the radiative 

effects inside the fluid and, consequently, boosts the temperature of the fluid. Besides, this 

phenomenon has been accomplished for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate 

(𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid. 

 

Figure 8.14: Graphical illustration of β̂(𝜍), for copious 

values of nanoadditives volume fractions Φ1 and Φ2. 

 

Figure 8.15: Graphical illustration of β̂(𝜍), for copious 

values of radiation parameter ℛ𝒹. 

The effectiveness of temperature difference parameter �̂�𝓌 on the temperature distribution, 

has been shown in Figure 8.16. A rise in temperature, for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and 

sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, has been chronicled with 

the growing values of �̂�𝓌. The augmentation in �̂�𝓌 greatly supports the improvement in 

temperature differences, and hence, an enhancement in temperature has been perceived. 

Also, the (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid reveals the maximum temperature values. 
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Figure 8.16: Graphical illustration of β̂(𝜍), for copious values of temperature difference parameter �̂�𝓌. 

Figures 8.17-8.21 show the graphical simulation for the concentration profile Θ̂(𝜍), by 

taking the effects of various embedded entities, like the dimensionless radius of curvature 

𝜅1, magnetic parameter ℳ̂, the volume fractions for both mono and hybrid nanofluids 

(Φ1 and Φ2), Schmidt number 𝒮𝒸, and the chemical reaction parameter 𝛾1, into 

consideration. It can be seen from Figure 8.17 that reduction in the concentration profile 

Θ̂(𝜍) occurs with the decreasing 𝜅1. A drop in the dimensionless radius of curvature 𝜅1 

supports the curvilinear nature of the surface. As the curviness of the surface increases, the 

kinematic viscosity decreases, so the density, along with the mass of the host fluid, 

experiences a decline and, hence, the concentration profile reduces. The increment in the 

magnetic parameter ℳ̂ significantly contribute to enhancing the concentration profile, for 

both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid 

nanofluid (see Figure 8.18). In fact, the implementation of magnetic field yields the Lorentz 

forces, which is responsible for the production of a significant amount of heat inside the 

fluid. In actuality, this slows down the process of heat and mass transfer from the wall and, 

hence, boosts the temperature, as well as the concentration profiles. Also, the inset pictures 

reveal the fact that the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid possesses maximum concentration values. 
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Figure 8.17: Graphical illustration of Θ̂(𝜍), for copious 

values of dimensionless radius of curvature 𝜅1. 

 

Figure 8.18: Graphical illustration of Θ̂(𝜍), for copious 

values of magnetic parameter ℳ̂. 

Figure 8.19 shows the impact of nanocomposites volumetric fraction on the concentration 

profile Θ̂(𝜍). It is notable that by increasing the volumetric fraction of nano-additives, the 

decrement in the solute concentration has been perceived. Also, the concentration profile 

possesses lower values for sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid. 

The impact of Schmidt number 𝒮𝒸 on the concentration profile, for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 

nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, has been 

depicted in Figure 8.20. The higher estimated values of Schmidt number 𝒮𝒸, considerably 

lessens the concentration of the species as 𝒮𝒸 indicates the ratio of viscous diffusion rate 

and the mass diffusion rate. Thus, for growing values of 𝒮𝒸, the rate of mass diffusion 

decays, and hence, the concentration field endures an inevitable decline. 

 

Figure 8.19: Graphical illustration of Θ̂(𝜍), for copious 

values of nanoadditives volume fractions Φ1 and Φ2. 

 

Figure 8.20: Graphical illustration of Θ̂(𝜍), for copious 

values of Schmidt number 𝒮𝒸. 
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Figure 8.21 demonstrates the impact of chemical reaction variable 𝛾1 on the concentration 

field Θ̂(𝜍). It is notable that the growing values of chemical reaction parameter 𝛾1 

significantly reduces the concentration profile Θ̂(𝜍). The physical explanation of this 

behaviour is that the increment in 𝛾1 implies the destructive chemical reaction at a higher 

rate, which, in turn, effectively dissolves or terminates the liquid species. Hence, decay in 

the concentration profile, for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-

based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, have been accomplished. 

 
Figure 8.21: Graphical illustration of Θ̂(𝜍), for copious values of chemical reaction parameter 𝛾1. 

Figures 8.22-8.24 show the behaviour of pressure profile under the impact of magnetic 

parameter ℳ̂, the dimensionless radius of curvature 𝜅1, the volume fractions for both mono 

and hybrid nanofluids (Φ1 and Φ2). Figure 8.22 demonstrates the impact of the 

dimensionless radius of curvature 𝜅1 on the pressure distribution. A drop in the 

dimensionless radius of curvature 𝜅1 means that the curviness of the surface increases, 

which significantly supports the growing absolute values of pressure and this phenomenon 

is quite prominent inside the boundary layer. However, the effectiveness of the pressure 

profile seems to be negligible as we move away from the curved surface. The physical 

aspect behind this behaviour is that as the distance from the surface increases, the 

streamlines, for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based 

(𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, act in the same way as they can be noticed in the case of 

the flat dilating surface. In the limiting case of infinitely large radius of curvature 

(i. e. , 𝜅1 → ∞), which corresponds to the flat stretching surface, a consistent behaviour of 

the pressure has been recorded not only inside, but also the outside of the boundary layer. 
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However, in the case of the stretchable curved surface, the effectiveness of pressure cannot 

be ignored, as it proves its dominance inside the boundary layer. Figure 8.23 provides the 

pictorial view of the pressure profile due to the varying value of ℳ̂. It is noteworthy that 

at the initial stage, the absolute values of the pressure distribution exhibits a declining 

behaviour, with the growing values of the magnetic parameter. However, reversed 

behaviour has been perceived after 𝜍 = 1. The same behaviour has been recorded for the 

varying values of dimensionless radius of curvature 𝜅1. As the curviness has been 

introduced in the surface, the pressure does not show a consistent behaviour inside and 

outside the boundary layer. Moreover, the inset pictures (from Figures 8.22 and 8.23) 

reveal the fact that in the case of 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid, the pressure distribution exhibits 

a dominating behaviour, outside the boundary layer, as compared to the sodium alginate 

(𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid. 

 

Figure 8.22: Graphical illustration of �̂�(𝜍), for copious 

values of dimensionless radius of curvature 𝜅1. 

 

Figure 8.23: Graphical illustration of �̂�(𝜍), for copious 

values of magnetic parameter ℳ̂. 

Figure 8.24 elucidates the impact of volumetric fraction of nano-sized structures 

(Φ1 and Φ2) on the pressure profile. The plot is designed for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid 

and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid. The increasing 

nanocomposites volumetric fraction (Φ1 and Φ2), successfully contributes to the growing 

absolute values for the pressure profile. Moreover, the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid presents 

lower absolute values of pressure profile, inside the boundary layer, when compared to the 

(𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔-hybrid nanofluid. 
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Figure 8.24: Graphical illustration of �̂�(𝜍), for copious values of nanoadditives volume fractions Φ1 and Φ2. 

Figures 8.25 and 8.26 are painted to visualize the consequences of various meaningful 

emerging variables, like the dimensionless radius of curvature 𝜅1, magnetic parameter ℳ̂ 

and the volume fractions for both mono and hybrid nanofluids (Φ1 and Φ2) on the 

coefficient of skin friction drag. It can be elucidated from Figure 8.25 that the coefficient 

for skin friction, for both 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid and sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based 

(𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid, experiences a decline, with the growing values of 𝜅1. This 

means that the surface drag force needs to be intensified, when the curviness have been 

employed in the flat stretching surface. On the contrary, the magnetic parameter ℳ̂ 

displays a reversed behaviour and the surface drag force exhibits an increment, with the 

growing values of ℳ̂. The inclusion of nanometer-sized structures, within the fluid, also 

displays an improvement in the surface drag force; this can be observed for both mono and 

hybrid nanofluids (see Figure 8.26). Moreover, it is evident from both Figures 8.25 and 

8.26 that the surface drag force, in the case of (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid, 

displays its dominancy, when compared to the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid. 
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Figure 8.25: Graphical illustration of surface drag 

coefficient, for copious values of magnetic parameter ℳ̂. 

 

Figure 8.26: Graphical illustration of surface drag 

coefficient, for copious values of nano-additives 

volume fractions Φ1 and Φ2. 

In order to assess the behaviour of the local rate of heat transfer, due to varying values of 

𝜅1, ℳ̂, Φ1 and Φ2, ℛ𝒹 and �̂�𝓌 Figures 8.27-8.29 have been painted. The rate with which 

heat transfers from the surface of the curved sheet, exhibits a declinatory behaviour, as the 

curviness of the surface tends to the flatness of the surface (see Figure 8.27), and this 

behaviour has been recorded for both mono and hybrid nanofluids. It means that the rate 

with which surface heat transmits seems to be quite prominent in the case of the curved 

expanding surface. Besides, from Figure 8.27, the heat transfer rate displays a similar 

declining behaviour with the increasing ℳ̂. Since the development of Lorentz forces, due 

to an externally applied magnetic field, generates the friction effects inside the fluid, which, 

in turn, raises the temperature of the fluid and hence, slows down the process of transferring 

the heat from the surface. The inclusion of nanometer-sized structures (Φ1 and Φ2), with 

different volume fractions, plays a vital role in enhancing the heat transfer rate, and it can 

be easily figured out from Figure 8.28. Physically, the addition of nanometer-sized particles 

enriches the thermal properties of the host fluid, and as a result, the improvement in the 

heat-conducting properties is quite obvious. Moreover, the heat flux rate shows its 

proficiency in the case of (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid, which is mainly due to 

the existence of higher thermal conducting values as compared to 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid. 
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Figure 8.27: Graphical illustration of heat transport rate, 

for copious values of magnetic parameter ℳ̂. 

 

Figure 8.28: Graphical illustration of heat transport rate, 

for copious values of nano-additives volume fraction 

Φ1 and Φ2. 

Figure 8.29 highlights the effects of radiative variable ℛ𝒹 and the temperature difference 

variable �̂�𝓌 on the local rate of heat flux, and the results are calculated by considering both 

mono and hybrid nanofluids. The figure provides evidence that the radiative variable ℛ𝒹 

plays a vital role in extensively transferring the heat from the system. Also, the temperature 

difference variable �̂�𝓌 supports the process of heat flux, and this behaviour has been 

observed, for both mono and hybrid nanofluids. Furthermore, the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid 

depicts a lower heat transfer rate as compared to (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid. 

 
Figure 8.29: Graphical illustration of heat transport rate, for copious values of temperature difference parameter �̂�𝓌. 

Figures 8.30-8.32 have been designed to see the impact of Magnetic parameter ℳ̂, the 

dimensionless radius of curvature 𝜅1, the volume fractions for both mono and hybrid 

nanofluids (Φ1 and Φ2), Schmidt number 𝒮𝒸, and the chemical reaction parameter 𝛾1, on 
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the local rate of mass transfer. A declinatory behaviour has been perceived for the local 

rate of heat transfer, with the growing values of dimensionless radius of curvature 𝜅1 (see 

Figure 8.30) and this behaviour has been noted for both mono and hybrid nanofluids. Thus, 

it can be concluded that the rate with which mass transfers exhibits its dominance in the 

case of the stretchable curved surface. The mass transferring rate behaves in a decreasing 

manner, with the increasing ℳ̂. The magnetic field is responsible for the development of 

the Lorentz forces, which can extensively heat-up the fluid. As a result, the temperature 

along with the concentration profiles increases and thus, the process of mass transfer 

decreases. The dispersion of nanometer-sized particles (Φ1 and Φ2), with variable volume 

fractions, can certainly take part in slowing down the mass transferring process, and this 

can be easily detected from Figure 8.31. Moreover, the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid illustrates 

an increment in the process of mass transfer, as compared to (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid 

nanofluid. 

 

Figure 8.30: Graphical illustration of mass transport rate, 

for copious values of magnetic parameter ℳ̂. 

 

Figure 8.31: Graphical illustration of mass transport 

rate, for copious values of nano-additives volume 

fractions Φ1 and Φ2. 

Figure 8.32 has been painted to assess the influence of Schmidt number 𝒮𝒸 and the 

chemical reaction parameter 𝛾1, on the local rate of mass transfer. It can be noticeable that 

the mass transferring process has been significantly improved, with the growing values of 

Schmidt number 𝒮𝒸. Almost a similar behaviour has been detected, with the growing 

values of chemical reaction variable 𝛾1. Moreover, the improvement in the mass transport 

rate has been recorded, for 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid as well as (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid 

nanofluid. 
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Figure 8.32: Graphical illustration of mass transport rate, for copious values of chemical reaction parameter 𝛾1. 

In order to validate the existence of numerical procedure, a comparison of the numerical 

results, for the surface drag coefficient (−𝑅𝑒�̂�
5 10⁄

�̂�𝒻), with the previously existing 

outcomes of [98], [161] and [162], has been presented in Table 8.10. A good match among 

the outcomes can be visible from the table for varying values of dimensionless radius of 

curvature 𝜅1 and magnetic parameter ℳ̂. 

Table 8.10: Assessment of the outcomes for the surface drag coefficient (−𝑅𝑒�̂�
5 10⁄

�̂�𝒻), by assuming Φ1 = Φ2 = 0.  

𝜿𝟏 �̂� Abbas et al. 

[98] 

Xu and Lee 

[161] 

Mabood and Das 

[162] 

Present results 

5 0.0 1.15763 - - 1.1576312 

10  1.07349 - - 1.0734886 

50  1.01405 - - 1.0140492 

100  1.00704 - - 1.0070384 

1000  1.00079 - - 1.0007993 

∞  1.00000 - - 1.0000000 

 1.0 - 1.41421 1.4142135 1.4142135 

 5.0 - 2.4494 2.4494897 2.4494897 

 10 - 3.3166 3.3166247 3.3166247 

 50 - 7.1414 7.1414284 7.1414284 

 100 - 10.0498 10.049875 10.049875 

 1000 - - 31.638584 31.638584 
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8.2.5 Concluding remarks 

The flow of (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid under the action of the externally 

applied magnetic field over a curved expanding surface has been investigated. By taking 

the effects of thermal radiation and the chemical reaction into consideration, the 

temperature along with concentration distribution has also been critically examined. 

Following are the major findings of this study: 

• Radial and horizontal velocity components boost with decreasing dimensionless 

radius of curvature 𝜅1, while a declinatory behaviour has been perceived via 

increasing magnetic parameter ℳ̂, and nano-additives volumetric fractions 

Φ1/Φ2. 

• The sodium alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐶𝑢 − 𝐶𝑢𝑂) hybrid nanofluid exhibit low-

velocity profiles along the �̂� and �̂� direction, when compared to the 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 

nanofluid. 

• Temperature elevation has been chronicled for the increasing values of 

dimensionless radius of curvature 𝜅1, magnetic parameter ℳ̂, nano-additives 

volumetric fractions Φ1/Φ2, radiation parameter ℛ𝒹 and the temperature 

difference parameter �̂�𝓌 and in all cases, the (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid 

reveals the maximum temperature values. 

• An improvement in the concentration profile has been noticed with increasing 

magnetic parameter ℳ̂, however, a reversed behaviour has been recorded for rising 

values of nano-additives volumetric fractions Φ1/Φ2, Schmidt number 𝒮𝒸 and 

chemical reaction parameter 𝛾1. 

• The surface drag force is higher for magnetic parameter ℳ̂, while it decays through 

increasing dimensionless radius of curvature 𝜅1 and nano-additives volumetric 

fractions Φ1/Φ2. 

• Elevation in nanoadditives volumetric fractions Φ1/Φ2, the temperature difference 

parameter �̂�𝓌 and radiation parameter ℛ𝒹 supports the higher transferring of heat. 
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However, an opposite behaviour has been noticed via increasing dimensionless 

radius of curvature 𝜅1 and magnetic parameter ℳ̂. 

• The heat flux rate shows its proficiency in the case of (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid 

nanofluid as compared to 𝐶𝑢𝑂/𝑁𝑎𝐴𝑙𝑔 nanofluid. 

• The Sherwood number for (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 hybrid nanofluid decays with a 

dimensionless radius of curvature 𝜅1, magnetic parameter ℳ̂, nano-additives 

volumetric fractions Φ1/Φ2, while it boosts via Schmidt number 𝒮𝒸 and chemical 

reaction parameter 𝛾1. 

Up till now, different studies comprising mono as well as hybrid nanofluids in various 

geometries like rectangular channel with one\both walls either exhibit embracing\parting 

motion (Chapter 2 and 3), rectangular channel with the wall (especially the lower one) is 

uni-directional or bi-directional stretchable (Chapter 4 and 5), between two Riga plates 

(Chapter 6), three-dimensional rotatory channel (Chapter 7) and curved stretching surface 

(Chapter 8), have been presented. By keeping all these studies in mind, we have presented 

(in Chapter 9) a study related to mono nanofluids inside a semi-permeable curved channel 

with lower wall stretchable. This particular geometry (with the condition that the lower 

wall is stretchable) has not been reported in the existing literature. 
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Chapter 9. Thermophysical Analysis of a 

Radiative Flow of a CNT-based Nanofluid 

inside a Semi-Permeable Curved Channel with 

a Lower Stretchable Wall 
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9.1 Overview 

The objective of this chapter is to investigate the impact of nonlinear thermal radiation on 

the CNTs-based nanofluid flowing inside a semi-permeable curved conduit, whose lower 

wall is linearly stretchable and heated. In order to maintain the temperature of the curved 

bottom surface, a coolant is injected from the upper permeable curved surface. The 

mathematical model, describing the current flow scenario, has been developed in terms of 

partial differential equations, by means of curvilinear coordinates. Further, by introducing 

the suitable transformation variables, the particular system of partial differential equations 

can be reduced into ordinary differential equations and then it can be numerically resolved 

by using the well-known shooting algorithm together with Runge-Kutta-Fehlberg 

algorithm. Moreover, the impact of numerous emerging entities on the velocity, pressure, 

and temperature distribution along with the skin friction and the heat flux rate has been 

illustrated through the graphs. This flow phenomenon can be found in many industrial and 

engineering processes such as the glass sheets, paper production, polymer sheets, and 

manufacturing of plastic, etc. 

9.2 Mathematical Analysis 

We consider a semi-permeable curved conduit of width �̆�, at �̆� = ℛ̆, through which an 

incompressible, two-dimensional, laminar and time-independent flow of a CNT-based 

nanofluid has been investigated (see Figure 9.1). The conduit is composed of two parallel 

curved walls, among which, the upper curved wall is fixed and permeable, while the lower 

one is solid, impermeable and heated. Further, the lower curved surface is being stretched 

in the �̆� direction with the linear velocity �̆� = �̆�1�̆�, where �̆�1 > 0. The temperature of the 

lower curved surface is assumed by Τ̆0, with the assumption Τ̆0  > Τ̆�̆� (temperature of the 

upper curved surface). In order to maintain the temperature of the curved bottom surface, 

a coolant is supposed to be injected from the upper permeable curved surface. Also, the 

viscous dissipative effects, together with different conduction fluxes, have been neglected. 
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Figure 9.1: Geometrical illustration of the curved channel. 

By keeping the above assumptions in mind, the governing flow equations, in the 

dimensional form, can be defined as 

𝜕�̆�

𝜕�̆�
+

1

ℛ̆

𝜕

𝜕�̆�
(Ῠ�̆�) = 0, (9.1) 

𝜕Ρ̆

𝜕�̆�
= �̆�𝓃𝒻

�̆�2

Ῠ
, (9.2) 

(�̆�
𝜕�̆�

𝜕�̆�
+
ℛ̆

Ῠ
�̆�
𝜕�̆�

𝜕�̆�
+

1

Ῠ
�̆��̆�) = −

1

�̆�𝓃𝒻

ℛ̆

Ῠ

𝜕Ρ̆

𝜕�̆�
+ 𝜈𝓃𝒻 {

𝜕2�̆�

𝜕�̆�2
+

1

Ῠ

𝜕�̆�

𝜕�̆�
−

1

Ῠ2
�̆�}, (9.3) 

(�̆��̆�𝓅)𝓃𝒻
(�̆�

𝜕Τ̆

𝜕�̆�
+
ℛ̆

Ῠ
�̆�
𝜕Τ̆

𝜕�̆�
) +

1

Ῠ

𝜕

𝜕�̆�
(Ῠ�̆��̆�) =

k̆𝓃𝒻

Ῠ
{(Ῠ

𝜕2Τ̆

𝜕�̆�2
+

𝜕Τ̆

𝜕�̆�
)}, (9.4) 

where, Ῠ = (ℛ̆ + �̆�). �̆� is the axial velocity constituent, while the radial velocity 

constituent is represented by �̆�. The pressure is indicated by Ρ̆, while Τ̆ signifies the fluid 

temperature. Moreover, �̆�𝓃𝒻 is the density, 𝜈𝓃𝒻 is the kinematic viscosity, (�̆��̆�𝓅)𝓃𝒻
 is the 

specific heat capacity and k̆𝓃𝒻 is the thermal diffusivity of the nanofluid. Table 9.1 display 

the mathematical expressions for the thermo-mechanical properties of CNTs based 

nanofluids. 
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Table 9.1: Thermo-mechanical relations for CNTs-based Nanofluids [34, 150, 151]. 

Title 𝐂𝐍𝐓𝐬 − 𝐛𝐚𝐬𝐞𝐝 𝐍𝐚𝐧𝐨𝐟𝐥𝐮𝐢𝐝 

Density  
�̆�𝓃𝒻

�̆�𝒻
= {1 − (1 −

�̆�𝐶𝑁𝑇

�̆�𝒻
)ϕ}  

Specific Heat 
(�̆��̆�𝓅)𝓃𝒻

(�̆��̆�𝓅)𝒻
= {1 − (1 −

(�̆��̆�𝓅)𝐶𝑁𝑇
(�̆��̆�𝓅)𝒻

)ϕ}  

Dynamic Viscosity 
�̆�𝓃𝒻

�̆�𝒻
= (1 − ϕ)−5 2⁄   

Thermal Conductivity 
k̆𝓃𝒻

k̆𝒻
=

1−ϕ(1−2
k̆𝐶𝑁𝑇

(k̆𝐶𝑁𝑇−k̆𝒻)
ln (

k̆𝒻+k̆𝐶𝑁𝑇

2k̆𝒻
))

1−ϕ(1−2
k̆𝒻

(k̆𝐶𝑁𝑇−k̆𝒻)
ln (

k̆𝒻+k̆𝐶𝑁𝑇

2k̆𝒻
))

  

In the expressions mentioned above, ϕ illustrates the nanocomposites volume 

concentration. The viscosity, specific heat capacity, density and thermal diffusivity of host 

fluid is represented by 𝜇𝒻, (�̆��̆�𝓅)𝒻
, �̆�𝒻 and k̆𝒻, respectively. (�̆��̆�𝓅)𝐶𝑁𝑇

, �̆�𝐶𝑁𝑇 and k̆𝐶𝑁𝑇 

denotes the specific heat capacity, density and thermal diffusivity of carbon nanotubes, 

respectively. The thermo-mechanical features related to the host fluid (pure water) and 

carbon nanotubes are highlighted in Table 8.1. 

The supporting auxiliary conditions are defined as follows 

�̆� ↓�̆�=0= �̆�𝓌(�̆�) = �̆�1�̆�,    �̆� ↓�̆�=0= 0,    Τ̆ ↓�̆�=0= Τ̆0,  

�̆� ↓�̆�=�̆�= 0,    �̆� ↓�̆�=�̆�= −
ℛ̆

Ῠ
𝒱0
∗,    Τ̆ ↓�̆�=�̆�= Τ̆�̆�. (9.5) 

where, Τ̆0 is the temperature at the lower curved surface while the temperature of the upper 

curved surface is indicated by Τ̆�̆�. Further, the net temperature gradient has been 

accomplished with the assumption that Τ̆0  > Τ̆�̆�. Moreover, 𝒱0
∗ signifies the uniform 

injection velocity (𝒱0
∗ < 0) of the fluid at the upper curved surface. In Eq. (9.4), �̆��̆� 

symbolizes the radiative heat flux, which can be evaluated via Rosseland approximation 

[135] as 
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�̆��̆� = −
4�̆�0

3�̆�0

𝜕Τ̆4

𝜕�̆�
= −

16�̆�0

3�̆�0
(Τ̆3

𝜕Τ̆

𝜕�̆�
), (9.6) 

where the Stefan-Boltzmann constant is indicated by �̆�0 and 𝜖0̆ symbolizes the mean 

absorption coefficient. Thus, the energy equation (Eq. (9.4)) takes the following nonlinear 

form 

(�̆��̆�𝓅)𝓃𝒻
(�̆�

𝜕Τ̆

𝜕�̆�
+
ℛ̆

Ῠ
�̆�
𝜕Τ̆

𝜕�̆�
) +

1

Ῠ

𝜕

𝜕�̆�
(−

16�̆�0

3�̆�0
Ῠ (Τ̆3

𝜕Τ̆

𝜕�̆�
)) =

k̆𝓃𝒻

Ῠ
{(Ῠ

𝜕2Τ̆

𝜕�̆�2
+

𝜕Τ̆

𝜕�̆�
)}. (9.7) 

Now, we introduce the following dimensionless transformation variables 

�̆� = �̆�𝓌𝑓
′(𝜉) = �̆�1�̆�𝑓

′(𝜉),    �̆� = −
ℛ̆

Ῠ
(�̆�1�̆�)𝑓(𝜉),    𝜉 =

1

�̆�
�̆�,   

 Ρ̆ = �̆�𝓃𝒻(�̆�1�̆�)
2
�̆�(𝜉),      Τ̆ = Τ̆�̆� (1 − (1 − �̆�𝓌)Θ̆(𝜉)). 

(9.8) 

Using Eq. (9.8), the continuity equation (Eq. (9.1)) is automatically satisfied, while the 

Eqs. (9.2), (9.3) and (9.7) can take the following dimensionless forms 

𝜕𝒫

𝜕𝜉
=

1

𝜉+Κ
𝑓′
2
, (9.9) 

2Κ

𝜉+Κ
�̆� =

1

𝑅ℯ

�̆�𝓃𝒻

�̆�𝒻
[𝑓′′′ +

�̆�′′

𝜉+Κ
−

�̆�′

(𝜉+Κ)2
] +

Κ

𝜉+Κ
[𝑓 (𝑓′′ +

1

𝜉+Κ
𝑓′) − 𝑓′

2
], (9.10) 

(
k̆𝓃𝒻

k̆𝒻
+ 𝑅𝒹(1 − (1 − �̆�𝓌)Θ̆)

3
) (Θ̆′′ +

1

𝜉+Κ
Θ̆′) + 3𝑅𝒹(1 − (1 −

�̆�𝓌)Θ̆)
2
(�̆�𝓌 − 1)Θ̆′ + 𝑃𝓇𝑅ℯΛ̆3 (

Κ

𝜉+Κ
𝑓Θ̆′) = 0, (9.11) 

The relevant auxiliary conditions (Eq. (9.5)) can be written in the following dimensionless 

form 

𝑓(𝜉) ↓𝜉=0= 0,       𝑓
′(𝜉) ↓𝜉=0= 1,     Θ̆(𝜉) ↓𝜉=0= 1,  
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𝑓(𝜉) ↓𝜉=1= 𝒱0,      𝑓
′(𝜉) ↓𝜉=1= 0,    Θ̆(𝜉) ↓𝜉=1= 0. (9.12) 

In Eqs. (9.9)-(9.12), a number of dimensionless quantities have been appeared, which are 

given as follows 

𝑅ℯ =
�̆�1�̆�

2

�̆�𝒻
,    Κ =

1

�̆�
ℛ̆,   𝑅𝒹 =

16�̆�0

3�̆�0k̆𝒻
Τ̆�̆�
3,    �̆�𝓌 =

Τ̆0

Τ̆�̆�
, 𝑃𝓇 = (

�̆�𝒻(�̆�𝓅)𝒻

k̆𝒻
). (9.13) 

where 𝑅ℯ indicates the Reynolds number, Κ denotes the dimensionless radius of curvature. 

�̆�𝓌 and ℛ𝒹 shows the temperature ratio and radiation parameters, respectively. The Prandtl 

number is symbolized by 𝑃𝓇. 

On eliminating the pressure term �̆�(𝜉) from Eqs. (9.9) and (9.10), we finally obtain  

𝑓𝑖𝑣 +
2�̆�′′′

𝜉+Κ
−

�̆�′′

(𝜉+Κ)2
+

�̆�′

(𝜉+Κ)3
−

𝑅ℯ
Κ

𝜉+Κ
Λ̆2Λ̆1 {

(𝑓′′𝑓′ − 𝑓′′′𝑓)

−
1

(𝜉+Κ)
(𝑓′′𝑓 − 𝑓′

2
) +

1

(𝜉+Κ)2
𝑓′𝑓

} = 0, 

(9.14) 

Later on, the pressure �̆�(𝜉) can be determined via Eq. (9.10) as 

�̆�(𝜉) =
𝜉+Κ

2Κ
[
�̆�𝓃𝒻

�̆�𝒻

1

𝑅ℯ
{𝑓′′′ +

�̆�′′

𝜉+Κ
−

�̆�′

(𝜉+Κ)2
} −

Κ

𝜉+Κ
𝑓′
2
+

Κ

𝜉+Κ
𝑓′′𝑓 +

Κ

(𝜉+Κ)2
𝑓′𝑓]. (9.15) 

In the above-mentioned equations (Eqs. (9.11) and (9.14)), Λ̆1, Λ̆2 and Λ̆3 are 

mathematically expressed as follows 

Λ̆1 =
�̆�𝒻

�̆�𝓃𝒻
= (1 − ϕ)25 10⁄ ,                         

Λ̆2 =
�̆�𝓃𝒻

�̆�𝒻
= {(1 −

�̆�𝑝

�̆�𝒻
)ϕ − 1},                  

Λ̆3 =
(�̆��̆�𝓅)𝓃𝒻

(�̆��̆�𝓅)𝒻
= {(1 −

(�̆��̆�𝓅)𝑝1

(�̆��̆�𝓅)𝒻
)ϕ − 1} .

}
 
 

 
 

  (9.16) 
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The dimensionless expressions, corresponding to the coefficient of skin friction (�̃�𝑓) and 

the local heat flux rate (𝒩𝑢�̆�), can be determined by the following relations: 

�̃�𝑓 =
�̆��̆�
−2

�̆�𝒻
�̆��̆��̆�,      𝒩𝑢�̆� =

1

(Τ̆0−Τ̆�̆�)
(k̆𝒻 �̆�⁄ )

−1
(�̆��̆� + �̆��̆�), (9.17) 

where, �̆��̆��̆� represents the surface shear stress. �̆��̆� denotes the rate of heat exchange at the 

wall. Mathematically 

�̆��̆��̆� = 𝜇𝓃𝒻 (
𝜕�̆�

𝜕�̆�
−
�̆�

Ῠ
) ↓

�̆�={
0
�̆�

,     �̆��̆� = −k̆𝓃𝒻 (
𝜕Τ̆

𝜕�̆�
) ↓

�̆�={
0
�̆�

 . (9.18) 

Using Eqs. (9.6) and (9.18) into Eqs. (9.17), the corresponding dimensionless forms for the 

skin friction coefficient and the local heat flux rate, at the bottom and upper curved 

surfaces, are given as follows 

𝒞𝑓 =
1

Λ̆1
(𝑓′′(𝜉) −

1

Κ
𝑓′(𝜉)) ↓ 

𝜉={0
1
 . (9.19) 

𝒩𝑢 = −(
k̆𝓃𝒻

k̆𝒻
+ ℛ𝒹 (1 + Θ̆(𝜉)(�̆�𝓌 − 1))

3
) Θ̆′(𝜉) ↓

𝜉={0
1
, 

(9.20) 

where the local Reynolds number is signified by 𝑅ℯ�̆� = �̆�1�̆�
2 𝜈𝒻⁄ . 

9.2.1 Limiting Case 

It is noteworthy that the results for a rectangular conduit with plane surfaces can be 

retrieved when Κ → ∞. So then the dimensionless form for the velocity along with 

temperature profiles take the following forms [73–76, 144]: 

𝑓𝑖𝑣 − 𝑅ℯΛ̆2Λ̆1(𝑓
′′𝑓′ − 𝑓′′′𝑓) = 0, (9.21) 

(
k̆𝓃𝒻

k̆𝒻
+ 𝑅𝒹(1 − (1 − �̆�𝓌)Θ̆)

3
) Θ̆′′ + 3𝑅𝒹(1 − (1 − �̆�𝓌)Θ̆)

2
(�̆�𝓌 − 1)Θ̆′ +

𝑃𝓇𝑅ℯΛ̆3𝑓Θ̆′ = 0, (9.22) 
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9.3 Computational Methodology 

The numerical procedure comprising shooting algorithm together with the Runge–Kutta–

Fehlberg method has been adopted, to determine the numerical solution of the nonlinear 

system of differential equations (Eqs. (9.11) and (9.14)) subject to the auxiliary conditions 

(9.12). In the beginning, the system of nonlinear differential equations (Eqs. (9.11) and 

(9.14)) can be converted into a first-order initial value problem through the shooting 

algorithm. Later on, the resulting initial value problem is then tackled by Runge–Kutta–

Fehlberg method. The mathematical software ‘Mathematica’ has been chosen to perform 

the computational steps. The step size is assumed to be ∆𝜉 = 0.005 and the convergence 

criteria is assumed to be 10−5. 

9.4 Interpretation of Results 

In this segment, the findings related to the influence of several meaningful entities on the 

components of the velocity profile (radial (𝑓(𝜉)) and axial (𝑓′(𝜉)) components) together 

with the temperature and pressure profiles have been investigated. Since the fluid, that we 

assumed, is a CNTs-based nanofluid. Therefore, the graphical images have been sketched 

by keeping both single-walled (SW-) and multi-walled (MW-) carbon nanotubes in mind. 

So, in all the upcoming images (Figures 9.2-9.12), the outcomes related to SWCNTs and 

MWCNTs are represented by solid and dashed lines, respectively. 

Figures 9.2a demonstrates the impact of nanoparticles volume fraction ϕ on the radial 

velocity constituents (𝑓(𝜉)). One can seen a decline in the radial velocity 𝑓(𝜉), with the 

rising ϕ. The fact behind is the augmentation in the viscous effects, which is primarily due 

to growing values of nanocomposite volume fraction ϕ. These effects resist the fluid 

motion and thus, reduces the fluid velocity. Moreover, this behaviour has been detected for 

both SW- and MW-CNTs. However, in the case of axial velocity constituent (𝑓′(𝜉)), very 

interesting phenomena have been detected (see Figure 9.2b). The axial velocity 𝑓′(𝜉) 

exhibit declining behaviour in the region near the lower curved wall. However, this 

behaviour seems to be reversed in the middle as well as in the upper portion of the curved 

channel. Moreover, from the inset image, one can notice that the SWCNTs displays the 

minimum axial velocity 𝑓′(𝜉), as compared to MWCNTs, in the upper portion of the 

conduit. The higher density values of SWCNTs is the main reason behind this behaviour, 
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which indeed opposes the fluid motion. Figure 9.2c depicts an upsurge in temperature with 

the increasing nanocomposite volume fraction ϕ. The physical reasoning behind is that the 

thermal conductivity of the host fluid can be improved by dispersing carbon nanotubes 

(bearing high thermal conductivity as compared to host fluid) within the host fluid. This, 

in turn, augments the fluid temperature. Moreover, the MWCNTs possesses minimum 

temperature values against the SWCNTs. The lower thermal diffusivity values might be 

the reason behind this phenomenon. The behaviour of the pressure profile, under the 

influence of different nanocomposite volume fraction, have been displayed in Figure 9.2d. 

One can notice an augmentation in the absolute values of pressure distribution with the 

growing nanocomposite volume fraction ϕ. It is noteworthy that the absolute values of the 

pressure distribution are slightly higher in the upper portion of the curved conduit. 

Furthermore, the MWCNTs exhibit higher magnitude of pressure distribution. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9.2. Graphical sketch of (a) 𝑓(𝜉); (b) 𝑓′(𝜉); (c) Θ̆(𝜉); (d) 𝒫(𝜉), against the varying points of ϕ. 

Figure 9.3a elaborates the impact of decreasing dimensionless radius of curvature (Κ) on 

the radial constituent of velocity 𝑓(𝜉). An accelerated flow, in the radial direction, has been 
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recorded as the Κ (dimensionless radius of curvature) decreases−the dimensionless 

curvature of the channel increases. The appearance of the centrifugal force is mainly a 

reason behind this fact, which the CNTs-based nanofluid had experienced as it moves along 

the circular path inside the curved channel. Actually, in response to the centripetal 

acceleration, the centrifugal force is mainly be caused by the curvature of the curved walls 

of the channel, whose direction is along the normal to the centre of curvature to preserve 

the circular motion of the nanofluid. Therefore, it has a significant impact on the radial 

velocity constituent 𝑓(𝜉) as compared to the axial velocity constituent 𝑓′(𝜉). The axial 

velocity 𝑓′(𝜉) exhibit an interesting phenomena (see Figure 9.3b). The axial velocity 𝑓′(𝜉) 

depicts an accelerated behaviour in the portion adjacent to the lower stretchable curved 

surface of the channel. However, this behaviour swaps from increasing to decreasing in the 

middle as well as in the upper area of the curved conduit. Moreover, through the inset 

image, it has been revealed that the MWCNTs displays the higher axial velocity 𝑓′(𝜉), in 

the upper portion of the curved conduit. In the limiting scenario, when the radius of 

curvature is infinitely large (i. e. , Κ → ∞), the curved walls of the channel turned out to be 

the flat surfaces of the rectangular channel, and thus, the centrifugal force diminishes, and 

the flow is just because of the lower stretchable flat surface. 

Figure 9.3c reveals the impact of Κ (dimensionless radius of curvature) on the temperature 

distribution. It is notable that the decrement in the dimensionless radius of curvature Κ 

(curvature of the curved conduit increases) considerably augments the nanofluid 

temperature. The physical reasoning behind is the heat-conducting mechanism, which can 

be significantly enhanced when the curvature is employed in the flat surfaces of the 

rectangular channels. The variations in the pressure profile, due to varying Κ 

(dimensionless radius of curvature), has been portrayed in Figure 9.3d. A decline in Κ 

appreciably contributes in enhancing the absolute values of pressure profile, and this 

behaviour is quite prominent in the region 0 < 𝜉 < 0.6, however, the opposite behaviour 

has been witnessed in the area nearby the upper permeable curved wall of the channel (i.e., 

𝜉 > 0.6). In the limiting scenario, when the radius of curvature is infinitely large (i. e. , Κ →

∞), corresponding to the flat surfaces of the rectangular channel, the pressure exhibits a 

consistent behaviour throughout the channel. However, in the case of the semi-permeable 
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curved channel, the pressure variations cannot be ignored, as it remains dominant in the 

region adjacent to the lower stretchable surface and the middle of the channel. Moreover, 

the pressure distribution for the MWCNTs exhibits a dominating behaviour as compared 

to the SWCNTs. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9.3. Graphical sketch of (a) 𝑓(𝜉); (b) 𝑓′(𝜉); (c) Θ̆(𝜉); (d) 𝒫(𝜉), against the varying points of Κ. 

Figure 9.4 depicts the impact of Reynolds number (𝑅ℯ) on the velocity along with 

temperature and pressure profiles. From Figure 9.4a, one can see a rise in the radial velocity 

constituents 𝑓(𝜉), for both SWCNTs and MWCNTs, with the growing values of Reynolds 

number 𝑅ℯ. On the other hand, the behaviour of the axial velocity constituent 𝑓′(𝜉) is quite 

interesting (see Figure 9.4b). It exhibits an increasing behaviour in the region 0 < 𝜉 < 0.4, 

however, its behaviour swaps from increasing to decreasing in the region 𝜉 > 0.4. The fact 

behind this behaviour is the increasing inertial effects, which is produced by stretching the 

curved bottom wall. Moreover, in the region 𝜉 > 0.4, the behaviour of the velocity 

constituent 𝑓′(𝜉) in the case of SWCNTs is slightly lower as compared to the MWCNTs. 

Figure 9.4c depicts the deviations in temperature distribution with the distinct values of the 
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Reynolds number (𝑅ℯ). A drop in temperature has been perceived with the increasing 𝑅ℯ. 

This is primarily due to lowering viscous effects which causes a nonlinear drop in 

temperature. Moreover, a slightly higher temperature has been recorded for SWCNTs 

against the MWCNTs. The impact of numerous values of Reynolds number (𝑅ℯ) on the 

pressure profile, has been portrayed in Figure 9.4d. A decrement in the magnitude of 

pressure has been observed with the growing values of Reynolds number (𝑅ℯ). 

Furthermore, the magnitude of pressure distribution depicts lower values in the case of 

SWCNTs. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9.4. Graphical sketch of (a) 𝑓(𝜉); (b) 𝑓′(𝜉); (c) Θ̆(𝜉); (d) 𝒫(𝜉), against the varying points of 𝑅ℯ. 

Figure 9.5a and 9.5b displays the consequences of injection parameter 𝒱0 on the radial 

(𝑓(𝜉)) as well as axial (𝑓′(𝜉)) velocity constituents, respectively. From Figure 9.5a, one 

can witness an augmentation in the radial (𝑓(𝜉)) component of velocity, for both SWCNTs 

and MWCNTs, with the growing values of injection parameter 𝒱0. These variations in the 

radial velocity 𝑓(𝜉) exhibit its dominancy in the vicinity nearby the upper curved wall, 
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however, these variations gradually decrease and eventually diminishes nearby the lower 

stretchable curved surface. The axial velocity constituent 𝑓′(𝜉) accelerated with the 

increasing values of the injection parameter 𝒱0 (see Figure 9.5b). When no fluid is being 

injected from the upper curved wall, i.e., 𝒱0 = 0, one can observe a certain backflow. This 

can be controlled by continuously injecting the fluid from the upper wall of the curved 

channel, which can be visible from Figure 9.5b, that by continuously increasing the 

injection parameter 𝒱0, the backflow eventually vanishes. Moreover, the effect of injecting 

process is to push away the fluid nearby the upper wall, so therefore the flow is more 

prominent in the vicinity close to the lower expanding curved surface. This flow behaviour 

has been recorded for both SWCNTs and MWCNTs. Figure 9.5c elucidates the deviations 

in the temperature profile due to varying values of injection parameter 𝒱0. It is evident 

form the figure that the temperature descents with the rising values of 𝒱0. This behaviour 

is expected as the fluid’s temperature is supposed to be dropped as the coolant is being 

injected from the upper curved wall. This phenomenon has been achieved for both 

SWCNTs and MWCNTs. The deviation in the pressure profile due to varying values of 

injection parameter 𝒱0 is plotted in Figure 9.5d. An augmentation in the absolute values of 

pressure has been seen with the increasing 𝒱0 (injection parameter). Moreover, the 

SWCNTs possesses lower pressure values when compared with MWCNTs. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9.5. Graphical sketch of (a) 𝑓(𝜉); (b) 𝑓′(𝜉); (c) Θ̆(𝜉); (d) 𝒫(𝜉), against the varying points of 𝒱0. 

The temperature patterns due to varying Radiation parameter 𝑅𝒹 has been portrayed in 

Figure 9.6. The rising values of Radiation parameter 𝑅𝒹 contributes in augmenting the 

fluid temperature. The fact behind is the decrement in the coefficient of mean absorption, 

which, in turn, enhances the radiative effects inside the fluid and subsequently, boosts the 

fluid temperature. Figure 9.7 presents the role of temperature difference parameter �̆�𝓌 on 

the temperature distribution. A significant augmentation in the temperature patterns have 

been reported with the rising values of �̆�𝓌. The increment in �̆�𝓌 actually means that the 

temperature difference at the both curved walls has been increased. Thus, the temperature 

of the fluid significantly boosts. Moreover, from both the figures (Figures 9.6 and 9.7), the 

maximum temperature values have been recorded, in the case of SWCNTs. 
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Figure 9.6: Graphical sketch of Θ̆(𝜉), against the 

varying points of 𝑅𝒹. 

 

Figure 9.7: Graphical sketch of Θ̆(𝜉), against the varying 

points of �̆�𝓌. 

Figures 9.8 and 9.9 have been plotted to see the variations in the coefficient of skin friction 

due to numerous embedded entities like Reynolds number 𝑅ℯ, solid volume fraction ϕ, 

injection variable 𝒱0, and dimensionless radius of curvature Κ. From Figure 9.8, it is 

notable that the increment in Κ (dimensionless radius of curvature) contributes in reducing 

the coefficient of skin friction drag, for both SW- and MW-CNTs and this behaviour has 

been detected both at the upper permeable and lower stretchable curved walls of the 

channel. Therefore, it is essential to have a sufficient amount of force in order to drag the 

fluid, in the case of the curved channel. Moreover, when the solid volume fraction ϕ varies 

along the curve-wise, an increment in the absolute values of coefficient of skin friction has 

been detected at both curved surfaces of the channel (See Figure 9.8). Furthermore, from 

Figure 9.8, it has been detected that the coefficient of skin friction displays its dominance 

in the case of MWCNTs. 
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Figure 9.8: Graphical sketch of Skin friction drag against the varying points of Κ. 

From Figure 9.9, one can observe the consequences of Reynolds number 𝑅ℯ on the 

coefficient of skin friction drag at both curved walls of the conduit. At the lower stretchable 

curved surface, the skin friction coefficient boosts with the growing values of Reynolds 

number 𝑅ℯ and the outcomes have been generated for both SW- and MW-CNTs. However, 

a reversed behaviour has been detected at the upper permeable curved surface of the 

channel. Moreover, when the injection parameter 𝒱0 varies curve-wise, an improvement in 

the coefficient of skin friction has been recorded at both curved surfaces of the channel. 

Furthermore, the magnitude of the skin friction coefficient depicts higher values in the case 

of MWCNTs as compared to SWCNTs. 
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Figure 9.9: Graphical sketch of Skin friction drag against the varying points of 𝑅ℯ. 

The investigation related to the heat transport mechanism due to varying values of several 

embedded entities like Reynolds number 𝑅ℯ, solid volume fraction ϕ, injection variable 

𝒱0, the dimensionless radius of curvature Κ, temperature difference parameter �̆�𝓌, and 

Radiation parameter 𝑅𝒹 have been demonstrated via Figures 9.10-9.12. It is evident from 

Figure 9.10 that the rate of heat flux displays a declining behaviour as the curviness of the 

lower stretchable curved wall increases (i.e., curved wall tends to become a flat surface) 

and this behaviour has been recorded for both SWCNTs and MWCNTs. Almost alike 

behaviour has been witnessed at the upper permeable curved wall of the conduit. Therefore, 

the heat transport mechanism exhibits its proficiency in the case of the curved surfaces. 

However, the heat transport rate at the upper curved wall, due to growing values of 

curvature, is slower as compared to the lower stretchable wall. The dispersion of nano-

meter sized materials, with variable volume fractions, contributes to enhancing the heat 

transport mechanism, at both curved surfaces of the channel, and this can be easily 

witnessed via Figure 9.10. Physically, the inclusion of nanocomposites can undoubtedly 

boost the thermal conductive properties of the base fluid. This, in turn, enhances the heat-

conducting features of the fluid. Moreover, the heat flux rate seems to be proficient for 

SWCNTs when compared to the MWCNTs. The higher thermal conductive value of 

SWCNTs is the main reason behind this increasing behaviour. 
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Figure 9.10: Graphical sketch of heat flux rate, against the varying points of Κ. 

Figure 9.11 highlights the impact of Reynolds number 𝑅ℯ and the injection parameter 𝒱0 

on the rate of heat flux and the final upshots have been displayed, for both SW- and MW-

CNTs, at both curved walls of the channel. As the Reynolds number 𝑅ℯ vary axis-wise, 

one can witnessed an increment in the heat exchange process, for both SWCNTs and 

MWCNTs, at the stretchable bottom curved surface of the conduit. However, the rate of 

heat flux decays exponentially, for both SWCNTs and MWCNTs, at the upper permeable 

curved wall. Moreover, as the injection parameter 𝒱0 varies curve-wise, an enhancement 

in the heat flux rate has been noticed at the lower curved surface; however, a downfall in 

the rate of heat transport has been perceived at the upper permeable curved wall. Further, 

the case when 𝒱0 = 0 (i.e., no injection from the upper wall), the process of heat exchange 

remains on the lower side against the case when the coolant is being injected from the upper 

wall (𝒱0 > 0), and this behaviour has been recorded at the lower stretchable curved wall. 

On the other hand, at the upper permeable curved wall, the heat diffusion process depicts 

a dominant behaviour in the case when 𝒱0 = 0 (i.e., no injection from the upper wall). 

Also, the MWCNTs demonstrates the lower heat diffusive process as compared to 

SWCNTs. 
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Figure 9.11: Graphical sketch of heat flux rate, against the varying points of 𝑅ℯ. 

Figure 9.12 has been painted to visualize the consequences of temperature difference 

parameter �̆�𝓌, and Radiation parameter 𝑅𝒹 on the heat flux rate. It is clear from the figure 

that the radiation parameter 𝑅𝒹 appreciably contribute in transferring the heat for both SW- 

and MW-CNTs. This mechanism has been recorded both at the bottom stretchable and 

upper permeable curved surfaces. Moreover, the increment in the temperature difference 

parameter �̆�𝓌 significantly supports the heat transport mechanism, for both SWCNTs and 

MWCNTs, and this behaviour has been detected at both curved walls of the channel. 

Furthermore, maximum heat will transfer in the case of SWCNTs. 
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Figure 9.12: Graphical sketch of heat flux rate, against the varying points of 𝑅𝒹. 

In the limiting scenario, when the radius of curvature is infinitely large (i. e. , Κ → ∞), the 

results for a rectangular conduit with plane surfaces can be retrieved. For this purpose, 

Tables 9.2 and 9.3 have been designed, which is fabricated with the results derived for the 

coefficient of skin friction and the heat transport mechanism, with the assumption that Κ →

∞. Moreover, for a comparison point of view, the numerical data (in the case of absence 

(ϕ = 0) as well as the presence of SWCNTs (ϕ ≠ 0)) derived by Hussain et al. [144] has 

also been presented. One can observe that the results for a rectangular conduit with plane 

surfaces have been recovered when Κ → ∞ and agrees very well with the actual outcomes 

of Hussain et al. [144].  

Table 9.2: Assessment of the outcomes for skin friction coefficient, against the data provided by Hussain et al. [144], 

by assuming Κ → ∞. 

𝛟 𝑹𝓮 𝓥𝟎 

𝓒𝒇,𝒍𝒐𝒘𝒆𝒓 𝓒𝒇,𝒖𝒑𝒑𝒆𝒓 

𝐑𝐊𝐅 [144] 
𝐏𝐫𝐞𝐬𝐞𝐧𝐭 
𝐑𝐞𝐬𝐮𝐥𝐭𝐬 

𝐑𝐊𝐅 [144] 
𝐏𝐫𝐞𝐬𝐞𝐧𝐭 
𝐑𝐞𝐬𝐮𝐥𝐭𝐬 

0.0 0.5 0.0 -4.04282 -4.04282 1.97639 1.97639 

  1.0 2.10694 2.10694 -3.88037 -3.88037 

 1.0 0.0 -4.08556 -4.08556 1.95318 1.95318 

  1.0 2.21327 2.21327 -3.777309 -3.777309 

0.1 0.5 0.0 -4.52731 -4.52731 2.21861 2.21861 
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  1.0 2.34921 2.34921 -4.36417 -4.36417 

 1.0 0.0 -4.57007 -4.57007 2.19534 2.19534 

  1.0 2.45567 2.45567 -4.25497 -4.25497 

0.2 0.5 0.0 -5.33049 -5.33049 2.62017 2.62017 

  1.0 2.75083 2.75083 -5.16647 -5.16647 

 1.0 0.0 -5.37326 -5.37326 2.59682 2.59682 

  1.0 2.85743 2.85743 -5.05484 -5.05484 

 

Table 9.3: Assessment of the outcomes for heat flux rate, against the data provided by Hussain et al. [144], by assuming 

Κ → ∞. 

𝛟 𝑹𝓮 𝓥𝟎 

𝓝𝒖𝒍𝒐𝒘𝒆𝒓 𝓝𝒖𝒖𝒑𝒑𝒆𝒓 

𝐑𝐊𝐅 [144] 
𝐏𝐫𝐞𝐬𝐞𝐧𝐭 
 𝐑𝐞𝐬𝐮𝐥𝐭𝐬 

𝐑𝐊𝐅 [144] 
𝐏𝐫𝐞𝐬𝐞𝐧𝐭 
 𝐑𝐞𝐬𝐮𝐥𝐭𝐬 

0.0 0.5 0.0 1.16185 1.16185 0.89872 0.89872 

  1.0 1.62894 1.62894 0.26551 0.26551 

 1.0 0.0 1.33661 1.33661 0.80217 0.80217 

  1.0 2.19513 2.19513 0.05769 0.05769 

0.1 0.5 0.0 1.04993 1.04993 0.96741 0.96741 

  1.0 1.20111 1.20111 0.67410 0.67410 

 1.0 0.0 1.10094 1.10094 0.93550 0.93550 

  1.0 1.40509 1.40509 0.44121 0.44121 

0.2 0.5 0.0 1.02508 1.02508 0.98347 0.98347 

  1.0 1.10112 1.10112 0.82221 0.82221 

 1.0 0.0 1.05036 1.05036 0.96718 0.96718 

  1.0 1.20408 1.20408 0.67045 0.67045 

9.5 Concluding remarks 

The radiative flow of CNTs-based nanofluid has been investigated inside a semi-permeable 

curved channel, with the assumption that the lower curved wall is stretchable. The impact 

of embedded variables like Reynolds number 𝑅ℯ, solid volume fraction ϕ, injection 

parameter 𝒱0, the dimensionless radius of curvature Κ, temperature difference parameter 
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�̆�𝓌, and Radiation parameter 𝑅𝒹 have been discussed in detail. The governing nonlinear 

flow model is then tackled by means of a numerical approach; the Runge-Kutta-Fehlberg 

scheme. Based on the current study, the main findings are: 

• A decline in the radial velocity constituent has been noticed with increasing ϕ 

and Κ, while a reversed behaviour has been recorded with the increasing 𝒱0 and 𝑅ℯ. 

• The axial velocity constituent accelerates in the lower area of the curved conduit, 

with the increasing 𝒱0 and 𝑅ℯ, however, its behaviour swaps from increasing to 

decreasing in the other region of the curved channel. 

• Temperature elevates with the increasing ϕ, 𝑅𝒹 and �̆�𝓌; however, a downfall in 

temperature has been perceived with the increasing 𝒱0, 𝑅ℯ and Κ. 

• The minimum temperature has been recorded in the case of MWCNTs. 

• An augmentation in the absolute values of pressure distribution has been noticed 

with the growing values of ϕ and 𝒱0, while a decrement has been detected with the 

increasing 𝑅ℯ and Κ. 

• The magnitude of pressure distribution depicts lower values for SWCNTs as 

compared to MWCNTs. 

• The magnitude of skin friction coefficient decays with the increasing values of Κ. 

However, a rising behaviour has been noted with the growing values of ϕ and 𝒱0. 

• The increment in ϕ, 𝑅𝒹 and �̆�𝓌 contributes to enhancing the heat flux rate at both 

curved walls of the channel. 

• The heat transport rate augments at the curved bottom wall with the increasing 𝒱0 

and 𝑅ℯ, while the behaviour seems to be reversed at the upper curved surface of the 

channel. 

• Maximum heat flux rate has been displayed in the case of SWCNTs. 
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Chapter 10. Conclusive Summary 
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This chapter presents a conclusive summary of the whole manuscript. The objective of this 

study was to model and analyse the flow and heat transport mechanisms of mono as well 

as hybrid nanofluids in different geometries. To obtain this objective, we have considered 

a number of geometries that are an integral part of many industrial and engineering 

processes. These geometries include expanding\contracting domains, rectangular conduit 

with the lower stretchable wall, Riga plates, three-dimensional rotating channel flow, 

curved stretching surfaces, and a curved channel with the lower stretchable wall. We have 

investigated several flows of mono as well as hybrid nanofluids in these geometries and 

have discussed the influence of involved parameters on velocity, temperature and 

concentration profiles. The governing systems of partial differential equations have been 

converted to nonlinear systems of ordinary differential equations by using appropriate 

similarity transformations. The governing flow equations, as expected, were highly 

nonlinear. Therefore, the obtainment of their exact solutions was highly unlikely. In order 

to overcome this situation, some numerical techniques such as the Runge-Kutta-Fehlberg 

(RKF) scheme and the method of weighted residual have been employed. Moreover, some 

new modified versions of traditional wavelets techniques like Legendre wavelet, fourth 

kind Chebyshev wavelets, and Hermite wavelets methods have also been proposed and 

implemented to solve the resulting highly nonlinear equations. 

As far as the model is concerned, a number of thermal conductivity models, for both mono 

and hybrid nanofluids, have been employed. In the case of hybrid nanofluids, the modified 

versions of the models (such as Maxwell’s model, Bruggeman’s model, Hamilton and 

Crosser’s model, Xue’s model and Renovated Hamilton and Crosser’s model) for thermal 

conductivity have been considered to see the working of these models in different 

geometries. In Chapter 2, the impact of radiation on the flow and heat transport mechanism 

of (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid has been examined inside a rectangular 

conduit. The upper wall is permeable, and it experiences an embracing or parting motion 

with respect to the lower wall (which is placed at the bottom of the channel and is kept 

fixed, solid and heated). Maxwell’s model for spherical shaped composite hybrid 

nanomaterials has been adopted for calculating the thermal conductivity of hybrid 
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nanofluid. Galerkin method has been employed to find the solution of the resulting 

nonlinear system. Moreover, an upsurge in temperature has been recorded when the 

movement of the upper wall is towards the lower one, while, a decline has been perceived 

during the expansion of the walls. This phenomenon has been observed for suction as well 

as injection factors. Moreover, the (𝐺𝑟𝑎𝑝ℎ𝑒𝑛𝑒 − 𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) hybrid nanofluid displays 

its dominance in transferring the heat at both walls of the channel. 

Chapter 3 of this manuscript presents an analysis related to the flow and heat transport 

mechanism of a water-based hybrid nanofluid inside a rectangular channel. Both the walls 

of the channel are permeable, and they are capable of moving in such a way that the channel 

experiences dilation or contraction in height. The configuration of hybrid nanofluid has 

been achieved by dispersing other type\types of nanomaterials in already composed 

nanofluids. The chapter comprises two sections. In Section 3.1, the investigation has been 

carried out by taking water-based hybrid (𝐶𝑁𝑇 − 𝐹𝑒3𝑂4) nanofluid. It has been observed 

that the dispersion of CNTs in (𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid, have a considerable impact on the 

flow, temperature and heat transport properties, and these variations are visible at both the 

walls. Moreover, the (𝑆𝑊𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid exhibit its supremacy in 

the heat exchange process as compared to (𝑀𝑊𝐶𝑁𝑇 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid and 

(𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) nanofluid. In the second part of this chapter, i.e. Section (3.2), the geometry 

remains the same, but, this time, the study has been presented related to the influence of 

nanocomposite shape factor on the temperature and heat transfer behaviour of water-based 

(𝐶𝑢 − 𝐴𝐼2𝑂3) hybrid nanofluid. The analysis has been carried out by scattering different 

shapes (brick, cylinder, and platelet) of 𝐶𝑢 nanocomposites in already composed 

(𝐴𝐼2𝑂3 𝐻2𝑂⁄ ) nanofluid. In this context, Hamilton and Crosser’s model has been employed 

for evaluating the thermal conductivity. It has been noticed that, in most of the cases, the 

platelet-shaped nanocomposites prove a better heat transfer ability as compared to the other 

shapes of nanoparticles. 

The investigation related to the influence of different shapes (e.g. Hexahedron, 

Tetrahedron, Lamina, Column, Sphere, Brick, and Platelet) of nanomaterials on the 

velocity and temperature distribution of Sodium Alginate (𝑁𝑎𝐴𝑙𝑔)-based (𝐴𝑔 − 𝐶𝑢) 

hybrid nanofluid has been presented in Chapter 4. The MHD fluid is assumed to be flowing 
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between two parallel plates with the assumption that the lower surface is stretchable 

(stretched only in the x-direction). Also, the impact of thermal radiation together with 

viscous dissipation on the flow of Sodium Alginate-based (𝐴𝑔 − 𝐶𝑢) hybrid nanofluid has 

also been analyzed. The resulting set of ordinary differential equations have been solved 

by a newly developed numerical algorithm, namely the modified fourth kind Chebyshev 

wavelets method (MFKCW). The comparison of the acquired results with Runge-Kutta-

Fehlberg scheme along with the error estimation verifies the credibility of the modified 

version of Chebyshev wavelets method. Moreover, it has been detected that the Lamina-

shaped (𝐴𝑔 − 𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) hybrid nanofluid plays a dominant role in the process of 

transferring of heat when compared to the Lamina-shaped (𝐶𝑢 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid and any 

other shapes of nanomaterials. However, the shape factor does not produce a significant 

change in the behaviour of the velocity profile.  

Chapter 5 comprises the study related to the radiative flow of water − 𝛾𝐴𝐼2𝑂3 and 

ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluids inside a channel, whose permeable lower wall is bi-

directionally stretchable. A novel Galerkin-based Legendre wavelet method has been 

proposed in this chapter, and the results are in good agreement with the outcomes of 

shooting-RKF technique. Furthermore, it has been noticed that the presence of effective 

Prandtl number appreciably contributes to transferring the heat and lowering the 

temperature of 𝛾𝐴𝐼2𝑂3 nanofluid. Moreover, the minimum temperature has been recorded, 

in the case of ethylene glycol − 𝛾𝐴𝐼2𝑂3 nanofluid as compared to water − 𝛾𝐴𝐼2𝑂3 

nanofluid, which makes them a suitable choice in many cooling systems. 

In Chapter 6, the effect of spherical shaped nanomaterials on the velocity, temperature 

along with concentration profile of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid nanofluid has been 

examined between two Riga plates. In this study, a modified form of Bruggeman’s model 

for sphere-shaped composite based hybrid nano-additives has been considered. Method of 

moments has been employed to find the solution of the resulting mathematical model. 

Moreover, it has been observed that the velocity profile for (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) hybrid 

nanofluid possesses a decrement with increasing nanoparticles concentration. Also, the 

temperature along with the heat exchange process rises in the case of (𝐴𝑔 − 𝐹𝑒3𝑂4 𝐻2𝑂⁄ ) 
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hybrid nanofluids. However, the concentration along with the mass exchange process (i.e., 

Sherwood number) displays a declining behaviour. 

Chapter 7 is dedicated to the study of the three-dimensional squeezing flow of 

(𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid inside a rotating channel. The viscous dissipative 

effects have also been considered in this study. Moreover, the models adopted for 

calculating the thermal conductivity of hybrid nanofluids are Hamilton and Crosser’s 

model (for spherical-shaped 𝑆𝑖𝑂2 nanoparticles) and a Renovated Hamilton and Crosser’s 

model (for CNTs nanoparticles). It has been witnessed that the dispersion of CNTs, with 

different volume fractions, in (𝑆𝑖𝑂2 𝐻2𝑂⁄ ) nanofluid contributes to reducing the 

temperature of the fluid. Also, the (𝐶𝑁𝑇 − 𝑆𝑖𝑂2 𝐻2𝑂⁄ ) hybrid nanofluid displays higher 

heat transferring rate as compared to (𝑆𝑖𝑂2 𝐻2𝑂⁄ ). 

The study related to both mono and hybrid nanofluids, over a curved stretching surface, 

has been presented in Chapter 8. In this context, the chapter has been divided into two 

sections. Section 8.1 has been dedicated to examining the heat transfer in a radiative 

boundary layer flow, heat generation, of carbon nanotubes (CNTs) − based nanofluid over 

a curved stretching sheet. The suspension of CNTs significantly enhances the temperature 

as well as the heat exchange process. Moreover, this increment seems quite prominent in 

the case of SWCNTs as compared to MWCNTs.  

Section 8.2 has been presented to examine the impact of (Cu − CuO) hybrid nanofluid, by 

considering the nonlinear thermal radiation, magnetohydrodynamics and first-order 

chemical reaction effects, over a curved stretching surface. Heat, together with mass 

transport mechanisms, has also been analyzed in detail. The hybrid composition 

(𝐶𝑢 − 𝐶𝑢𝑂 𝑁𝑎𝐴𝑙𝑔⁄ ) has been achieved by scattering 𝐶𝑢 nanoparticles in already 

composed (𝐶𝑢𝑂 𝑁𝑎𝐴𝑙𝑔⁄ ) nanofluid. This study shows an augmentation in the velocity 

profile as the dimensionless curvature increases. Also, a remarkable enhancement in the 

temperature as well as heat diffusion process have been recorded for (𝐶𝑢 − 𝐶𝑢𝑂)/𝑁𝑎𝐴𝑙𝑔 

hybrid nanofluid. However, a reversed behaviour has been perceived for the concentration 

along with the mass exchange process (i.e., Sherwood number). Moreover, in the case of 
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the stretchable curved surface, the effectiveness of pressure cannot be ignored, and it has 

proven its dominance inside the boundary layer. 

A novel study related to the nanofluid (CNT-water) flow inside a semi-permeable curved 

channel, have been presented in Chapter 9. The lower wall of the curved channel is 

assumed to be nonpermeable and linearly stretchable. On the other hand, the upper wall is 

non-stretchable but permeable. The resulting system of ODEs has been solved by Shooting-

RKF method. During the study, a significant improvement in the heat exchange process 

has been observed, and this behaviour is quite dominant in the case of single-walled carbon 

nanotubes. Also, the pressure variations cannot be ignored in the case of a curved channel 

that can usually be done in the case of rectangular channels. The study has presented the 

novel results that were never be reported in the previously existing literature. 

Moreover, the impact of various phenomena such as externally applied magnetic field, 

internal heat generation, nonlinear thermal radiation and first-order chemical reactions on 

the heat and mass transport mechanisms were also a part of this manuscript. It has been 

observed that in most of the situations, the rising values of radiation along with the 

temperature difference parameters displays a significant impact on the temperature as well 

as heat transfer process. Furthermore, suction and injection parameters play a necessary 

role to achieve a balanced across mass transport phenomena. 

In short, this study has useful consequences in various disciplines of sciences. In many 

engineering situations, where we face the significant issues of low heat diffusive process 

and increasing temperature values, this study provides a basis to handle such problems. 

Moreover, the estimated results will hopefully provide the basis for the study of the blood 

flowing through arteries. The aspect of assuming these arteries (either straight tube-shaped 

or curved tube-shaped) as flexible and being stretchable, further opens the new area of 

research. Moreover, the area of research related to the hybrid nanofluid is still very open 

and requires a continuous research effort, like hybrid nanofluid flows in a curved channel 

is still needed to be study. Wavelet based Galerkin method can be extended to solve PDEs. 

Modified solution schemes can further be extended to tackle the problems with semi-

infinite domains. 
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