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Abstract 

This work is devoted to the study of squeezing flow coupled with heat transfer effects 

between parallel disks for some Newtonian and Non-Newtonian fluids. The effect of 

magnetic field has been considered to describe the behavior of flow and heat transfer for 

few models. The radiation effects has also been included. In some problems, the effects of 

viscous dissipation in the energy equation have also been incorporated. Velocity and 

temperature slip effects on flows has also been taken into account. Micropolar fluid flow 

induced by a squeezing motion of disks in the presence of the magnetic field applied in the 

direction perpendicular to the plane of disks, has also been a part of this dissertation. The 

governing partial differential equations that governs the flow configurations are converted 

into a system of highly nonlinear ordinary differential equations through the support of 

suitable similarity transforms. To obtain the expressions for velocity, temperature and 

concentration profiles, these have been solved by available techniques in the literature 

using Variational iteration method (VIM) and HAM package BVPh2.0. The effects of 

different emerging parameters involved have also been highlighted with the help of graphs 

for velocity, temperature and concentration. 
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Preamble 

The flow of viscous fluid in channel with porous walls have been studied by various 

researchers for diverse physical conditions. In such systems, the thermal impacts should 

majorly be considered as a segment of the analysis. Different applications are seen in 

drying of food, geothermal energy extraction, nuclear waste disposal, insulation of 

building, heat and fluid exchange inside human organs, groundwater movement, surface 

catalysis of chemical reactions, oil and gas production, regenerative heat exchange and 

adsorption, etc. In a number of these physical systems, the fluids used belong to the broad 

class of non-Newtonian fluids because to their inability to obey the classical linear viscosity 

model. Moreover, various mechanical equipment work with the principle of moving 

pistons, where two plates exhibit the squeezing movement normal to their own surfaces. 

Engines, hydraulic lifters and electric motors also exhibit this clutching flow in some of 

their parts. As a result of this practical usefulness, squeezing flow between parallel walls 

(plates or disks) has become a major active research field in fluid mechanics.  

Investigations of Magneto-hydrodynamic fluid flow on stretching hollow cylinders, 

moving or fixed surfaces, and other surfaces have been conducted by various scholars 

because of their various applications in magneto-hydrodynamic (MHD) bearings, 

generators, meters, pumps, and boundary layer control. Consideration is given to the 

magneto-hydrodynamic squeeze flow between two parallel disks with injection or suction 

at the porous disk. The growing usage of liquid metal lubricants in high-temperature 

bearings is the motivating factor for such researches. Hughes and Elco [1], Kuzma et al. 

[2], and Kamiyama [3]  reported the pioneering theoretical and experimental investigations 

into the magneto-hydrodynamic impacts in lubrication. In these areas of research, some of 

the inertia terms of momentum equations are ignored so as to consider the electromagnetic 

force. Nevertheless, in conditions where the squeeze Reynolds number is not small, the 

examination of the use of low viscosity lubricants to reduce energy losses has shown the 
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significance of inertial effects. Hamza [4, 5] considered all the inertia terms, and the joint 

impacts of electromagnetic and inertia forces were analyzed in the magneto-hydrodynamic 

squeeze film. 

Boundary conditions equally play a crucial part in squeeze flow because, except there is 

perfect slip at the plates, the shear stress at the surface is transmitted to the bulk of the 

sample. Attaining perfect slip boundary conditions for any material is very challenging in 

experiments. Navier [6] first offered a partial slip condition by relating the tangential 

velocity (slip velocity) to the local tangential shear stress for rough surfaces. If the shear 

viscosity of the fluid comprising the apparent slip is Newtonian, then the relation between 

slip velocity and shear stress is linear. Laun et al. [7] provided an analytical solution for 

squeeze flow of Newtonian and power-law fluids by using the lubrication approximation 

and partial wall slip, of which slip velocity increases linearly with radial position. 

Mukhopadhyay and Andersson [8] investigated viscous flow and heat transfer over an 

unsteady stretching surface, while Rohni et al. [9] numerically evaluated the unsteady 

mixed convection boundary layer flow close to the two-dimensional stagnation point on a 

vertical permeable surface embedded in a fluid-saturated porous medium with suction and 

a temperature slip effect. Later on, Merkin et al. [10] extended the previous work of [9] in 

which they observed that, the solution can be directly related to his study for an approved 

surface temperature, involving an unsteadiness parameter 𝐴, a mixed convection parameter 

λ and transpiration parameters 𝑠. 

The term squeeze film applies to the case of approaching plane surfaces, which try to 

dislodge a viscous fluid between them. Inertia effects are small compared with viscous 

forces in the fluid, therefore; the Reynolds number for the flow is small. It is suitable to 

consider the lower surface as fixed and infinite in size, and the upper surface (from now 

called the plate) then descends onto it with a linear, noninertial squeeze motion, under the 

effect of either its own weight or an externally applied force. Stefan, in 1874 [11], seems 

to have first developed an equation relating the time of sinkage of a flat round plate onto a 

smooth surface from an initial specified height. In 1886 [12], Reynolds issued his classical 

theory of hydrodynamic lubrication and while recognizing the experimental work of 

Stefan, derived the same basic equation for the case of two parallel elliptical or circular 
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plane surfaces approaching each other devoid of tangential motion. Reynolds joined the 

stress equations of Stokes [13] with the equations of motion for a viscous fluid and by 

ignoring inertia terms and applying suitable boundary conditions to the lubricating process, 

he attained the popular Reynolds equation. This equation is directly integrable for the case 

of elliptical or round plates and also when the plate is rectangular but infinite in one 

direction in its plane. The following are the assumptions made by Reynolds in providing 

these solutions: (i) Neglect of gravitation and inertia terms, (ii) Isoviscous, incompressible, 

Newtonian liquid, (iii) Thickness of squeeze film small compared with plate dimensions, 

(iv) No slip at boundaries between liquid and solid, (v) No surface tension effects (complete 

immersion). 

Specifically, the third assumption above makes sure that the inertia impacts are minimized. 

Consequent of assumptions (i) and (iii), the velocity component in the squeeze film 

perpendicular to the plane of the plate is insignificant. However, the gradient of outflow 

velocity in the direction of flow is small compared with its value in a direction 

perpendicular to the plane of the plate. The Reynolds-Stefan equation for the time of 

sinkage of a flat round plate through a viscous fluid, was independently derived by Taylor. 

He also offered a similar equation for the time of sinkage of a spherical surface through a 

viscous liquid onto a plane surface. Furthermore, Two-dimensional MHD squeezing flow 

between parallel plates has been examined by Siddiqui et al. [14]. For the parallel disks, a 

similar problem has been discussed by Domairry and Aziz [15]. In both the studies, 

Homotopy perturbation method (HPM) was used to determine the solution. Joneidi et al. 

[16] used Homotopy analysis method (HAM) to study the mass transfer effects on 

squeezing flow between parallel disks. Most recently, Hayat et al. [17] have investigated 

the impact of heat transfer in the MHD squeezing Flow between parallel disks. They also 

utilized HAM to solve the resulting nonlinear system of ordinary differential equations. 

Since then, the squeezing flows have been a great interest for various researchers [18-20]. 

Heat transport phenomenon is vital in various industrial applications such as hot rolling, 

wire coating, glass blowing, metal spinning, glass fiber, paper manufacturing, drawing of 

plastic films, glass sheet productions, continuous casting and the aerodynamic extrusion of 

plastic sheets. It is a worth mentioning point that the concentration and temperature 
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gradients present energy and mass fluxes, respectively. Temperature gradients result in 

Soret effect (thermal-diffusion), whereas, Dufour effect (diffusion-thermo) is as a result of 

the concentration gradients. For the flows of mixture of gases with low molecular weights 

(He, H2) and high molecular weights (N2, air), Soret and Dufour effects cannot be ignored. 

It is well recognized that solid materials tend to have much higher thermal conductivities 

than fluids. With this in mind, it is rational to assume that the thermal conductivity of fluids 

can be realized by solid addition. However, it was found that solid particles, of micrometric 

and millimetric magnitudes, added to fluids, provoke a trivial increase to the combined 

thermal conductivity. Some other issues connected to the large particles are sedimentation, 

severe clogging problems, pipeline erosion, kinetic energy increases in interactions with 

surfaces and high viscosity with consequent pressure drop. As a result of these setbacks, 

heat transfer fluid improvement through the addition of solid particle could not be 

completely developed.  However, modern material processing technologies provided the 

possibility of nano-scaled material production, which has made nanofluid to emerge, at a 

time in which the need for heat transfer is emerging. Nanoparticles shows higher mobility 

and less particle interaction due to their smaller size, allowing for enhanced stability and 

heat transfer. These factors are important in reducing fluid inventory, pumping power and 

also in eliminating clogging issues, thereby increasing worldwide interest in nanofluid 

research. 

Lately, there has been substantial interest in nanofluids. This interest is motivated by a 

variety of applications, extending from laser-assisted drug delivery to electronic chip 

cooling. Nanofluids comprise of nanoparticles, suspended in a base fluid, which can be an 

organic solvent or water . Choi [21] experimentally confirmed that the addition of a small 

amount of nanoparticles significantly improves the effective thermal conductivity of the 

base fluid. Buongiorns [22] noted that the nanoparticles absolute velocity can be regarded 

as the sum of the base fluid velocity and a relative velocity. He considered in turn seven 

slip mechanisms: Inertia, Brownian diffusion, Thermophoresis, Diffusiophoresis, Magnus 

effect, Fluid drainage and Gravity settling. In [23], Kuznetsov and Nield numerically 

evaluated the flow of nanofluid past a vertical flat plate. Nield and Kuznetsov [24] 

considered the Chen-Minkowcz problem for the natural convective boundary layer flow of 
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the nanofluid occupying a porous space. Bachok et al. [25] has studied the boundary layer 

flow of the nanofluids over a constantly moving surface with a parallel free stream. The 

numerical solutions for boundary layer flow of nanofluids over a stretching sheet were 

provided by Khan and Pop [26]. Hassani et al. [27] computed the analytic solution for the 

problem considered in [26] using homotopy analysis method (HAM). The flow of 

nanofluid over a stretching sheet in the presence of convective surface boundary conditions 

was examined by Makinde and Aziz [28]. Mustafa et al. [29] obtained the homotopy 

solution for boundary layer stagnation point flow of nanofluids towards a linearly 

stretching sheet. 

Due to the non-linearity of the equations corresponding to these problems, an exact solution 

is improbable; so, various analytical techniques such as Variational iteration method, 

Homotopy perturbation method, variation of parameters method, etc. [30-39] have been 

developed to approximate the solutions. The main positive features of this technique are 

its simplicity, flexible selection of initial approximation, compatibility with the 

nonlinearity of physical problems of diversified complex nature and the rapid convergence. 

Highly nonlinear problems are therefore solved by using these techniques. One of such 

techniques is Homotopy Analysis Method (HAM) that has been used to solve many 

abstract problems in recent past. Its efficiency and accuracy has been shown in various 

studies [40-43]. Motivated by the preceding work in this dissertation, we present the 

analysis of heat transfer effects on some Newtonian and non-Newtonian flows. 

In 0, some basic concepts regarding constitutive equations of the flow problem and 

developed algorithm are explained in detail. 

Chapter 2 deals with heat transfer analysis for the squeezing magneto-hydrodynamic 

(MHD) flow of a viscous incompressible fluid between parallel disks [44]. Upper disk is 

movable in upward and downward directions while lower disk is fixed but permeable. 

Viable similarity transforms are used to convert the conservation law equations to a system 

of non-linear ordinary differential equations. The resulting system is resolved by applying 

the Variational iteration method (VIM). The influence of different flow parameters on 

temperature and velocity profiles is discussed for both the suction and blowing cases 

individually. A numerical solution is also sought using RK-4 method for the sake of 
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comparison and an exceptionally well agreement is seen between both the solutions. A 

convergent solution is obtained just after few numbers of iterations. 

We investigate the nonlinear radiation effects in a time-dependent two-dimensional flow 

of a Casson fluid squeezed between two parallel disks [45] when upper disk is taken to be 

impermeable and lower one is porous, in Chapter 3. Suitable similarity transforms are 

employed to convert governing partial differential equations into a system of ordinary 

differential equations. The well-known Homotopy Analysis Method (HAM) is applied to 

obtain the expressions for temperature and velocity profiles. The effects of different 

physical parameters such as squeeze number 𝑆, Eckert number 𝐸𝑐 and the dimensionless 

length on the flow when keeping 𝑃𝑟 = 7 are also discussed with the aid of graphs for 

velocity and temperature together with a broad discussion. Mathematica Package BVPh2.0 

is utilized to formulate the total error of the system for both the suction and injection cases. 

The skin friction coefficient and Nusselt number are presented with graphical aids for 

emerging parameters. 

In chapter 4, MHD squeezing flow between two parallel disks is considered. The upper 

disk is taken to be solid and the lower one is permeable. Soret and Dufour effects [46] are 

measured to explore the thermal-diffusion and diffusion-thermo effects. Governing PDEs 

are converted into a system of ODEs with the support of suitable similarity transforms. 

Homotopy analysis method (HAM) has been applied to discover the expressions for 

velocity, temperature and concentration profiles. Effects of different emerging parameters 

such as Prandtl number 𝑃𝑟, squeezing number 𝑆, Eckert number 𝐸𝑐, Hartman number 𝑀, 

dimensionless length and Schmidt number 𝑆𝑐 on the flow are also discussed with the aid 

of graphs for velocity, temperature and concentration. The Nusselt and Sherwood numbers 

along with convergence of the series solutions are presented with the help of graphs. 

Mixed convection squeezing flow of a nanofluid between parallel disks [47] is presented 

in Chapter 5. The partial differential equations governing the flow problem are converted 

into coupled systems of ordinary differential equations with the help of suitable similarity 

transforms. Homotopy analysis method (HAM) is employed to solve the coupled systems 

of ordinary differential equations. The influence of pertinent flow parameters on velocity, 

concentration and temperature profiles are shown graphically, coupled with detailed 
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discussion. The results for skin friction coefficient, Sherwood and Nusselt numbers are 

also a part of this study. The numerical solution is also obtained with the help of RK-4. 

The comparison of numerical and analytical solution is in excellent agreement. 

In chapter 6, velocity and temperature slip effects on squeezing flow of nanofluid between 

parallel disks in the presence of mixed convection [48] is considered. Equations that govern 

the flow are transformed into a set of differential equations with the assistance of 

transformations. For the purpose of obtaining the solution, Homotopy Analysis Method 

(HAM) is used. The BVPh2.0 package is utilized for the said purpose. Deviations in the 

velocity, temperature and the concentration profiles are depicted graphically. Mathematical 

expressions for skin friction coefficient, Sherwood and the Nusselt numbers are derived 

and the variations in these numbers are portrayed graphically. For the sake of comparison, 

the same problem is also solved by employing a numerical scheme called Runge-Kutta-

Fehlberg (RKF) method. The results thus attained are compared with existing ones and are 

found to be in agreement. 

Chapter 7, deals with squeezing flow of micropolar nanofluid between parallel infinite 

disks in the presence of a magnetic field perpendicular to plane of disks [49]. The 

constitutive equations that govern the flow configuration are converted into nonlinear 

ordinary differential with the help of suitable similarity transforms. HAM package 

BVPh2.0 has been engaged to solve the nonlinear system of ordinary differential equations. 

The effects of different emerging parameters like micropolar parameter 𝐾, squeezed 

Reynolds number 𝑅, Hartmann number 𝑀, thermophoresis parameter 𝑁𝑡, Brownian 

motion parameter 𝑁𝑏, Lewis number 𝐿𝑒 for dimensionless velocities, temperature 

distribution and concentration profile are also discussed graphically. In the presence of 

strong and weak interaction (i.e. 𝑛 = 0 and 𝑛 = 0.5), numerical values of skin friction 

coefficient, wall stress coefficient, local Nusselt number and local Sherwood number are 

presented in tabulated form. To check the validity and reliability of the developed 

algorithm BVPh2.0 a numerical investigation is also sought by employing Runge Kutta 

method of order 4. 



8 

The conclusions are outlined in Chapter 8, which show that the proposed analytical 

schemes (VIM and HAM) are highly accurate, user friendly, efficient and involves lesser 

computational work as compared to number of existing schemes. 

Chapter 9 consist of all the references, which have been cited in this work. 
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Chapter 1 Basic Concepts and Preliminaries 
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This chapter consists of some basic concepts regarding equations of flow configuration and 

the developed algorithm. 

1.1 Mathematical Modelling 

The general form of all conservation laws taken in continuum mechanics is 

𝜕Φ

𝜕𝑡
+ 𝛁. (𝑭 + Φ𝑽) − 𝐻 = 0, (1.1) 

where Φ is any quantity (in units of stuff per unit volume), 𝑭 is the flux of Φ in the absence 

of fluid transport (i.e heat conduction) and 𝐻 be a source or sink of Φ. Equation (1.1) is 

now straightforward to consider conservation of the three most vital quantities such as 

mass, momentum, and energy. 

1.1.1 Conservation of Mass 

To derive conservation of mass, we simply substitute Φ = 𝜌, 𝑭 = 0 and 𝐻 = 0 into 

equation (1.1) to get 

𝜕ρ

𝜕𝑡
+ 𝛁. (ρ𝑽) = 0, (1.2) 

where 𝜌 is the density and equation (1.2) is often referred to as continuity equation. 

1.1.2 Conservation of Momentum 

To transform equation (1.1) into conservation of momentum, we substitute Φ = 𝜌𝑽, 𝑭 =

−𝝈 and 𝐻 = 𝜌𝒈 to get the momentum equation as 

𝜕𝜌𝑽

𝜕𝑡
+ 𝛁. (−𝝈 + 𝜌𝑽𝑽) − 𝜌𝒈 = 0, 

(1.3) 

or 

𝜕𝜌𝑽

𝜕𝑡
+ 𝛁. (𝜌𝑽𝑽) = 𝛁. 𝛔 + 𝜌𝒈. (1.4) 

Equation (1.4) can also be obtained by considering the continuous form of Newton’s 

second law 𝒇 = 𝑚𝒂. Using conservation of mass, equation (1.4) can be re-written as 
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𝜕𝑽

𝜕𝑡
+ (𝑽.𝛁)𝑽 =

1

𝜌
𝛁. 𝛔 + 𝒈, 

(1.5) 

where 𝜌 is the density, 𝝈 the stress tensor, 𝒈 is the body force such as gravity and (𝑽. 𝛁)𝑽 

is the non-linear advection of momentum. 

1.1.3 Conservation of Energy 

To construct the conservation of energy form equation (1.1), we substitute Φ = 𝜌𝑐𝑝𝑇, 𝑭 =

−𝑘𝛁𝑇 and dissimilar mass heat can be created in a region due to terms like radioactive 

decay or viscous dissipation and shear heating. We lump all the source terms into 𝐻 and 

get the energy equation as 

𝜕𝜌𝑐𝑝𝑇

𝜕𝑡
+ 𝛁. (−𝑘𝛁𝑇 + 𝜌𝑐𝑝𝑇𝑽) − 𝐻 = 0, (1.6) 

or 

𝜕𝜌𝑐𝑝𝑇

𝜕𝑡
+ 𝛁. (𝜌𝑐𝑝𝑇𝑽) = 𝛁. 𝑘𝛁𝑇 + 𝐻. (1.7) 

Where 𝑐𝑝 is the specific heat and 𝑘 is the thermal conductivity. For constant 𝑐𝑝 and 𝑘, 

equation (1.7) can be re-written using equation (1.2) as 

𝜕𝑇

𝜕𝑡
+ 𝑉. 𝛁𝑇 = κ∇2T +

𝐻

𝜌𝑐𝑝
, (1.8) 

where 𝜅 =
𝑘

𝜌𝑐𝑝
 is the thermal diffusivity. 

1.2 Variational Iteration Method 

To explain the basic concept of the Variational iteration method, we consider the following 

general differential equation 

𝐿(𝑢) + 𝑁(𝑢) = 𝑔(𝑥), (1.9) 

where 𝐿 is a linear operator, 𝑔(𝑥) is the forcing term and 𝑁 a nonlinear operator. According 

to VIM, we can create a correction functional as follows 
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𝑢𝑛+1(𝑥) = 𝑢𝑛(𝑥) + ∫𝜆(𝑠)

𝑥

0

[𝐿𝑢𝑛(𝑠) + 𝑁�̃�𝑛(𝑠) − 𝑔(𝑠)]𝑑𝑠, (1.10) 

where 𝜆 is a Lagrange multiplier (approximate or exact), which we determine first and then 

the successive approximation is 𝑢𝑛+1(𝑥), 𝑛 ≥ 0. The solution 𝑢(𝑥) will be obtained by 

using Lagrange multiplier and the initial condition 𝑢0. The initial 𝑢𝑛 is the nth 

approximation and �̃�𝑛  is the restricted term, which can be optimized (i.e. 𝛿�̃�𝑛 = 0). The 

exact solution may be obtained by using 

𝑢 = lim
𝑛→∞

𝑢𝑛. (1.11) 

1.3 Homotopy Analysis Method 

Consider the following differential equation 

𝑁[𝑢(𝜏)] = 0, (1.12) 

𝑁 is a nonlinear operator, 𝑢(𝜏) is an unknown function, 𝜏 denotes the independent 

variables,  respectively. For simplicity, we neglect all boundary or initial conditions, which 

can be treated in the same way. Liao constructed the so-called zero-order deformation 

equation by means of generalizing the traditional Homotopy method. 

(1 − 𝑝)𝐿[𝜑(𝜏; 𝑝) − 𝑢0(𝜏)] = 𝑝ℏ𝐻(𝜏)𝑁[𝜑(𝜏; 𝑝)], (1.13) 

where 𝑝 ∈ [0,1] is the embedding parameter, 𝐻(𝜏) ≠ 0 is an auxiliary function, ℏ ≠ 0 is a 

nonzero parameter, 𝑢0(𝜏) is an initial guess of 𝑢(𝜏), 𝐿 is an auxiliary linear operator, 

𝑢(𝜏; 𝑝) is an unknown function, respectively. It is essential, that one has great freedom to 

choose auxiliary parameters in HAM. Obviously, when 𝑝 = 0 and 𝑝 = 1 it holds that 

𝜑(𝜏; 0) = 𝑢0(𝜏), 𝜑(𝜏; 1) = 𝑢(𝜏). (1.14) 

Thus, as 𝑝 increases from 0 to 1, the solution 𝜑(𝜏; 𝑝) varies from the initial guess 𝑢0(𝜏) to 

the solution 𝑢(𝜏). Expanding in Taylor series with respect to 𝑝, we have 
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𝜑(𝜏; 𝑝) = 𝑢0(𝜏) + ∑ 𝑢𝑚(𝜏)𝑝
𝑚

∞

𝑚=1

. (1.15) 

Here 

𝑢𝑚(𝜏) =
1

𝑚!

𝜕𝑚𝜑(𝜏; 𝑝)

𝜕𝑝𝑚
|
𝑝=0

. (1.16) 

If the initial guess, the auxiliary linear operator, the auxiliary function and the auxiliary ℏ 

are so properly chosen, the above series converges at 𝑝 = 1, to give us 

𝑢(𝜏) = 𝑢0(𝜏) + ∑ 𝑢𝑚(𝜏)

∞

𝑚=1

. (1.17) 

Defining the vector 

�⃗� = {𝑢0(𝜏), 𝑢1(𝜏), 𝑢2(𝜏),… , 𝑢0(𝜏)}. (1.18) 

Differentiating equation (1.13) 𝑚 times with respect to the embedding parameter 𝑝 and 

then setting 𝑝 = 0 and finally dividing them by 𝑚!, we obtain the 𝑚𝑡ℎ-order deformation 

equation 

𝐿[𝑢𝑚(𝜏) − 𝜒𝑚𝑢𝑚−1(𝜏)] = ℏ𝐻(𝜏)𝑅𝑚(�⃗� 𝑚−1), (1.19) 

where 

𝑅𝑚(�⃗� 𝑚−1) =
1

(𝑚 − 1)!

𝜕𝑚−1𝜑(𝜏; 𝑝)

𝜕𝑝𝑚−1
|
𝑝=0

, 
(1.20) 

and 

𝜒𝑚 = 0,𝑚 ≤ 1, 

= 1,𝑚 > 1. 
(1.21) 

Applying 𝐿−1 to both sides of (1.19), we get 

𝑢𝑚(𝜏) = 𝜒𝑚𝑢𝑚−1(𝜏) + ℏ𝐿
−1[𝐻(𝜏)𝑅𝑚(�⃗� 𝑚−1)]. (1.22) 
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In this way, it is easily to obtain 𝑢𝑚 for 𝑚 ≥  1, at 𝑚𝑡ℎ- order, we have 

𝑢(𝜏) = ∑ 𝑢𝑚(𝜏).

𝑀

𝑚=0

 (1.23) 

When 𝑀 → ∞, we get a correct approximation of the original equation (1.12). We refer the 

reader to Liao’s work for the convergence of the above method. This method will produce 

the unique solution if equation (1.12) gives the unique solution. If it does not produce the 

unique solution, the HAM will give a solution among various other (possible) solutions. 
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Chapter 2 Heat transfer analysis for squeezing 

flow between parallel disks 
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2.1 Introduction 

Heat transfer in rapidly moving engines and machines with lubricants inside has been an 

active field of research. For safe and consistent working of such machines, it is necessary 

to study heat transfer in these systems. Several attempts are reported in this regard after the 

pioneer work done by Stefan (1874) [11]. Two-dimensional MHD squeezing flow between 

parallel plates has been examined by Siddiqui et al. [14]. For parallel disk, similar problem 

has been discussed by Domairry and Aziz [15]. Both used homotopy perturbation method   

(HPM) to determine the solution. 

Joneidi et al. [16] studied the mass transfer effect on squeezing flow between parallel disks 

using homotopy analysis method (HAM). Most recently, the influence of heat transfer in 

the MHD squeezing Flow between parallel disks has been investigated by Hayat et al. [17]. 

They used HAM to solve the resulting nonlinear system of ordinary differential equations.  

Motivated by the preceding work here, we present heat transfer analysis for MHD 

squeezing flow between parallel disks. The well-known Variational iteration method 

(VIM) [30, 31, 50-52] has been employed to solve the system of highly nonlinear 

differential equations that govern the flow. VIM is a strong analytical technique and has 

been employed by several researchers in recent times to study different type of problems. 

The main positive features of this technique is its simplicity, selection of initial 

approximation, compatibility with the nonlinearity of physical problems of diversified 

complex nature, minimal application of integral operator and rapid convergence. 

The numerical solution is also sought to check the validity of analytical solution. A detailed 

comparison between purely analytical solution obtained by VIM and the numerical solution 

obtained by employing the RK-4 method is presented. It is evident from this article that 

VIM provides excellent results with less amount of laborious computational work. 

2.2 Mathematical Formulation 

MHD flow of a viscous incompressible fluid is taken into consideration through a system 

consisting of two parallel disks distance ℎ(𝑡) = 𝐻(1 − 𝑎𝑡)1/2 apart. A magnetic field 

proportional to 𝐵0(1 − 𝑎𝑡)
−1/2 is applied normal to the disks. It is assumed that there is 
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no induced magnetic field. 𝑇𝑤 and 𝑇ℎ represent the constant temperatures at 𝑧 = 0 and 𝑧 =

ℎ(𝑡), respectively. The upper disk at 𝑧 = ℎ(𝑡) is moving with velocity −
𝑎𝐻(1−𝑎𝑡)

−
𝟏
𝟐

𝟐
 

towards or away from the static lower but permeable disk at 0z  as shown in Figure 2.1. 

We have chosen the cylindrical coordinates system (𝑟, 𝜙, 𝑧). Rotational symmetry of the 

flow 
𝜕

𝜕𝜙
= 0 allows us to take azimuthal component v of the velocity 𝑉 = (𝑢, 𝑣, 𝑤) equal 

to zero. As a result, the governing equation for unsteady two-dimensional flow and heat 

transfer of a viscous fluid can be written as  

∂𝑢

∂𝑟
+
𝑢

𝑟
+
∂𝑤

∂𝑧
= 0, (2.1) 

𝜌 (
∂𝑢

∂𝑡
+ 𝑢

∂𝑢

∂𝑟
+ 𝑤

∂𝑢

∂𝑧
) = −

∂�̂�

∂𝑟
+ 𝜇 (

∂2𝑢

∂𝑟2
+
∂2𝑢

∂𝑧2
+
1

𝑟

∂𝑢

∂𝑟
−
𝑢

𝑟2
) −

𝜎

𝜌
𝐵2(𝑡)𝑢, (2.2) 

𝜌 (
∂𝑤

∂𝑡
+ 𝑢

∂𝑤

∂𝑟
+ 𝑤

∂𝑤

∂𝑧
) = −

∂�̂�

∂𝑧
+ 𝜇 (

∂2𝑤

∂𝑟2
+
∂2𝑤

∂𝑧2
+
1

𝑟

∂𝑤

∂𝑟
), (2.3) 

𝐶𝑝 (
∂𝑇

∂𝑡
+ 𝑢

∂𝑇

∂𝑟
+ 𝑤

∂𝑇

∂𝑧
) =

𝐾0
𝜌
(
∂2𝑇

∂𝑟2
+
∂2𝑇

∂𝑧2
+
1

𝑟

∂𝑇

∂𝑟
−
𝑢

𝑟2
) + 𝜈 {2

𝑢2

𝑟2
+ (
∂𝑢

∂𝑧
)
2

                                                        +2 (
∂𝑤

∂𝑧
)
2

+ 2(
∂𝑢

∂𝑟
)
2

+ 2(
∂𝑤

∂𝑟
)
2

+ 2
∂𝑢

∂𝑧

∂𝑤

∂𝑟
} .

 (2.4) 

 

Figure 2.1: Geometry of the problem 
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The auxiliary conditions are 

𝑢 = 0,     𝑤 =
𝑑ℎ

𝑑𝑡
,     a𝑡    𝑧 = ℎ(𝑡)

𝑢 = 0,     𝑤 = −𝑤0,    a𝑡    𝑧 = 0.
 (2.5) 

𝑇 = 𝑇𝑤      a𝑡    𝑧 = 0

𝑢 = 𝑇ℎ       a𝑡    𝑧 = ℎ(𝑡).
 (2.6) 

𝑢 and 𝑤 here are the velocity components in 𝑟 and 𝑧- directions respectively, 𝜇 is dynamic 

viscosity, �̂� is the pressure and 𝜌 is density. Further, 𝑇 denotes temperature, 𝐾0 is thermal 

conductivity, 𝐶𝑝 is specific heat, 𝜈 is kinematic viscosity and 𝑤0 is suction/injection 

velocity. 

Using the following transformations 

𝑢 =
𝑎𝑟

2(1 − 𝑎𝑡)
𝑓′(𝜂),     𝑤 = −

𝑎𝐻

√1 − 𝑎𝑡
𝑓(𝜂),

𝐵(𝑡) =
𝐵0

√1 − 𝑎𝑡
,     𝜂 =

𝑧

𝐻√1 − 𝑎𝑡
,      𝜃 =

𝑇 − 𝑇ℎ
𝑇𝑤 − 𝑇ℎ

,

 (2.7) 

into Eqs. (2.2)-(2.4) and eliminating the pressure terms from the resulting equations, we 

obtain 

𝑓′′′′ − 𝑆(𝜂𝑓′′′ + 3𝑓′′ − 2𝑓𝑓′′′) − 𝑀2𝑓′′ = 0, (2.8) 

𝜃′′ + 𝑆Pr(2𝑓𝜃′ − 𝜂𝜃′) + Pr𝐸𝑐(𝑓′′2 + 12𝛿2𝑓′2) = 0, (2.9) 

with the associated conditions 

𝑓(0) = 𝐴,     𝑓′(0) = 0,     𝜃(0) = 1,

𝑓(1) =
1

2
,     𝑓′(1) = 0,     𝜃(1) = 0,

 (2.10) 

where 𝑆 denotes the squeeze number, 𝐴 is the suction/injection parameter, 𝑀 is the 

Hartman number, 𝑃𝑟 Prandtl number, 𝐸𝑐 modified Eckert number, and 𝛿 denotes the 

dimensionless length defined as 
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𝑆 =
𝑎𝐻2

2𝑣
, 𝐴 =

𝑤0√1 − 𝑎𝑡

𝑎𝐻
,𝑀2 =

𝜎𝐵0
2𝐻2

𝜇
, Pr =

𝜇𝐶𝑝

𝐾0
,

𝐸𝑐 =
1

𝐶𝑝(𝑇𝑤 − 𝑇ℎ)
(

𝑎𝑟

2(1 − 𝑎𝑡)
)
2

, 𝛿2 =
𝐻2(1 − 𝑎𝑡)

𝑟2
.

 (2.11) 

The skin friction coefficient and the Nusselt number are defined in terms of variables (2.7) 

as 

𝐻2

𝑟2
𝑅𝑒𝑟𝐶𝑓𝑟 = 𝑓′′(1),     (1 − 𝑎𝑡)

1/2𝑁𝑢 = −𝜃′(1), (2.12) 

𝑅𝑒𝑟 =
𝑟𝑎𝐻(1 − 𝑎𝑡)1/2

2𝑣
. (2.13) 

2.3 Solution Scheme 

Using the proposed procedure of Variational iteration method (VIM) to solve Eq. (2.8) and 

(2.9) with the associated boundary conditions (2.10), we have the following iterative 

schemes 

𝑓𝑛+1(𝜂) = 𝑓𝑛(𝜂)

+∫
𝜂

0

(𝑠 − 𝜂)3

3!
(
𝑓𝑛
(4)(𝑠) − 𝑆(3𝑓′′𝑛(𝑠) + 𝑠𝑓′′′𝑛(𝑠) − 2𝑓𝑛(𝑠)𝑓′′′𝑛(𝑠))

−𝑀2𝑓′′𝑛(𝑠)
)  𝑑𝑠,

 (2.14) 

and 

𝜃𝑛+1(𝜂) = 𝜃𝑛(𝜂)

                 +∫
𝜂

0

(𝑠 − 𝜂) (
𝜃𝑛
′′(𝑠) + 𝑆Pr(2𝑓𝑛(𝑠)𝜃

′
𝑛(𝑠) − 𝑠𝜃

′
𝑛(𝑠))

+Pr𝐸 ((𝑓′′𝑛(𝑠))
2
+ 12𝛿2(𝑓′𝑛(𝑠))

2
)
)  𝑑𝑠,

 (2.15) 

with 𝑛 = 0,1,2, … 

The first two approximant of the solutions are given by 

𝑓0(𝜂) = 𝐴 +
1

2
 𝐴1𝜂

2 +
1

6
 𝐴2𝜂

3, (2.16) 
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𝑓1(𝜂) = 𝐴 +
1

2
 𝐴1𝜂

2 +
1

6
 𝐴2𝜂

3 + (−
1

12
 𝑆𝐴𝐴2 +

1 

8
𝑆𝐴1 +

1

24
 𝑀2𝐴1) 𝜂

4)

                + (
1

30
 𝑆𝐴2 +

1

120
 𝑀2𝐴2) 𝜂

5 −
1

360
 𝑆𝐴1𝐴2𝜂

6 −
1

2520
 𝑆𝐴2

2𝜂7) ,

 (2.17) 

Similarly, for (2.15) we have 

𝜃0(𝜂) = 1 + 𝐷𝜂, (2.18) 

𝜃1(𝜂) = 1 + 𝐷𝜂 + (−𝑆𝑃𝑟 𝐴𝐷 −
1

2
 𝑃𝑟 𝐸𝐴1

2) 𝜂2  + (
1

6
 𝑆𝑃𝑟 𝐷 −

1

3
 𝑃𝑟 𝐸𝐴1𝐴2) 𝜂

3)
 

+ (−
1 

12
𝑃𝑟 𝐸𝐴2

2 − 𝑃𝑟 𝐸𝛿2𝐴1
2 −

1

12
 𝑆𝑃𝑟 𝐴1𝐷) 𝜂

4)

 

+ (−
3

5
 𝑃𝑟 𝐸𝛿2𝐴1𝐴2 −

1

60
 𝑆𝑃𝑟 𝐴2𝐷) 𝜂

5 −
1

10
 𝑃𝑟 𝐸𝛿2𝐴2

2𝜂6) ,

 (2.19) 

We can find further approximants of the solutions in a similar fashion. 

2.4 Results and discussions: 

The effects of different flow parameters on the velocity and temperature distribution are 

discussed in this section for both suction and injection cases. It is mentionable that after 

the three iterations only, we obtain a convergent solution. After checking the results for 

several iterations, we have verified this convergence. Therefore, to show graphical 

simulation, we use third order approximants in coming sub-sections. The discussions are 

divided into two sub-sections; one is for suction case and the other for injection scenario. 

2.4.1 Suction Case (𝑨 > 𝟎) 

Figure 2.2 shows the influence of porosity parameter 𝐴 on the radial velocity. It is clear 

from Figure 2.2 that the radial velocity decreases with increasing values of 𝐴. The boundary 

layer thickness however is a decreasing function of 𝐴. Due to permeability of the upper 

disk, when suction plays a dominant role, it allows the fluid to flow near the walls, which 

results in a thinner boundary layer. The effects of the deformation parameter 𝑆 are 

displayed in Figure 2.3. The deformation parameter 𝑆 < 0 corresponds to the movement 

of upper disk away from the lower static disk, while 𝑆 > 0 stands for its downward 

movement toward the lower disk. It can be seen from Figure 2.3 that the absolute of 𝑓′(𝜂) 
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increases for increasing 𝑆 in the range of 0 < 𝜂 ≤ 0.4, while an opposite behavior in 

absolute velocity is observed for 0.4 < 𝜂 ≤ 1.  

 

Figure 2.2: Effect of 𝐴 on 𝑓′(𝜂) 

 

Figure 2.3: Effect of 𝑆 on 𝑓′(𝜂) 

To exhibit the effects of flow parameters (in suction case) on the temperature profile, 

Figure 2.4-2.8 are presented. Figure 2.4 shows 𝜃(𝜂) to be an increasing function of 𝐴, on 

the other hand, thermal boundary layer becomes thinner with raising 𝐴. The consequences 

of increasing 𝑆 are presented in Figure 2.5, according to which temperature profile falls 

with surging 𝑆. The influence of 𝑃𝑟 number on the temperature distribution is displayed in 

Figure 2.6, which declares 𝜃(𝜂) to be directly variant with 𝑃𝑟. On the other hand, thermal 

boundary layer is inversely proportional to 𝑃𝑟, and this is due to the fact that, for higher 

𝑃𝑟, low thermal conductivity is observed, which results in narrow thermal boundary layer. 

Higher values of Prandtl number are associated with large viscosity oils, while lowers 𝑃𝑟 

corresponds to low viscosity fluids. Figure 2.7 and 2.8 indicate that Eckert number 𝐸𝑐 and 

dimensionless length 𝛿 have similar effects on temperature profile as 𝑃𝑟. 
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Figure 2.4: Effect of 𝐴 on 𝜃(𝜂) 

 

Figure 2.5: Effect of 𝑆 on 𝜃(𝜂) 

 

Figure 2.6: Effect of 𝑃𝑟 on 𝜃(𝜂) 

 

Figure 2.7: Effect of 𝐸𝑐 on 𝜃(𝜂) 

 

 

Figure 2.8: Effect of  𝛿 on 𝜃(𝜂) 

 

2.4.2 Injection Case (𝑨 < 𝟎) 

The effects of physical parameters on velocity and temperature distributions for the case 

of injection are displayed in Figure 2.9-2.15. It is observed that on the velocity profiles, the 

effects of involved parameters are opposite to the ones discussed earlier for the suction 
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case. The behavior of temperature distribution, however, remains invariant for both the 

suction and injection cases, except the deformation parameter 𝑆. 

 

Figure 2.9: Effect of 𝐴 on 𝑓′(𝜂) 

 

Figure 2.10: Effect of 𝑆 on 𝑓′(𝜂) 

 

 

Figure 2.11: Effect of 𝐴 on 𝜃(𝜂) 

 

Figure 2.12: Effect of 𝑆 on 𝜃(𝜂) 

 

 

Figure 2.13: Effect of 𝑃𝑟 on 𝜃(𝜂) 

 

Figure 2.14: Effect of 𝐸𝑐 on 𝜃(𝜂) 
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Figure 2.15: Effect of  𝛿 on 𝜃(𝜂) 

 

Further to support our analytical scheme (VIM), we seek a numerical solution using Runge 

Kutta order four method. Table 2.1 shows a comparison between purely analytical solution 

obtained by Variational iteration method and numerical solution found by RK-4. It is 

evident from the table that both the solutions agree exceptionally well, which shows the 

effectiveness of the proposed analytical technique. 

Table 2.1: Comparison of numerical solution and VIM solution for 𝛿 = 0.1, 𝐴 = 0.1, 𝑆 = 0.1,𝑀 = 0.2, 𝑃𝑟 =
0.3 𝑎𝑛𝑑 𝐸𝑐 = 0.2 

 𝑓′(𝜂) 𝜃(𝜂) 

  VIM Numerical VIM Numerical 

0 0 0 1 1 

0.2 0.384801 0.384801 0.806144 0.806144 

0.4 0.575554 0.575554 0.607022 0.607022 

0.6 0.575174 0.575174 0.407004 0.407004 

0.8 0.384040 0.384040 0.206121 0.206121 

1 0 0 0 0 

 

Table 2.2 and 2.3 display numerical values of Nusselt number and coefficient of skin 

friction for different values of flow parameters. The absolute of skin friction is found to be 

a decreasing function of the permeability parameter 𝐴. This observation is important due 

to its industrial implication, since the amount of energy required to squeeze the disk can be 

reduced by increasing values of 𝐴. As discussed earlier, the suction parameter 𝐴 decreases 
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the thermal boundary layer thickness, hence at the plates, we have a higher rate of heat 

transfer. 

Table 2.2: Values of skin friction coefficient 
𝐻2

𝑟2
𝑅𝑒𝑟𝐶𝑓𝑟  and the Nusselt number (1 − 𝑎𝑡)

1

2𝑁𝑢 for different values of 𝑆 , 

and 𝑀 

𝐴 𝑆 𝑀 𝐻2

𝑟2
𝑅𝑒𝑟𝐶𝑓𝑟 

𝑃𝑟 𝐸𝑐 𝛿 (1 − 𝑎𝑡)
1
2 𝑁𝑢 

-0.1 0.1 0.2 -3.62306 0.3 0.2 0.1 1.1317 

0.0   -3.01553    1.0906 

0.1   -2.40948    1.0568 

0.2   −1.80490    1.0304 

0.1 0.01  −2.40239    1.0581 

 0.2  −2.41735    1.0553 

 0.3  −2.42522    1.0538 

 0.1 0.01 −2.40789    1.0568 

  0.1 −2.40828    1.0568 

  0.2 −2.40948    1.0568 

 

Table 2.3: Values of Nusselt number (1 − 𝑎𝑡)
1

2𝑁𝑢 for different values of 𝑃𝑟, 𝐸𝑐, and 𝛿 when 𝐴 = 0.1, 𝑆 = 0.1,𝑀 = 0.2 

𝑃𝑟 𝐸𝑐 𝛿 
(1 − 𝑎𝑡)

1
2 𝑁𝑢 

0.0   1.00000 

0.1   1.01894 

0.2   1.03787 

0.3 0.0  0.99860 

 0.2  1.05680 

 0.4  1.11501 

 0.3 0.0 1.08487 

  0.5 1.11074 

  1.0 1.18836 
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2.5 Conclusions 

Heat transfer analysis is taken into account for the squeezing flow between parallel disks. 

VIM is used to determine the series solution to both velocity and temperature distributions. 

The main upshots of this study are presented below: 

 It is observed that the series solution for velocity converges after third iteration and 

a convergent solution for temperature profile is obtained just after two iterations. 

 The numerical solution obtained by RK-4 method is also compatible with the 

analytical solution obtained by employing VIM. 

 The behavior of all physical parameters is opposite on the velocity profile in the 

cases of suction and injection. And the effect of the parameters remains similar on 

the temperature profile for both suction and injection cases. 

 Temperature 𝜃(𝜂) is directly proportional to the Prandtl number. 
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Chapter 3 Nonlinear radiation effects on 

squeezing flow of a Casson fluid between 

parallel disks 
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3.1 Introduction 

Squeezing flow between parallel disks is an important area of interest because of its 

abundant application in biological sciences like pumping of heart, flow through certain 

arteries along with industrial aspects such as polymer industry process, injection molding, 

compression, liquid-metal lubrication, and the squeezed films in power transmission. Most 

frequently, squeezing flows were illustrated in modeling of metal and plastic sheets, thin 

fiber and paper sheets formations, etc. After the pioneer work done by Stefan (1874) [11], 

several attempts are reported that extended the traditional problem to the heat transfer case. 

Different studies are available in literature that used various solution schemes to get 

analytical and numerical solutions for the said problem. Siddiqui et al. [14] examined two-

dimensional MHD squeezing flow between parallel plates. For the parallel disk, a similar 

problem has been discussed by Domairry and Aziz [15]. Both used the Homotopy 

perturbation method (HPM) to determine the solution. 

Joneidi et al. [16] studied the mass transfer effect on squeezing flow between parallel disks 

using Homotopy analysis method (HAM). Most recently, the influence of heat transfer in 

the MHD squeezing Flow between parallel disks has been investigated by Hayat et al. [17]. 

They used HAM to solve the resulting nonlinear system of ordinary differential equations. 

Since then, squeezing flow has been of great interests for various researchers [53, 54]. 

Investigations with heat transport phenomenon are important in many industrial 

applications such as wire coating, hot rolling, metal spinning, glass blowing, paper 

manufacturing, glass fiber, glass sheet productions, the drawing of plastic films, continuous 

casting and the aerodynamic extrusion of plastic sheets. Radiative heat transfer plays an 

important role in controlling conditions where convective heat transfer coefficients are 

small. In polymer industry, the radiative heat transfer is an essential phenomenon for the 

design of reliable equipment, nuclear plants, gas turbines, etc. The process of radiative heat 

transfer is also important in free and forced convection flows. Keeping all these 

applications in mind, many authors studied various research problems for the case of 

radiative heat transfer. Some of these can be seen in [55-58] and references there in. 

High nonlinearity of governing equations in various flow problems means unlikeliness of 
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exact solution. To handle these problems, various approximation techniques have been 

developed. Highly nonlinear problems such as the ones discussed above are therefore 

solved by using these techniques. These include; Adomian's Decomposition Method 

(ADM), Variational Iteration Method, Variation of Parameters Method, Homotopy 

Analysis Method, Homotopy Perturbation Method, etc. 

Mathematical models describing the realistic flow problems mostly involve the Non-

Newtonian fluids. One of these fluids is known as Casson fluid and its formulation 

provided in [59-61] is found to be suitable for blood flow problems up to large extent. 

Casson fluid flow between squeezing disks under radiative heat transfer has not been 

considered yet. To fill out this gap, heat transfer analysis for squeezing flow of Casson 

fluid between parallel disks under the effects of thermal radiation is presented. The well-

known Homotopy Analysis Method (HAM) [35, 36, 40, 41] is employed to solve the 

problem. Graphs are plotted to analyze the effects of different emerging parameters on 

velocity and temperature profiles. 

3.2 Governing Equations  

We have investigated the parallel infinite disks h, distance apart, with magnetic field 

practiced vertically and is proportional to 
𝐵0

√1−𝑎𝑡
. An incompressible Casson fluid is used in 

between the disks. Magnetic field is negligible for low Reynolds numbers. The schematic 

diagram of the problem is reflect in figure 3.1. 

 

Figure 3.1: Schematic diagram of the problem 
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Consequently, Casson fluid flow equation is delineated as 

𝜏𝑖𝑗 = {
2 [𝜇𝐵 + (

𝑝𝑦

2𝜋
)] 𝑒𝑖𝑗 ,      𝜋 > 𝜋𝑐

2 [𝜇𝐵 + (
𝑝𝑦

2𝜋𝑐
)] 𝑒𝑖𝑗,      𝜋𝑐 > 𝜋

} 

where 𝑝𝑦 is yield stress of fluid, 𝜇𝐵 is the plastic-dynamic viscosity of the fluid and 𝜋 is 

the self-product of component of deformation rate with itself and c is the critical value of 

the said self-product. 𝑇𝑤 and 𝑇ℎ are constant temperatures at lower and upper disk 

respectively. The viscous dissipation effects in the energy equation are retained. We have 

chosen the cylindrical coordinates system (𝑟, 𝜙, 𝑧), where the upper disk is moving with 

velocity −
𝑎𝐻(1−𝑎𝑡)

−
1
2

2
 towards or away from the stationary lower disk. Therefore, the 

constitutive equations for two dimensional flow and heat transfer of a viscous fluid under 

the effects of thermal radiation can be written as: 

∂�̅�

∂𝑟
+
�̅�

𝑟
+
∂�̅�

∂𝑧
= 0, (3.1) 

𝜌 (
∂�̅�

∂𝑡
+ �̅�

∂�̅�

∂𝑟
+ �̅�

∂�̅�

∂𝑧
) = −

∂�̂�

∂𝑟
+ 𝜇 (

1 + 𝛽

𝛽
) (
∂2�̅�

∂𝑟2
+
1

𝑟

∂�̅�

∂𝑟
−
�̅�

𝑟2
+
∂2�̅�

∂𝑧2
) 

−
𝜎

𝜌
𝐵2(𝑡) �̅�, 

(3.2) 

𝜌 (
∂�̅�

∂𝑡
+ �̅�

∂�̅�

∂𝑟
+ �̅�

∂�̅�

∂𝑧
) = −

∂�̂�

∂𝑧
+ 𝜇 (

1 + 𝛽

𝛽
) (
∂2�̅�

∂𝑟2
+
∂2�̅�

∂𝑧2
+
1

𝑟

∂�̅�

∂𝑟
) , (3.3) 

𝐶𝑝 (
∂𝑇

∂𝑡
+ �̅�

∂𝑇

∂𝑟
+ �̅�

∂𝑇

∂𝑧
) =

𝑘

𝜌
(
∂2𝑇

∂𝑟2
+
∂2𝑇

∂𝑧2
+
1

𝑟

∂𝑇

∂𝑟
) −

1

𝜌

∂

∂𝑧
(𝑞𝑟)

                                              +𝜈 (1 +
1

𝛽
)

(

 
 2(

∂𝑢

∂𝑟
)
2

+ 2(
∂𝑤

∂𝑟
)
2

+ 2
𝑢2

𝑟2

+(
∂𝑢

∂𝑧
)
2

+ 2(
∂𝑤

∂𝑧
)
2

+ 2(
∂𝑢

∂𝑧
) (
∂𝑤

∂𝑟
)
)

 
 
.

 (3.4) 
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Supporting conditions are 

{�̅� = 0,   �̅� = −𝑤0}|𝑧=0

{�̅� = 0,   �̅� =
𝑑ℎ

𝑑𝑡
}|
𝑧=ℎ(𝑡)

 (3.5) 

𝑇 = 𝑇𝑤|𝑧=0
𝑇 = 𝑇ℎ|𝑧=ℎ(𝑡)

 (3.6) 

In the above equations, �̅� and �̅� are the velocity components in the r- and z- directions 

respectively, while 𝜌 is the density, �̂� the pressure, dynamic viscosity 𝜇, specific heat 𝐶𝑝, 

𝑇 the temperature, 𝜈 kinematic viscosity, 𝑘∗ mean absorption coefficient, 𝑘 thermal 

conductivity, Stefan Boltzmann constant 𝜎∗, and 𝑤0 is suction/injection velocity. 

Substituting the following transformations 

�̅� =
𝑎𝑟

2(1 − 𝑎𝑡)
�̅�′(𝜂), �̅� = −

𝑎𝐻

√1 − 𝑎𝑡
�̅�(𝜂),

𝐵(𝑡) =
𝐵0

√1 − 𝑎𝑡
, 𝜂 =

𝑧

𝐻√1 − 𝑎𝑡
, 𝜃(𝜂) =

𝑇 − 𝑇ℎ
𝑇𝑤 − 𝑇ℎ

,

 (3.7) 

into Eqs. (3.2)-(3.4) and removing the pressure gradient from the subsequent equations, 

we finally obtain  

(1 +
1

𝛽
) �̅�(𝑖𝑣) − 𝑆(𝜂�̅�′′′ + 3�̅�′′ − 2�̅��̅�′′′) − 𝑀2�̅�′′ = 0, (3.8) 

((1 + 𝑅𝑑(1 + (𝜃𝑤 − 1)𝜃)
3𝜃′)′ + 𝑆𝑃𝑟(2�̅��̅�′ − 𝜂�̅�′)

+ (1 +
1

𝛽
)  𝑃𝑟𝐸𝑐(�̅�′′2 + 12𝛿2�̅�′2) = 0, 

(3.9) 

with associated condition  

�̅�(0) = 𝐴,      �̅�′(0) = 0,      𝜃(0) = 1,

�̅�(1) =
1

2
,      �̅�′(1) = 0,      𝜃(1) = 0.

 (3.10) 

Where A denotes the suction/injection, Eckert number 𝐸𝑐, Hartman number 𝑀, squeeze 

number 𝑆, Prandtl number 𝑃𝑟, radiation parameter 𝑅𝑑, 𝜃𝑤 is the temperature difference 

parameter, and 𝛿 the dimensionless length defined as 
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𝐴 =
𝑤0√1 − 𝑎𝑡

𝑎𝐻
, 𝑆 =

𝑎𝐻2

2𝜈
,𝑀2 =

𝜎𝐵0
2𝐻2

𝜇
, 𝑃𝑟 =

𝜇𝐶𝑝

𝑘
, 𝑅𝑑 =

16𝜎∗𝑇ℎ
3

3𝑘∗𝑘
,

𝐸𝑐 =
1

𝐶𝑝(𝑇𝑤 − 𝑇ℎ)
(

𝑎𝑟

2(1 − 𝑎𝑡)
)
2

, 𝛿2 =
𝐻2(1 − 𝑎𝑡)

𝑟2
.

 (3.11) 

The skin friction coefficient and Nusselt number are defined as 

𝐶𝑓𝑟 =
𝜏𝑟𝑧|𝑧=ℎ(𝑡)

𝜌 (
−𝑎𝐻

2(1 − 𝑎𝑡)
)
2 ,      𝑁𝑢 =

𝐻

𝐾0(𝑇𝑤 − 𝑇ℎ)
(𝑞𝑤 + 𝑞𝑟), (3.12) 

where 

𝜏𝑟𝑧 = (𝜇𝐵 +
𝑝𝑦

2√2𝜋𝑐
) (
∂𝑢

∂𝑧
+
∂𝑤

∂𝑟
)|

𝑧=ℎ(𝑡)

,      𝑞𝑤 = −K0 (
∂𝑇

∂𝑧
)|
𝑧=ℎ(𝑡)

. (3.13) 

In view of (3.7), Eq. (3.12) can be written as 

𝐶𝑓𝑟 = (1 +
1

𝛽
)
�̅�′′(1)𝑟2

𝐻2𝑅𝑒𝑟
,     𝑁𝑢 = −

(1 + 𝑅𝑑)𝜃′(1)

√1 − 𝑎𝑡
, (3.14) 

and 

𝑅𝑒𝑟 =
𝑟𝑎𝐻(1 − 𝑎𝑡)1/2

2𝜈
. (3.15) 

3.3 Solution Procedure for HAM 

Tracking the methodology proposed by Liao [40-43], we can initiate initial guesses as 

�̅�0(𝜂) = 𝐴 +
3

2
(1 − 2𝐴) 𝜂2 + (−1 + 2𝐴) 𝜂3, (3.16) 

𝜃0(𝜂) = 1 − 𝜂. (3.17) 
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Define linear operator as 

�̅�𝐹 =
𝑑4�̅�

𝑑𝜂4
  a𝑛𝑑  �̅�𝜃 =

𝑑2�̅�

𝑑𝜂2
. 

(3.18) 

which satisfies the following linearity conditions 

�̅�𝐹(𝐶1 + 𝐶2𝜂 + 𝐶3𝜂
2 + 𝐶4𝜂

3) = 0,  (3.19) 

�̅�𝜃(𝐶5 + 𝐶6𝜂) = 0, (3.20) 

where  61iCi  are constants. 

3.3.1 Convergence of Solution 

The convergence of the series solutions is highly depends on the auxiliary parameters ℏ𝐹 

and ℏ𝜃. We define total error of the system for the functions 𝐹,̅ 𝜃 to determine the optimal 

values of these parameters as 

𝐸𝑚,1(ℏ�̅�) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝐹 (∑

𝑚

𝑗=0

�̅�𝑗(𝑖Δ𝑥))]

2

, (3.21) 

𝐸𝑚,2(ℏθ) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝜃 (∑

𝑚

𝑗=0

�̅�𝑗(𝑖Δ𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ𝑥))]

2

, (3.22) 

where Kx 1 . For a given order of approximation m, the optimal values of ℏ𝐹 , ℏ𝜃 can 

be determine by minimizing the total error of the system given in the equations by using 

the HAM package BVPh2.0. The optimal values of these auxiliary parameters are given in  

Table 3.1 and Table 3.2, corresponding to different values of the parameters. 

After ensuring the convergence of series solution, our concern now is to see the influences 

of suction / blowing parameter, squeeze number 𝑆 and Casson fluid parameter 𝛽 on velocity 

and temperature profile, which was investigated. 
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Table 3.1: Optimal values for 𝐴 > 0 

𝑴 𝑺 𝑷𝒓 𝑬𝒄 𝜹 𝜷 𝜽𝒘 𝑹𝒅 ℏ�̅� ℏ𝜽 Total Error of the 

system 

0.1 0.2 0.71 0.2 0.1 1 1.1 0.2 -0.502 -0.819 7.91× 10−8 

0.4        -0.513 -0.817 1.31× 10−6 

0.7        -0.511 -0.817 1.50× 10−6 

0.2 0.1       -0.527 -0.815 1.87× 10−6 

 0.3       -0.503 -0.821 3.97× 10−6 

 0.5       -0.504 -0.824 4.28× 10−5 

 0.2 0.1      -0.501 -0.811 1.63× 10−8 

  0.3      -0.501 -0.813 7.23× 10−8 

  0.5      -0.501 -0.816 3.41× 10−7 

  0.71 0.1     -0.504 -0.819 8.04× 10−8 

   0.3     -0.521 -0.817 6.18× 10−6 

   0.5     -0.535 -0.818 4.53× 10−5 

   0.2 0.2    -0.514 -0.818 1.41× 10−6 

    0.4    -0.516 -0.819 2.47× 10−6 

    0.6    -0.519 -0.820 7.22× 10−6 

    0.1 0.5   -0.349 -0.819 5.25× 10−6 

     1.5   -0.603 -0.818 8.22× 10−7 

     2.5   -0.718 -0.818 6.61× 10−7 

     1 1.05  -0.511 -0.827 5.64× 10−7 

      1.1  -0.514 -0.817 1.25× 10−6 

      1.15  -0.519 -0.805 8.23× 10−6 

      1.1 0.1 -0.512 -0.903 8.05× 10−7 

       0.4 -0.520 -0.687 1.08× 10−5 

       0.7 -0.528 -0.555 5.38× 10−5 
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Table 3.2: Optimal values for 𝐴 < 0 

𝑴 𝑺 𝑷𝒓 𝑬𝒄 𝜹 𝜷 𝜽𝒘 𝑹𝒅 ℏ�̅� ℏ𝜽 Total Error of the 

system 

0.1 0.2 0.71 0.2 0.1 1 1.1 0.2 -0.493 -0.796 6.42× 10−3 

0.4        -0.495 -0.796 6.38× 10−3 

0.7        -0.497 -0.795 6.31× 10−3 

0.2 0.1       -0.498 -0.802 3.59× 10−3 

 0.3       -0.490 -0.790 1.02× 10−2 

 0.5       -0. 486 -0.778 2.19× 10−2 

 0.2 0.1      -0.495 -0.806 2.13× 10−6 

  0.3      -0.494 -0.803 1.56× 10−4 

  0.5      -0.494 -0.799 1.36× 10−3 

  0.71 0.1     -0.494 -0.795 4.51× 10−4 

   0.3     -0.493 -0.797 3.19× 10−2 

   0.5     -0.492 -0.797 2.50× 10−1 

   0.2 0.2    -0.493 -0.796 7.68× 10−3 

    0.4    -0.492 -0.795 1.55× 10−2 

    0.6    -0.488 -0.796 4.53× 10−2 

    0.1 0.5   -0.330 -0.797 2.75× 10−2 

     1.5   -0.590 -0.795 3.45× 10−3 

     2.5   -0.701 -0.796 1.95× 10−3 

     1 1.05  -0.490 -0.811 8.37× 10−4 

      1.1  -0.493 -0.796 6.41× 10−3 

      1.15  -0.497 -0.779 2.50× 10−2 

      1.1 0.1 -0.492 -0.882 1.66× 10−3 

       0.4 -0.495 -0.667 2.18× 10−2 

       0.7 -0.496 -0.537 4.61× 10−2 
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3.4 Results and discussions 

For convenience, we divided our discussions into two sections; one devoted to examine the 

upshots on varying physical parameter for the case suction (𝐴 > 0) and the other one 

describes the same effects for the case of blowing (𝐴 < 0). 

3.4.1 Suction Case 

To analyze the impact of emerging parameters on velocity and temperature profile for 

suction, the effects of squeezing parameter S on the velocity and temperature profile are 

discussed in figures 3.2 and 3.3. In figure 3.2, the velocity profile decreases in magnitude 

near the porous walls for 𝜂 ≤ 0.4 and the velocity profile increases in magnitude for 

increasing value of squeeze numbers, while in figure 3.3, temperature profile decreases 

with increase in squeeze number 𝑆. The effect of Casson fluid parameter 𝛽 for velocity and 

temperature profile is discussed in figures 3.4 and 3.5. In figure 3.4, an increase in 

magnitude for velocity is observed near the porous wall for Casson fluid parameter and 

decreases for increasing value of 𝛽, while in figure 3.5, temperature decreases for increase 

in Casson fluid parameter. 

 

Figure 3.2: Effect of 𝑆 on 𝐹′(𝜂) 

 

Figure 3.3: Effect of 𝑆 on 𝜃(𝜂) 
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Figure 3.4: Effect of 𝛽 on 𝐹′(𝜂) 

 

Figure 3.5: Effect of 𝛽 on 𝜃(𝜂) 

The graphical representations of key parameters in case of suction for temperature profile 

are displayed in Figure 3.6-3.9. Figure 3.6 depicts the influence of radiation parameter for 

suction case, increase in radiation parameter 𝑅𝑑 results in decreased temperature. 

 

Figure 3.6: Influence of 𝑅𝑑 on 𝜃(𝜂) 

 

Figure 3.7: Influence of 𝐸𝑐 on 𝜃(𝜂) 

 

Figure 3.8: Influence of 𝜃𝑤 on 𝜃(𝜂) 

 

Figure 3.9: Influence of 𝛿 on 𝜃(𝜂) 

Figure 3.7 depicts the behavior of 𝐸𝑐 on the temperature distribution, where rapid rise in 

temperature is seen with higher Ec. However, for the higher 𝐸𝑐 number, boundary layer 

thickness decreases. This increase in temperature is due to the presence of the viscous 
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dissipation term in the energy equation. Figure 3.8 depicts the behavior of temperature for 

increasing values of 𝜃𝑤. A slight fall in temperature distribution is seen for the higher 

values of 𝜃𝑤. Here, one can easily see that the parameter 𝜃𝑤 do not affect the temperature 

near the upper disk. The effect of dimensionless length 𝛿 is almost like Eckert number that 

can be seen from Figure 3.7. 

3.4.2 Blowing Case 

To analyze the behavior of all emerging parameter on velocity and temperature profile for 

blowing case, Figure 3.10-3.17 are displayed. In Figure 3.10, the behavior of squeeze 

number on velocity profile is opposite in the blowing case as compared to suction case. 

However, for the temperature distribution, all the physical parameters have same behavior 

in the blowing case as compared to those in the suctions case. The only difference is the 

effects of Casson parameter 𝛽 that decrease the velocity profile near the porous walls for 

𝜂 ≤ 0.5, which then starts increasing for higher value of Casson parameter 𝛽.  

 

 

Figure 3.10: Influence of S on 𝐹′(𝜂) 

 

Figure 3.11: Influence of S on 𝜃(𝜂) 

 

Figure 3.12: Influence of 𝛽 on 𝐹′(𝜂) 

 

Figure 3.13: Influence of 𝛽 on 𝜃(𝜂) 
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Figure 3.14: Influence of 𝑅𝑑 on 𝜃(𝜂) 

 

Figure 3.15: Influence of Ec on 𝜃(𝜂) 

 

Figure 3.16: Influence of 𝜃𝑤 on 𝜃(𝜂) 

 

Figure 3.17: Influence of 𝛿 on 𝜃(𝜂) 

 

 

Figure 3.18: Influence of 𝑆 and 𝑀 of 𝐶𝑓𝑟 

 

Figure 3.19: Influence of 𝑆 and 𝛽 of 𝐶𝑓𝑟 

The effect of skin friction coefficient on velocity profile are discussed in Figure 3.18 and 

3.19. In Figure 3.18, it is clear that, for increasing value of squeeze number 𝑆 along with 

the magnetic parameter 𝑀, the skin friction coefficient increases for the suction case (𝐴 >

0) and a slight fall is observed in the blowing case (𝐴 < 0). However, in Figure 3.19, one 

can easily see that the behavior is opposite for increasing value of Casson parameter 𝛽 for 

both the suction and injection cases. 
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Figure 3.20: Influence of 𝑅𝑑 and 𝛽 for 𝑁𝑢 

 

Figure 3.21: Influence of 𝑅𝑑 and 𝐸𝑐 for 𝑁𝑢 

The combined effects of local Nusselt number are portrayed in Figure 3.20-3.22. Figure 

3.20 depicts the behavior of the local Nusselt number following the changes in radiation 

𝑅𝑑 and Casson parameter, it is clear that for higher values of Casson parameter 𝛽, the rate 

of heat transfer at the upper disk decreases with increasing value of 𝑅𝑑. 

 

Figure 3.22: Influence of 𝑅𝑑 and 𝜃𝑤 for 𝑁𝑢 

In Figure 3.21, a rapid rise is seen in rate of heat transfer at the upper disk for increasing 

values of 𝑅𝑑 along with smaller variation in Eckert number for both suction and injection 

cases. While in Figure 3.22, a slight increase in the rate of heat transfer is observed for 

increasing value of 𝜃𝑤. A comparison of linear and nonlinear radiation effects are presented 

in Table 3.3. 

Table 3.3: Comparison of Linear and Nonlinear radiation 

 Linear Radiation Nonlinear Radiation 

𝜂  𝐹(𝜂) 𝜃(𝜂) 𝐹(𝜂) 𝜃(𝜂) 

0. 1.5 1 1.5 1 
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0.1 1.471160 0.994200 1.471160 0.997129 

0.2 1.393540 0.935382 1.393540 0.941030 

0.3 1.280080 0.849048 1.280080 0.856950 

0.4 1.143300 0.751859 1.143300 0.761416 

0.5 0.995343 0.652861 0.995343 0.663498 

0.6 0.848116 0.554388 0.848116 0.565575 

0.7 0.713334 0.452615 0.713334 0.463724 

0.8 0.602627 0.337797 0.602627 0.347799 

0.9 0.527620 0.194229 0.527620 0.201156 

1.0 0.5 0 0.5 0 

 

3.5 Conclusions 

This chapter represents the squeezing flow of a Casson fluid between parallel disks under 

the effects of nonlinear radiation. Governing equations transformed into set of ordinary 

differential equations are solved using a well-known method, i.e., Homotopy Analysis 

Method (HAM). The effects of various emerging parameters on velocity and temperature 

profiles are discussed with the help of graphs. The numerical solution is also carried out to 

confirm the results attained by HAM. It can be concluded that for the case of suction, that 

velocity profile behaves quite oppositely as compared to the case of injection for all varying 

parameters. While the temperature profile has almost similar behavior for both the cases. 
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Chapter 4 Thermo-diffusion and diffuso-thermo 

effects on MHD squeezing flow between parallel 

disks 
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4.1 Introduction 

Research on squeezing flow is a vital area of interest. It is because of its industrial 

applications like polymer industry process, squeezed films in power transmission, injection 

molding, compression and liquid-metal lubrication. The biological applications include 

pumping of heart and flow through certain arteries. Mostly the squeezing flows are 

exemplified in modeling of thin fiber and paper sheets formations, metal and plastic sheets 

etc. Following the basic work done by Stefan (1874) [11], several attempts have been 

reported. A two-dimensional MHD squeezing flow between parallel plates has been 

examined by Siddiqui et al. [14]. For the parallel disks, a similar problem has been 

discussed by Domairry and Aziz [15]. In both the studies, Homotopy perturbation method 

(HPM) has been used to determine the solution. 

Joneidi et al. [16] used Homotopy analysis method (HAM) to study the mass transfer 

effects on squeezing flow between parallel disks. Most recently, Hayat et al. [17] have 

investigated the influence of heat transfer in the MHD squeezing Flow between parallel 

disks. They also utilized HAM to solve the resulting nonlinear system of ordinary 

differential equations. Since then, the squeezing flows have been of great interest to various 

researchers [18-20]. 

Heat transport phenomenon is vital in many industrial applications such as wire coating, 

hot rolling, glass blowing, metal spinning, glass fiber, paper manufacturing, drawing of 

plastic films, glass sheet productions, continuous casting and the aerodynamic extrusion of 

plastic sheets. It is a worth mentioning fact that the concentration and temperature gradients 

present energy and mass fluxes, respectively. Temperature gradients result in Soret effect 

(thermal-diffusion), while the Dufour effect (diffusion-thermo) is due to concentration 

gradients. For the flows of mixture of gases with low molecular weights (He, H2) and high 

molecular weights (N2, air), Soret and Dufour effects cannot be ignored. 

According to our inquiry, no attempt has ever been made to study the Soret and Dufour 

effects in magnetohydrodynamic (MHD) squeezing flows. Due to the nonlinearity of the 

equations corresponding to these problems, an exact solution is improbable; so, various 
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analytical techniques such as Variational iteration method, Homotopy perturbation 

method, variation of parameters method, etc, [34-37] have been developed to approximate 

the solutions. Highly nonlinear problems such as the ones discussed above are therefore 

solved by using these techniques. One of such techniques is Homotopy Analysis Method 

(HAM) that has been used to solve many abstract problems in recent past. Its efficiency 

and accuracy has been shown in various studies [40, 41, 61]. 

Motivated by the preceding work, here, we present thermo-diffusion and diffusion-thermo 

effects on MHD squeezing flow between parallel disks. The governing equations are 

obtained by using some physical laws of conservation accompanied by the similarity 

transformation. The solution is obtained by using HAM. A detailed comparison between 

the developed algorithm BVPh2.0 and the numerical solution attained by RK-4 is 

presented. The physical aspects of the flow are presented graphically and aided with 

comprehensive discussions. 

4.2 Formulation of the Problem 

The unsteady two dimensional magnetohydrodynamic flow of an incompressible fluid 

between two parallel infinite disks ℎ distance apart, is taken into account. Magnetic field 

practiced vertically and is proportional to 𝐵0(1 − 𝑎𝑡)
−1/2, and is negligible for low 

Reynolds numbers. The effects of Soret and Dufour, Brownian motion and thermophoresis 

are considered. The effect of viscous dissipation is retained in the energy equation. �̃�𝑤 and 

�̃�ℎ represents the constant temperatures, while �̃�𝑤 and �̃�ℎ are the nanoparticles 

concentration at lower disk 𝑧 = 0 and upper disk 𝑧 = ℎ(𝑡), respectively. The upper disk is 

moving towards or away from the static but permeable lower disk with a velocity −
𝑎𝐻

2√1−𝑎𝑡
. 

as shown in Figure 4.1. 
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Figure 4.1: Physical model of the problem 

Cylindrical coordinates system (𝑟, 𝜙, 𝑧) has been chosen to counter the flow configuration. 

For two-dimensional time dependent flow and heat transfer of a viscous fluid, the 

governing equations are  

∂�̂�

∂𝑟
+
�̂�

𝑟
+
∂�̂�

∂𝑧
= 0, (4.1) 

∂�̂�

∂𝑡
+ �̂�

∂�̂�

∂𝑟
+ �̂�

∂�̂�

∂𝑧
= −

1

𝜌

∂�̃�

∂𝑟
+ 𝜈 (

∂2�̂�

∂𝑟2
+
1

𝑟

∂�̂�

∂𝑟
−
�̂�

𝑟2
+
∂2�̂�

∂𝑧2
) −

𝜎

𝜌
𝐵2(𝑡)�̂�, (4.2) 

∂�̂�

∂𝑡
+ �̂�

∂�̂�

∂𝑟
+ �̂�

∂�̂�

∂𝑧
= −

1

𝜌𝑓

∂�̃�

∂𝑧
+ 𝜈 (

∂2�̂�

∂𝑟2
+
1

𝑟

∂�̂�

∂𝑟
+
∂2�̂�

∂𝑧2
), (4.3) 

∂�̃�

∂𝑡
+ �̂�

∂�̃�

∂𝑟
+ �̂�

∂�̃�

∂𝑧
= 𝛼 (

∂2�̃�

∂𝑟2
+
1

𝑟

∂�̃�

∂𝑟
+
∂2�̃�

∂𝑧2
) +

𝐷 𝑘�̃�

�̃�𝑠𝐶𝑝
(
∂2�̃�

∂𝑟2
+
1

𝑟

∂�̃�

∂𝑟
+
∂2�̃�

∂𝑧2
) 

+

(

 
 2(

∂�̂�

∂𝑟
)
2

+ 2(
∂�̂�

∂𝑟
)
2

+ 2
�̂�2

𝑟2

+(
∂�̂�

∂𝑧
)
2

+ 2(
∂�̂�

∂𝑧
)
2

+ 2(
∂�̂�

∂𝑧
) (
∂�̂�

∂𝑟
)
)

 
 
, 

 

(4.4) 

∂�̃�

∂𝑡
+ �̂�

∂�̃�

∂𝑟
+ �̂�

∂�̃�

∂𝑧
= 𝐷𝐵 (

∂2�̃�

∂𝑟2
+
1

𝑟

∂�̃�

∂𝑟
+
∂2�̃�

∂𝑧2
) +

𝐷�̃�𝑘𝑇
𝑇𝑚

(
∂2�̃�

∂𝑟2
+
1

𝑟

∂�̃�

∂𝑟
+
∂2�̃�

∂𝑧2
), (4.5) 
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subject to the auxiliary conditions 

�̂� = 0,     �̂� =   −
𝑤0

√1 − 𝑎𝑡
,     a𝑡    𝑧 = 0,

�̂� = 0,     �̂� =
𝑑ℎ

𝑑𝑡
 ,        a𝑡    𝑧 = ℎ(𝑡),

 (4.6) 

�̃� = �̃�𝑤,      �̃� = �̃�𝑤                       a𝑡    𝑧 = 0,

�̃� = �̃�ℎ,      �̃� = �̃�ℎ                      a𝑡    𝑧 = ℎ(𝑡).
 (4.7) 

Where û  and ŵ  represents the velocity components in r- and z - directions respectively. 

�̃� is the nanoparticle concentration, thermal diffusivity 𝛼, density 𝜌, kinematic viscosity 𝜈, 

pressure 𝑝 and specific heat 𝐶𝑝. Further, the coefficient of mass diffusivity is 𝐷, Brownian 

motion coefficient 𝐷𝐵, thermophoretic diffusion coefficient 𝐷�̃�, 𝐾�̃� , �̃�𝑠 are thermal-

diffusion ratio and the concentration susceptibility. Furthermore, �̃�, 𝑇𝑚 correspondingly are 

the temperature and mean fluid temperatures and 𝑤0 is the suction/injection velocity. 

The second term on the right hand side of energy equation (4.4) and last term of diffusion 

equation (4.5) signifies the Dufour or diffusion-thermo effect and the Soret or thermal-

diffusion effect, respectively. 

Utilizing the following transformations  

�̂� =
𝑎𝑟

2(1 − 𝑎𝑡)
𝑓′(𝜂),     �̂� = −

𝑎𝐻

√1 − 𝑎𝑡
𝑓(𝜂),   𝐵(𝑡) =

𝐵0

√1 − 𝑎𝑡
,

     𝜂 =
𝑧

𝐻√1 − 𝑎𝑡
,      𝜙(𝜂) =

�̃� − �̃�ℎ

�̃�𝑤 − �̃�ℎ
,     𝜃(𝜂) =

�̃� − �̃�ℎ

�̃�𝑤 − �̃�ℎ
,

 (4.8) 

into Eqs. (4.2) - (4.5) after eliminating the pressure gradient from Eqs. (4.2) and (4.3), we 

finally obtain 

𝑓(𝑖𝑣) − 𝑆(𝜂𝑓′′′ + 3𝑓′′ − 2𝑓𝑓′′′) − 𝑀2𝑓′′ = 0, (4.9) 

𝜃′′ + 𝑆Pr(2𝑓𝜃′ − 𝜂𝜃′) + Pr𝐸𝑐(𝑓′′2 + 12𝛿2𝑓′2) + 𝐷𝑢Pr𝜙′′ = 0, (4.10) 

𝜙′′ + 𝑆𝑐𝑆(2𝑓𝜙′ − 𝜂𝜙′) + 𝑆𝑟𝑆𝑐𝜃′′ = 0, (4.11) 
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with the boundary conditions 

𝐹(0) = 𝐴,     𝐹′(0) = 0,     𝜃(0) = 1,    𝜙(0) = 1,

𝐹(1) =
1

2
,     𝐹′(1) = 0,     𝜃(1) = 0,   𝜙(1) = 0.

 (4.12) 

A denotes the suction/blowing parameter,  squeeze number S,  Hartman number M, Dufour 

number Du, Soret number Sr, Schmidt number Sc, Eckert number Ec, Prandtl number Pr 

and dimensionless length   are defined as 

𝐴 =
𝑤0
𝑎𝐻
,𝑀2 =

𝜎𝐵0
2𝐻2

𝜇
, 𝑆 =

𝑎𝐻2

2𝑣
, 𝐷𝑢 =

𝐷𝐾�̃�(�̃�𝑤 − �̃�ℎ)

𝜈𝐶𝑝�̃�𝑠(�̃�𝑤 − �̃�ℎ)
, 𝑆𝑟 =

𝐷𝐾�̃�(�̃�𝑤 − �̃�ℎ)

𝜈𝑇𝑚(�̃�𝑤 − �̃�ℎ)
,

𝑆𝑐 =
𝜈

𝐷𝐵
, 𝐸𝑐 =

1

𝐶𝑝(�̃�𝑤 − �̃�ℎ)
(

𝑎𝑟

2(1 − 𝑎𝑡)
)
2

, Pr =
𝜇𝐶𝑝

𝐾0
, 𝛿2 =

𝐻2(1 − 𝑎𝑡)

𝑟2
.

 (4.13) 

The skin friction coefficient, Nusselt and Sherwood numbers are defined as 

 𝐶𝑓𝑟 =
𝜏𝑟𝑧|𝑧=ℎ(𝑡)

𝜌 (
−𝑎𝐻

2(1 − 𝑎𝑡)
)
2 ,   𝑁𝑢 =

𝐻𝑞𝑤
𝐾(𝑇𝑤 − 𝑇ℎ)

,   𝑆ℎ =
𝐻𝑗𝑤

𝐷𝐵(𝐶𝑤 − 𝐶ℎ)
, 

(4.14) 

where 

𝜏𝑟𝑧 = 𝜇 (
∂𝑢

∂𝑧
+
∂�̂�

∂𝑟
)|
𝑧=ℎ(𝑡)

,    

𝑞𝑤 = −K(
∂�̃�

∂𝑧
)|
𝑧=ℎ(𝑡)

,   𝑗𝑤 = −𝐷𝐵 (
∂�̃�

∂𝑧
)|
𝑧=ℎ(𝑡)

.  (4.15) 

With the help of (4.8) we get 

 
𝐻2

𝑟2
𝑅𝑒𝑟𝐶𝑓𝑟 = 𝑓′′(1),

(1 − 𝑎𝑡)1/2𝑁𝑢 = −𝜃′(1),   (1 − 𝑎𝑡)1/2𝑁𝑢 = −𝜃′(1),

 (4.16) 

𝑅𝑒𝑟 =
𝑟𝑎𝐻(1 − 𝑎𝑡)1/2

2𝑣
. (4.17) 
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4.3 Solution Procedure for HAM 

For this problem, we use the HAM package BVPh2.0 and consider the methodology 

proposed by Liao [40-43]. The initial guesses are 

𝑓0(𝜂) = 𝐴 +
3

2
(1 − 2𝐴)𝜂2 + (−1 + 2𝐴)𝜂3, (4.18) 

𝜃0(𝜂) = 1 − 𝜂, (4.19) 

𝜙0(𝜂) = 1 − 𝜂. (4.20) 

Linear operator are chosen as 

ℓ𝑓 =
𝑑4𝑓

𝑑𝜂4
 , ℓ𝜃 =

𝑑2𝜃

𝑑𝜂2
, ℓ𝜙 =

𝑑2𝜙

𝑑𝜂2
. 

(4.21) 

The above operators satisfies the following linearity 

ℓ𝑓(𝐶1𝜂
3 + 𝐶2𝜂

2 + 𝐶3𝜂 + 𝐶4) = 0, (4.22) 

ℓ𝜃(𝐶5𝜂 + 𝐶6) = 0, (4.23) 

ℓ𝜙(𝐶7𝜂 + 𝐶8) = 0, (4.24) 

where 𝐶𝑖(𝑖 = 1 − 8) are constants. 

4.4 Error analysis and selection of optimal values of convergence-

control parameters 

Convergence criterion for the series solutions is highly dependent on the auxiliary 

parameters. We defined total error of the system for 𝑓, 𝜃 and 𝜙 and obtained the optimal 

values of such physical parameters as 

𝐸𝑚,1(ℏ𝑓) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝑓 (∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ𝑥))]

2

, (4.25) 

𝐸𝑚,2(ℏθ) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁θ(∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ𝑥))]

2

, (4.26) 
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𝐸𝑚,3(ℏϕ) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁ϕ(∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ𝑥))]

2

, 

 

(4.27) 

where Δ𝑥 =
1

𝐾
. For a required order of approximation m, the optimal values of ℏ𝑓 , ℏ𝜃 and 

ℏ𝜙 can be determined by minimizing the total error of the system given in the equations 

(4.25) -  

(4.27), using the HAM package BVPh2.0. In Table 4.1 and 4.2, the optimal values of these 

auxiliary parameters for velocity, concentration and temperature profiles corresponding to 

the different values of the parameters are given. 

Table 4.1: Optimal values of ℏ𝑓 , ℏ𝜃 , ℏ𝜙 for different values of the parameters for suction case. 

M S Sr Du ℏ𝑓 ℏ𝜃 ℏ𝜙 Total Error of 

the System 

0.5 1 0.1 0.1 -0.929 -0.916 -0.939 1.24× 10−8 

1.5    -0.911 -0.915 -0.955 1.64× 10−8 

2.5    -0.914 -1.058 -1.003 1.80× 10−8 

3.5    -0.883 -0.930 -0.999 2.41× 10−7 

1 0.5   -0.917 -0.947 -1.014 2.22× 10−10 

 1   -0.922 -0.914 -0.945 1.20× 10−8 

 1.5   -0.877 -0.908 -0.856 1.09× 10−5 

 2   -0.835 -0.930 -0.798 1.00× 10−3 

 0.1 0.5  -0.919 -1.033 -0.996 -1.51× 10−11 

  1  -0.944 -1.002 -1.020 1.35× 10−9 

  1.5  -0.931 -0.999 -1.024 3.52× 10−8 

  2  -0.917 -0.995 -1.028 3.54× 10−7 

 1 0.1 0.5 -0.908 -1.072 -0.954 -6.60× 10−12 

   1.5 -1.130 -1.012 -1.009 4.28× 10−9 

   2.5 -1.199 -1.016 -1.000 2.45× 10−7 

   4 -1.268 -1.023 -0.984 1.03× 10−5 
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Table 4.2: Optimal values of ℏ𝑓 , ℏ𝜃 , ℏ𝜙 for different values of the parameters for blowing case. 

M S Sr Du ℏ𝑓 ℏ𝜃 ℏ𝜙 Total Error of 

the System 

0.5 1 0.1 0.1 -0.899 -1.070 -1.046 2.50× 10−7 

1.5    -0.870 -1.081 -0.834 1.39× 10−7 

2.5    -0.825 -1.064 -0.862 3.94× 10−8 

3.5    -0.866 -0.820 -0.905 -1.60× 10−6 

1 0.5   -1.029 -0.856 -0.988 -3.50× 10−9 

 1   -0.890 -1.094 -0.828 1.84× 10−7 

 1.5   -0.840 -1.056 -0.764 1.40× 10−4 

 2   -0.791 -1.027 -0.702 1.17× 10−2 

 0.1 0.5  -1.102 -0.956 -1.004 -4.83× 10−11 

  1  -0.975 -0.983 -0.987 1.42× 10−8 

  1.5  -0.963 -0.977 -0.991 3.97× 10−7 

  2  -0.952 -0.974 -0.993 3.94× 10−6 

 1 0.1 0.5 -0.890 -1.026 -0.880 1.87× 10−7 

   1.5 -0.898 -0.936 -0.930 9.76× 10−7 

   2.5 -0.981 -0.931 -0.898 2.52× 10−5 

   4 -0.990 -0.951 -0.854 4.91× 10−4 

4.5 Results and discussions 

This section shows the variations in velocity, concentration and temperature profiles under 

the effects of changing parameters involved. The effects of squeezing parameter 𝑆 on the 

velocity profile is discussed in Figure 4.2, where it can be seen that with an increase in 

squeeze number 𝑆, the velocity profile initially decreases in magnitude for the blowing 

case (𝐴 < 0), however, when 𝜂 approaches to 0.6, it starts increasing in magnitude for 

higher value of squeeze numbers 𝑆. For the case of suction (𝐴 > 0), this behavior is 

opposite. Figure 4.3 shows the impact of Hartmann number 𝑀 on the velocity profile. For 

higher values of Hartman number 𝑀, the velocity profile initially decreases in magnitude 

for the blowing case (𝐴 < 0), however when 𝜂 approaches to 0.4, it starts increasing in 
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magnitude for higher values of M, while in the case of suction, the behavior of velocity 

profile is opposite. 

 

Figure 4.2: Influence of 𝑆 on 𝑓′(𝜂) 

 

Figure 4.3: Influence of 𝑀 on 𝑓′(𝜂) 

The behavior of temperature profile under the influence of different physical parameters is 

discussed in Figure 4.4-4.8. Figure 4.4 depicts the outcomes of varying squeeze parameter 

𝑆 on the temperature distribution. It is clear that in the case of blowing flow, the increase 

in squeeze parameter 𝑆 increases the temperature, however in the suction flow, increase in 

deformation parameter 𝑆 decreases the temperature profile. Figure 4.5, illustrates the 

behavior of temperature distribution under the influence of Prandtl number 𝑃𝑟. It is clear 

that the increase in Prandtl number makes the temperature rise quite rapidly for the blowing 

case (𝐴 < 0). However, for higher values of Prandtl 𝑃𝑟, the thermal boundary layer 

thickness decreases because of the fact that the larger 𝑃𝑟 corresponds to low thermal 

conductivity, which decreases the boundary layer thickness. 

 

Figure 4.4: Influence of 𝑆 on 𝜃(𝜂) 

 

Figure 4.5: Influence of 𝑃𝑟 on 𝜃(𝜂) 

In Figure 4.6, it is clear that for the suction and blowing flow, the increment in Eckert 

number increases the temperature profile. However, with an increase in 𝐸𝑐, the boundary 
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layer thickness decreases. This increase in temperature profile is due to the presence of 

viscous dissipation term in the energy equation. 

 

Figure 4.6: Influence of 𝐸𝑐 on 𝜃(𝜂) 

 

Figure 4.7: Influence of 𝛿 on 𝜃(𝜂) 

Figure 4.7, demonstrates the influence of dimensionless length 𝛿. The effect of 

dimensionless length 𝛿 is almost similar to the one shown by Prandtl number 𝑃𝑟, for both 

suction (𝐴 > 0) and blowing flows (𝐴 < 0). 

 

Figure 4.8: Influence of 𝐷𝑢 on 𝜃(𝜂) 

The behavior of Dufour number 𝐷𝑢 on the temperature profile is discussed in Figure 4.8. 

It is clear that increasing Dufour number increase the temperature profile for suction (𝑆 >

0), while, a drop in the temperature profile 𝜃(𝜂) is observed for surging 𝐷𝑢 in the blowing 

case (𝑆 < 0). 
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Figure 4.9: Influence of 𝑆 on 𝜙(𝜂) 

 

Figure 4.10: Influence of 𝑆𝑐 on 𝜙(𝜂) 

The effects of involved parameters on the concentration profile 𝜙(𝜂) are portrayed in 

Figure 4.9 and 4.10. 

 In Figure 4.9, one can easily see that, the concentration profile 𝜙(𝜂) exhibits an inverse 

variation with the increasing values of squeeze number S for the suction flow, however, for 

the blowing flow, the same variation is direct. Figure 4.10, reflects the effects of Schmidt 

number 𝑆𝑐 on the concentration profile. A fall in concentration profile is evident with rising 

𝑆𝑐. In figure 4.11, the impact of Soret number 𝑆𝑟 on the concentration profile is presented. 

It is evident that, the increase in 𝑆𝑟 decreases the concentration profile for both suction and 

blowing flows. 
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Figure 4.11: Influence of 𝑆𝑟 on 𝜙(𝜂) 

 

Figure 4.12: Influence of 𝑆 and 𝑀 on 𝐶𝑓𝑟 

Figure 4.12 shows the variations in skin friction coefficient due to magnetic parameter, 

when plotted against squeeze number 𝑆. For the blowing case (𝑆 < 0), one can easily see 

an inclination in the values of skin friction coefficient for increasing squeeze number. 

While in the suction case (𝑆 > 0), a fall is seen in skin friction coefficient with surging 𝑀. 

A rise in skin friction coefficient is also visible for increasing values of magnetic parameter 

𝑀. The negative impact of skin friction coefficient show that the surface exhibits a drag 

force while the positive impact implies the lift force. The combined effects of Dufour, Soret 

and Squeezing parameter on the local Nusselt and Sherwood numbers are shown in Figure 

4.13-4.16. 
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Figure 4.13: Effect of 𝐷𝑢 and 𝑆 on 𝑁𝑢 

 

Figure 4.14: Effect of 𝑆𝑟 and 𝑆 on 𝑁𝑢 

Figure 4.13 depicts the behavior of Nusselt number following the changes in Dufour and 

squeeze numbers. Here, it can be seen that for larger values of Dufour numbers, the rate of 

heat transfer at the upper disk slightly increases with increasing squeeze number. While, in 

Figure 4.14 it is clear that, the same behavior is shown for the smaller values of Soret 

number. As shown in Figure 4.15, the rate of mass transfer at upper disk is slightly higher 

for larger values of Dufour number. In Figure 4.16, a rapid increase in Sherwood number 

is shown for smaller values of Soret number.  

 

Figure 4.15: Influence of Du and S on Sh 

 

Figure 4.16: Influence of 𝑆𝑟 and 𝑆 on 𝑆ℎ 

From the Soret number definition, which represents the temperature difference to the 

concentration, whereas the Dufour number is quite opposite. Therefore, Soret parameter 

enhances the heat transfer rate whereas the Dufour parameter has negligible influence on 

the mass transfer. Although both Dufour and Soret effects decrease the mass transfer rate. 

The performed computations show that the behaviors of Prandtl number 𝑃𝑟 and Schmidt 

number 𝑆𝑐 on the dimensionless temperature and concentration fields are similar in a 

qualitative sense. 



56 

To check the efficiency and reliability of developed algorithm HAM package BVPh2.0, 

we also seek a numerical solution by employing Runge Kutta 4 (RK-4) method. From 

Table 4.3, it is evident that both the solutions are agree exceptionally well. 

Table 4.3: Comparison of HAM and RK-4 for involved emerging parameters with 𝐴 = 1.5,𝑀 = 𝐷𝑢 = 1.0, 𝑃𝑟 =
0.7, 𝐸𝑐 = 0.2 and 𝑆 = 𝑆𝑐 = 𝑆𝑟 = 𝛿 = 0.1 

 𝑓(𝜂) 𝜃(𝜂) 𝜙(𝜂) 

𝜂 HAM RK-4 HAM RK-4 HAM RK-4 

0. 1.5 1.5 1.0 1.0 1.0 1.0 

0.1 1.470860 1.470860 0.958726 0.958726 0.898526 0.898526 

0.2 1.392850 1.392850 0.884245 0.884245 0.797670 0.797670 

0.3 1.279330 1.279330 0.792775 0.792775 0.697244 0.697244 

0.4 1.142880 1.142880 0.694624 0.694624 0.597111 0.597111 

0.5 0.995491 0.995491 0.595297 0.595297 0.497178 0.497178 

0.6 0.848801 0.848801 0.496218 0.496218 0.397391 0.397391 

0.7 0.714276 0.714276 0.395100 0.395100 0.297735 0.297735 

0.8 0.603417 0.603417 0.285996 0.285996 0.198231 0.198231 

0.9 0.527947 0.527947 0.159054 0.159054 0.098947 0.098947 

1. 0.5 0.5 0.0 0.0 0.0 0.0 

 

4.6 Conclusions 

This chapter presents a study regarding thermo-diffusion and diffuso-thermo effects on 

MHD flow between parallel disks. The modeled nonlinear differential equations are solved 

by using HAM. An acceptable total error of the system is obtained only at the 8th order 

approximation, which shows the efficiency and reliability of the used technique. The 

effects of all emerging parameters on velocity, temperature and concentration profiles are 

plotted with the help of graphical aid. The values of skin friction coefficient, local 

Sherwood number and local Nusselt number are also explained graphically. The following 

conclusions have been drawn: 
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 The effect of 𝑆, 𝑃𝑟, 𝐸𝑐, 𝐷𝑢 and 𝛿 is same on the temperature profile for both suction 

(A > 0) and blowing case (A < 0). A rise in temperature is seen for all the cases. 

 The effect of 𝑆𝑐 and 𝑆𝑟 is same on the concentration profile for both suction (A > 

0) and blowing (A < 0) case. A fall in concentration profile is seen for higher values 

of 𝑆𝑐 and 𝑆𝑟. 

 For the suction flow, the concentration profile increases with increasing value of 𝑆, 

while a fall is observed in concentration profile for increasing value of 𝑆, for the 

injection case.  

 For increasing values of Hartmann number M, a rise is seen in skin friction 

coefficient. 

 The effect of 𝐷𝑢 and 𝑆𝑟 on the local Nusselt number and local Sherwood number 

is plotted for the increasing value of 𝑆. The rate of heat transfer and rate of mass 

transfer at the upper disk is slightly increasing with larger values of 𝐷𝑢, and the 

same behavior is observed for the smaller values of 𝑆𝑟. 
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Chapter 5 Unsteady mixed convection squeezing 

flow of nanofluid between parallel disks 
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5.1 Introduction 

Mixed convection is the combination of natural and forced convection, in which the 

buoyancy forces are induced due to the change in fluid density with temperature. 

Depending on the orientation and heating conditions, concentration and temperature 

changes are now very important in the mixed convection thermal and mass diffusions. This 

state occurs for relatively small flow velocity and large temperature and concentration 

differences. In fact, the buoyancy force acting as a pressure incline in the buoyancy layer 

changes the velocity, temperature and concentration distributions, and consequently the 

Nusselt and Sherwood number between the surface and fluid. However, mixed convection 

flows are encountered in several industrial applications including heat exchangers placed 

in low velocity environments, nuclear reactors cooled during emergency shutdown, 

electronic devices cooled by fans, and solar central receivers exposed to the wind currents. 

In mixed convection flows, the joint effect of heat and mass transfer have special 

significance to engineering related problems that contain energy from both polymer and 

metal sheets. Many researchers have studied the mixed convection on the horizontal 

surface resulting from a uniform free stream. Mori [62] considered the buoyancy effects in 

forced laminar convection flow over a horizontal plate for the weakly buoyant flows by 

expanding the variables. For the first order perturbations, he presented numerical solution. 

The buoyancy effects of horizontal boundary layer flow and heat transfer was reported by 

Sparrow and Minkowycz [63], in which they pointed out some minor errors in the solution 

by [62] and provided the solution for larger Prandtl number.  Motivated by these facts, a 

notable amount of researches exists for mixed convection flow by a stretching surface. 

Squeezing flows between two parallel infinite walls is an important area of interest due to 

its abundant industrial application including injection modeling, compression, polymer 

processing, squeezed films in power transmission, and the transient loading of mechanical 

components. Stefan, [11] in the 19th century, was the first one to give the idea of squeezing 

flow in terms of lubrication approximation. After the seminal work done by Stefan, many 

scholars studied such flows for different geometries. Lately, the MHD squeezing flow of 

second grade fluid between two parallel plates was investigated by Hayat et al. [64]. 
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Qayyum et al. [65] discussed the unsteady squeezing flow of a Jeffrey fluid between 

parallel disks. Heat and mass transfer characteristics of squeezing flow of viscous fluid was 

reported by Mustafa et al. [66]. Munawar et al. [67] highlighted the three-dimensional 

squeezing flow in a rotating channel of lower stretching porous wall. 

The term “nanofluids” refers to a liquid suspension of small solid particles, with sizes 

typically of 1-100 nm, in a base fluid. Choi [21] initially verified that the inclusion of these 

nanoparticles in a base fluid enhances the thermal conductivity of the fluids. Common base 

fluids consists of water, ethylene-glycol, oil and polymer solutions etc. Nanoparticles are 

made up of carbides, nitrides, metals (aluminum, copper) or nonmetals (graphite, carbon 

nanotubes). The size of these nanoparticles plays an important role to enhance heat and 

mass transfer of the surface and fluid. To highlight the significant effects of thermophoretic 

diffusion and Brownian motion of nanoparticles, a mathematical model was discussed by 

Buongiorno [22]. Nield and Kuznetsov [23] considered the Cheng–Minkowcz problem for 

natural convective boundary layer flow of a nanofluid occupying a porous. Kuznetsov and 

Nield [24] numerically studied the flow of nanofluid past a vertical flat plate. Khan and 

Pop [25] provided numerical solutions for boundary layer flow of nanofluid over a 

stretching sheet. The analytic solutions for the problem considered in [25] by homotopy 

analysis method (HAM) was computed by Hassani et al. [27]. Mustafa et al. [68] obtained 

the homotopy solutions for squeezing flow of nanofluid between parallel disks. 

It is indicated from the literature survey that there is no study available that considered the 

mixed convection squeezing flow of a nanofluid between parallel disks. As a result of the 

non-linearity of the equations corresponding to these problems, an exact solution is 

improbable; so, various analytical techniques such as Variational iteration method, 

Homotopy perturbation method, variation of parameters method, etc., have been developed 

to approximate the solutions. Highly non-linear problems such as the ones discussed above 

are therefore solved by using these techniques. One of such techniques is Homotopy 

Analysis Method (HAM) that has been used to solve many abstract problems in recent past. 

A numerical solution using RK-4 method is also obtained. An excellent agreement is found 

between analytical and numerical solutions. 
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5.2 Mathematical Analysis

A  two-dimensional  axisymmetric  magnetohydrodynamic  flow  of  a  nanofluid  between 

parallel disks distance apart ℎ, with magnetic field practiced vertically and proportional to 

𝐵0(1 − 𝑎𝑡)−1/2, is  taken  into  account,  where  the  magnetic  field  is  negligible  for  low 

̃Reynolds number. Incompressible flow of a nanofluid is taken between parallel disks. 𝑇𝑤

̃ ̃and 𝑇ℎ are the constant temperatures at the lower and upper disks, while 𝐶ℎ is  nanoparticles 

concentration at the upper disk respectively. It is important to mention that water is taken 

as a base fluid. The upper disk is moving with a velocity −
1

2
𝑎𝐻(1 − 𝑎𝑡)−1/2 towards or 

away from the lower but stationary permeable disk as shown in Figure 5.1.  

 

Figure 5.1: Schematic diagram of the problem 

Thus, the governing equations for two-dimensional unsteady flow and heat transfer of a 

viscous fluids are  

∂�̂�

∂𝑟
+
�̂�

𝑟
+
∂�̂�

∂𝑧
= 0, (5.1) 

∂�̂�

∂𝑡
+ �̂�

∂�̂�

∂𝑟
+ �̂�

∂�̂�

∂𝑧
= −

1

𝜌𝑓

∂�̃�

∂𝑟
+ 𝜈 (

∂2�̂�

∂𝑟2
+
1

𝑟

∂�̂�

∂𝑟
−
�̂�

𝑟2
+
∂2�̂�

∂𝑧2
) 

−
𝜎

𝜌𝑓
𝐵2(𝑡)�̂� +

𝑔𝛽�̃�
𝜌𝑓

(�̃� − �̃�ℎ) +
𝑔𝛽�̃�
𝜌𝑓
(�̃� − �̃�ℎ), 

(5.2) 
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∂�̂�

∂𝑡
+ �̂�

∂�̂�

∂𝑟
+ �̂�

∂�̂�

∂𝑧
= −

1

𝜌𝑓

∂�̃�

∂𝑧
+ 𝜈 (

∂2�̂�

∂𝑟2
+
1

𝑟

∂�̂�

∂𝑟
+
∂2�̂�

∂𝑧2
), (5.3) 

𝜕�̃�

𝜕𝑡
+ �̂�

𝜕�̃�

𝜕𝑟
+ �̂�

𝜕�̃�

𝜕𝑧
= 𝛼 (

𝜕2�̃�

𝜕𝑟2
+
1

𝑟

𝜕�̃�

𝜕𝑟
+
𝜕2�̃�

𝜕𝑧2
)

                                       +𝜏 (𝐷𝐵 (
𝜕�̃�

𝜕𝑟

𝜕�̃�

𝜕𝑟
+
𝜕�̃�

𝜕𝑧

𝜕�̃�

𝜕𝑧
) +

𝐷�̃�

�̃�𝑚
[(
𝜕�̃�

𝜕𝑟
)

2

+ (
𝜕�̃�

𝜕𝑧
)

2

]) ,

 (5.4) 

∂�̃�

∂𝑡
+ �̂�

∂�̃�

∂𝑟
+ �̂�

∂�̃�

∂𝑧
= 𝐷𝐵 (

∂2�̃�

∂𝑟2
+
1

𝑟

∂�̃�

∂𝑟
+
∂2�̃�

∂𝑧2
)  

+
𝐷�̃�

�̃�𝑚
(
∂2�̃�

∂𝑟2
+
1

𝑟

∂�̃�

∂𝑟
+
∂2�̃�

∂𝑧2
). 

(5.5) 

Subject to the auxiliary conditions, 

(�̂� = 0, �̂� =
𝑑ℎ

𝑑𝑡
 )|
𝑧=ℎ(𝑡)

,

(�̂� = 0, �̂� =   −
𝑤0

√1 − 𝑎𝑡
)|
𝑧=0

,
 (5.6) 

(�̃̃� = �̃�ℎ, �̃� = �̃�ℎ)|
𝑧=ℎ(𝑡)

,

(�̃� = �̃�𝑤, 𝐷𝐵
𝜕�̃�

𝜕𝑧
+
𝐷�̃�

�̃�𝑚

𝜕�̃�

𝜕𝑧
= 0 )|

𝑧=0

.
 (5.7) 

Where �̂� and �̂� represents the velocity components in r- and z- directions respectively. �̃� 

is the nanoparticle concentration, 𝛼 the thermal diffusivity, 𝜌 the density, the kinematic 

viscosity is 𝜈, pressure 𝑝 and specific heat 𝐶𝑝. Further, the coefficient of mass diffusivity 

is 𝐷, Brownian motion coefficient 𝐷𝐵, thermophoretic diffusion coefficient 𝐷𝑇, and 𝐾𝑇 is 

the thermal-diffusion ratio. �̃�, �̃�𝑚 correspondingly are the temperature and mean fluid 

temperatures. Furthermore, 𝜏 is the dimensionless parameter, which describes the ratio of 

effective heat capacity of nanoparticles to heat capacity of the fluid, and 𝑤0 is the 

suction/injection velocity. 

Using the following similarity transforms, 
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�̂� =
𝑎𝑟

2(1 − 𝑎𝑡)
𝑓′(𝜁),     �̂� = −

𝑎𝐻

√1 − 𝑎𝑡
𝑓(𝜁),   𝐵(𝑡) = 𝐵0(1 − 𝑎𝑡)

−1/2,

     𝜁 =
𝑧(1 − 𝑎𝑡)−1/2

𝐻
,      𝜙(𝜁) =

�̃� − �̃�ℎ

�̃�ℎ
,     𝜃(𝜁) =

�̃� − �̃�ℎ

�̃�𝑤 − �̃�ℎ
,

 (5.8) 

into Eqs. (5.2), (5.3), (5.4), and (5.5) after eliminating the pressure gradient from Eqs. (5.2) 

and (5.3), we finally obtain 

𝑓(𝑖𝑣) − 𝑆(𝜂𝑓′′′ + 3𝑓′′ − 2𝑓𝑓′′′) − 𝑀2𝑓′′ + 𝜆𝜃′ + 𝐺𝑟𝜙′ = 0, (5.9) 

𝜃′′ + 𝑆Pr(2𝑓𝜃′ − 𝜁𝜃′) + Pr𝑁𝑏𝜃′𝜙′ + Pr𝑁𝑡𝜃′2 = 0, (5.10) 

𝜙′′ + 𝑆𝐿𝑒Pr(2𝑓𝜙′ − 𝜁𝜙′) +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0, (5.11) 

with the boundary conditions 

𝑓(0) = 𝐴,     𝑓′(0) = 0,     𝜃(0) = 1,    𝑁𝑏𝜃′(0) + 𝑁𝑡𝜙′(0) = 0,

𝑓(1) =
1

2
,     𝑓′(1) = 0,     𝜃(1) = 0,   𝜙(1) = 0,

 (5.12) 

where 𝐴 denotes the suction/blowing parameter, 𝑆 squeeze number, 𝑀 Hartman number, 

𝜆 mixed convection coefficient, local Grashof number 𝐺𝑟, Brownian motion coefficient 

𝑁𝑏, thermophoresis parameter 𝑁𝑡, Lewis number 𝐿𝑒, and Prandtl number 𝑃𝑟 are defined 

as 

𝐴 =
𝑤0
𝑎𝐻
,   𝑆 =

𝑎𝐻2

2𝑣
,   𝑀2 =

𝑎𝐵0
2𝐻2

𝑣
,   𝜆 =

𝐺𝑟

𝑅𝑒2
,   𝐺𝑟 =

𝑔𝛽(�̃�𝑤 − �̃�ℎ)𝑟
3

𝜈2(1 − 𝑎𝑡)
,

𝑁𝑏 =
(𝜌𝑐)𝑝𝐷𝐵(�̃�ℎ)

(𝜌𝑐)𝑓𝜈
, 𝑁𝑡 =

(𝜌𝑐)𝑝𝐷�̃�(�̃�𝑤 − �̃�ℎ)

(𝜌𝑐)𝑓�̃�𝑚𝜈
, 𝐿𝑒 =

𝜈

𝐷𝐵
, 𝑃𝑟 =

ν

α
 .

 (5.13) 

The skin friction coefficient, local Nusselt and Sherwood numbers are defined as 

𝐶𝑓𝑟 =
𝜏𝑟𝑧|𝑧=ℎ(𝑡)

𝜌 (
−𝑎𝐻

2(1 − 𝑎𝑡)
)
2 , 𝑁𝑢 =

𝐻𝑞𝑤

𝑘(�̃�𝑤 − �̃�ℎ)
, 𝑆ℎ =

𝐻𝑗𝑤

𝐷𝐵(�̃�𝑤 − �̃�ℎ)
, 

(5.14) 

where  
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𝜏𝑟𝑧 = 𝜇 (
∂�̂�

∂𝑧
+
∂�̂�

∂𝑟
)|
𝑧=ℎ(𝑡)

, 𝑞𝑤 = −𝑘 (
∂�̃�

∂𝑧
)|
𝑧=ℎ(𝑡)

, 𝑗𝑤 = −𝐷𝐵 (
∂�̃�

∂𝑧
)|
𝑧=ℎ(𝑡)

. (5.15) 

With the help of (5.8), we get 

 𝐶𝑓𝑟 =
𝑓′′(1)𝑟2

𝐻2𝑅𝑒𝑟
,    𝑁𝑢 = −

𝜃′(1)

(1 − 𝑎𝑡)1/2
,    𝑆ℎ = −

𝜙′(1)

(1 − 𝑎𝑡)1/2
, (5.16) 

𝑅𝑒𝑟 =
𝑟𝑎𝐻(1 − 𝑎𝑡)1/2

2𝑣
. (5.17) 

5.3 Solution Procedure for HAM 

For this problem, we used the HAM package BVPh2.0 and considered the methodology 

proposed by Liao [40-43]. The initial guesses are 

𝑓0(𝜁) = 𝐴 +
3

2
(1 − 2𝐴)𝜁2 + (2𝐴 − 1)𝜁3, (5.18) 

𝜃0(𝜁) = 1 − 𝜁, (5.19) 

𝜙0(𝜁) =   
N𝑡

N𝑏
(𝜁 − 1). (5.20) 

The linear operators are chosen as 

ℓ𝐹 =
𝑑4𝑓

𝑑𝜁4
 , ℓ𝜃 =

𝑑2𝜃

𝑑𝜁2
, ℓ𝜙 =

𝑑2𝜙

𝑑𝜁2
. (5.21) 

The above operators satisfies the following linearity conditions, 

ℓ𝑓(�̂�1𝜁
3 + �̂�2𝜁

2 + �̂�3𝜁 + �̂�4) = 0, (5.22) 

ℓ𝜃(�̂�5𝜁 + �̂�6) = 0, (5.23) 

ℓ𝜙(�̂�7𝜁 + �̂�8) = 0, (5.24) 

where �̂�i(𝑖 = 1 − 8) are constants. 
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5.4 Error analysis and selection of optimal values of convergence-

control parameters 

Convergence criterion for the series solutions is highly dependent on the involved 

parameters. Here, we define the total error of the system for 𝑓, 𝜃 and 𝜙 to obtain the optimal 

values of such physical parameters as 

𝐸𝑚,1(ℏ𝑓) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝑓 (∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ̂𝑥))]

2

, (5.25) 
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𝑚
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𝑚

𝑗=0
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𝑚

𝑗=0

𝜙𝑗(𝑖Δ̂𝑥))]

2

, (5.26) 
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1

𝐾
∑

𝐾

𝑖=0

[𝑁𝜙 (∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ̂𝑥))]

2

, (5.27) 

where �̂�𝑥 =
1

𝐾
. In order to solve the coupled nonlinear differential equations (5.9)-(5.11), 

we use the MATHEMATICA package BVPh2.0. By using the so called BVPh2.0, we 

obtained the 12th-order of approximations for the momentum, energy and concentration 

equations. The minimum squared residual errors at 12th-order of approximations are 

7.892865954693209 × 10−22, 1.442680950954396 × 10−22, 3.27786863734812 ×

10−21 for 𝑓(𝜁), 𝜃(𝜁) and 𝜑(𝜁) respectively. Figure 5.2 is sketched to display the total 

residual error corresponding to the different order of approximations. 
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Figure 5.2: Total Residual Error vs. order of approximations 

The optimal values of these auxiliary parameters for velocity, temperature and 

concentration profiles corresponding to the different values of the parameters are given in 

Table 5.1 and 5.2. 

Table 5.1: Optimal values of ℏ𝑓 , ℏ𝜃 , ℏ𝜙 for different values of the parameters 𝑃𝑟 = 6.2, 𝐿𝑒 = 0.1 for suction case (𝐴 >

0). 

𝑆 𝑀 𝜆 𝐺𝑟 𝑁𝑡 𝑁𝑏 ℏ𝑓 ℏ𝜃 ℏ𝜙 Total Error of 

the System 

0.05 1 0.5 0.5 0.1 0.1 -0.878 -0.988 -1.075 3.75× 10−4 

0.1      -1.071 -1.034 -0.915 4.75× 10−5 

0.15      -1.099 -0.888 -1.028 3.52× 10−4 

0.2      -0.897 -0.909 -1.179 1.43× 10−3 

0.1 0     -0.913 -0.981 -1.094 1.32× 10−5 

 0.5     -0.913 -0.980 -1.093 1.36× 10−5 

 2     -1.037 -0.941 -1.044 1.23× 10−4 

 3     -0.968 -0.888 -1.051 2.46× 10−4 

 1 0    -1.091 -1.045 -0.903 3.88× 10−5 

  1    -0.916 -0.974 -1.093 2.15× 10−5 

  2    -0.933 -0.972 -1.092 2.99× 10−5 
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  3    -0.969 -0.966 -1.084 3.45× 10−5 

  0.5 0   -1.012 -0.977 -1.090 1.19× 10−5 

   1   -0.897 -0.972 -1.101 3.44× 10−5 

   2   -1.133 -0.906 -0.964 2.87× 10−4 

   3   -1.155 -0.867 -0.977 4.63× 10−4 

   0.5 0.01  -1.024 -0.994 -1.092 3.28× 10−6 

    0.02  -1.020 -0.982 -1.083 1.10× 10−5 

    0.03  -0.923 -0.978 -1.135 1.67× 10−5 

    0.04  -0.922 -0.971 -1.127 2.36× 10−5 

    0.1 0.02 -0.873 -0.989 -1.090 3.34× 10−4 

     0.05 -0.898 -0.979 -1.092 6.72× 10−5 

     0.08 -0.910 -0.976 -1.091 2.86× 10−5 

     0.1 -1.071 -1.034 -0.915 4.75× 10−5 

 

Table 5.2: Optimal values of ℏ𝑓 , ℏ𝜃 , ℏ𝜙 for different values of the parameters 𝑃𝑟 = 6.2, 𝐿𝑒 = 0.1 for blowing case 

(𝐴 < 0). 

𝑆 𝑀 𝜆 𝐺𝑟 𝑁𝑡 𝑁𝑏 ℏ𝑓 ℏ𝜃 ℏ𝜙 Total Error of 

the System 

0.05 1 0.5 0.5 0.1 0.1 -0.891 -0.825 -1.147 1.07× 10−2 

0.1      -0.882 -0.762 -1.196 2.64× 10−2 

0.15      -0.874 -0.709 -1.247 5.48× 10−2 

0.2      -0.869 -0.663 -1.294 1.02× 10−1 

0.1 0     -0.809 -0.765 -1.218 2.49× 10−2 

 0.5     -0.840 -0.764 -1.209 2.54× 10−2 

 2     -0.919 -0.752 -1.189 3.06× 10−2 

 3     -0.919 -0.710 -1.211 4.75× 10−2 

 1 0    -0.901 -0.765 -1.187 2.78× 10−2 

  1    -0.862 -0.761 -1.203 2.53× 10−2 

  2    -0.826 -0.762 -1.207 2.43× 10−2 

  3    -0.806 -0.774 -1.190 2.52× 10−2 
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  0.5 0   -0.875 -0.772 -1.206 2.37× 10−2 

   1   -0.893 -0.740 -1.189 3.44× 10−2 

   2   -0.935 -0.671 -1.212 6.05× 10−2 

   3   -0.980 -0.596 -1.247 9.43× 10−2 

   0.5 0.01  -0.960 -0.890 -1.047 1.55× 10−5 

    0.02  -0.951 -0.875 -1.058 6.01× 10−5 

    0.03  -0.943 -0.861 -1.071 1.87× 10−4 

    0.04  -0.935 -0.848 -1.085 4.95× 10−4 

    0.1 0.02 -0.875 -0.645 -1.318 3.48× 10−1 

     0.05 -0.873 -0.694 -1.276 7.00× 10−2 

     0.08 -0.877 -0.737 -1.229 3.54× 10−2 

     0.1 -0.882 -0.762 -1.197 2.64× 10−2 

 

5.5 Results and discussion 

This section is dedicated to highlight the variations in velocity, temperature and 

concentration profiles under the effects of varying parameters involved. The effect of the 

squeezing parameter 𝑆 on the velocity profile is discussed in Figure 5.3, where it can be 

seen that, with an increase in squeeze number 𝑆, the velocity profile 𝑓′(𝜁) initially 

increases for the suction case (𝐴 > 0). However, when 𝜁 approaches 0.5, it starts 

decreasing for higher values of the squeeze number 𝑆, but, it is vice versa for the case of 

injection (𝐴 < 0). Physically, it is easy to see, in case of blowing (𝐴 < 0) an increase in 

ℎ(𝑡), which causes a decrease in velocity and increase in squeeze number. Similarly, in 

case of suction (𝐴 > 0), there will be a corresponding decrease in ℎ(𝑡), which will cause 

an increase both in the velocity and squeeze number. Figure 5.4 depicts the effect of 

Hartmann number 𝑀 on the velocity profile 𝑓′(𝜁). For higher values of Hartman number 

𝑀, the velocity profile 𝑓′(𝜁) initially decreases in magnitude for the suction case (𝐴 > 0), 

however, when 𝜁 approaches the neighborhood of 0.3, it starts increasing in magnitude for 

the higher values of 𝑀, while for blowing flow, the behavior of velocity profile 𝑓′(𝜁) is 

opposite. The strength of Lorentz force, which is due to magnetic field, can take any value 

in the semi-infinite region as determined by the Hartman number 𝑀. The governing 
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equations for the hydrodynamic flow are attained for 𝑀 = 0. The velocity rises initially 

with an increase in 𝑆. Since the same mass flow rate is imposed, in order to satisfy the mass 

conservation constraint, with rising 𝑀, we would expect that the increase in the fluid 

velocity in the wall regions will be compensated by a decrease in the fluid velocity near 

the central region, giving rise to a cross-flow behavior. 

 

Figure 5.3: Influence of 𝑆 on 𝑓′(𝜁) 

 

Figure 5.4: Influence of 𝑀 on 𝑓′(𝜁) 

 

Figure 5.5: Influence of 𝜆 on 𝑓′(𝜁) 

 

Figure 5.6: Influence of 𝐺𝑟 on 𝑓′(𝜁) 

The behavior of velocity profile 𝑓′(𝜁) under the influence of mixed convection parameter 

𝜆 is discussed in Figure 5.5, where it can be seen that for the larger values of 𝜆, the radial 

velocity 𝑓′(𝜁) initially increases in magnitude for both the suction/injection flow, however, 

when 𝜁 approaches 0.5, it starts decreasing for the larger values of 𝜆. Figure 5.6 depicts the 

outcomes of varying Grashof number 𝐺𝑟 on the velocity profile. It is clear that for the 

larger values of Grashof number 𝐺𝑟, the velocity profile𝑓′(𝜁) initially decreases in 

magnitude for both suction and blowing flow, however, when 𝜁 approaches to mid of the 

variation i.e.𝜁 ≤ 0.5, it starts increasing for larger values of Grashof number Gr. 

Physically, it is worth mentioning here that, the Grashof number is the ratio between 



70 

buoyancy and viscous forces. When 𝐺𝑟 ≫ 1, the viscous force is negligible compared to 

the buoyancy and inertial forces. When buoyant forces overcome the viscous forces, the 

flow starts a transition to the turbulent regime. 

The effect of involved parameters on the temperature profile 𝜃(𝜁) are portrayed in Figure 

5.7-5.11. Figure 5.7 depicts the outcomes of varying squeeze parameter 𝑆 on the 

temperature distribution. One can easily see that in the case of suction flow, the increase in 

squeeze parameter 𝑆 decreases the temperature, however in the blowing flow, the 

temperature profile increases with increasing values of 𝑆. Figure 5.8, illustrates the 

behavior of temperature distribution under the influence of the Brownian motion parameter 

𝑁𝑏. It is clear that with the increase in 𝑁𝑏, the temperature distribution falls rapidly for 

both the suction and blowing case. In Figure 5.9, it is clear that for the suction and blowing 

flow, the increment in thermophoresis parameter 𝑁𝑡 coefficient increases the temperature 

profile 𝜃(𝜁). It is essential to note that the parameters 𝑁𝑏 and 𝑁𝑡 characterize the strengths 

of Brownian motion and thermophoresis effects. The larger the values of 𝑁𝑏 and 𝑁𝑡, the 

greater will be the strength of the corresponding effects. Thus 𝑁𝑏 and 𝑁𝑡 can take any 

value in the range [0,∞]. The effect of the mixed convection parameter 𝜆 and Grashof 

number 𝐺𝑟 is almost like Brownian motion parameter 𝑁𝑏 and thermophoresis parameter 

𝑁𝑡 that can be seen from Figure 5.8 and 5.9 respectively. 

 

 

Figure 5.7: Influence of 𝑆 on 𝜃(𝜁) 

 

Figure 5.8: Influence of 𝑁𝑏 on 𝜃(𝜁) 
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Figure 5.9: Influence of 𝑁𝑡 on 𝜃(𝜁) 

 

Figure 5.10: Influence of 𝜆 on 𝜃(𝜁) 

Physically, the mixed convection parameter is determined by on the buoyancy force. 

Consequently, the increase in the mixed convection parameter means an increase in the 

buoyancy force. An increase in the buoyancy force gives rise to the fluid flow by which 

the velocity increases and the temperature decreases. 

 

Figure 5.11: Influence of 𝐺𝑟 on 𝜃(𝜁) 

The behavior of the concentration profile 𝜙(𝜁) under the influence of involved physical 

parameters are presented in Figure 5.12-5.17. The effect of the squeeze parameter 𝑆 on 

concentration profile is discussed in Figure 5.12, which illustrates that the concentration 

profile 𝜙(𝜁) increases with increase in squeeze number 𝑆 for suction flow (𝐴 > 0), 

however, for the blowing case, the concentration profile decreases with an increase in 

squeeze parameter 𝑆.  
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Figure 5.12: Influence of S on 𝜙(𝜁) 

 

Figure 5.13: Influence of 𝐿𝑒 on 𝜙(𝜁) 

Figure 5.13, demonstrates the influence of the Lewis parameter 𝐿𝑒. The effect of Lewis 

number is almost similar to the one shown by squeeze number, for both suction (𝐴 > 0) 

and blowing flows (𝐴 < 0). 

The behavior of Brownian motion parameter 𝑁𝑏 on the concentration profile 𝜙(𝜁) is 

discussed in Figure 5.14. It is clear that increasing Brownian motion parameter decreases 

the concentration profile for suction flow. However, the concentration profile rises rapidly 

in the blowing case for increasing values of Brownian motion parameter 𝑁𝑏. The effect of 

thermophoresis parameter 𝑁𝑡 on concentration profile 𝜙(𝜁) is presented in Figure 5.15. 

 

Figure 5.14: Influence of 𝑁𝑏 on 𝜙(𝜁) 

 

Figure 5.15: Influence of 𝑁𝑡 on 𝜙(𝜁) 

It is clear that on increasing the thermophoresis parameter 𝑁𝑡, the concentration profile 

𝜙(𝜁) increases for the suction flow, while for the blowing flow, this behavior is opposite. 
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Figure 5.16: Influence of 𝜆 on 𝜙(𝜁) 

 

Figure 5.17: Influence of 𝐺𝑟 on 𝜙(𝜁) 

Figure 5.16, shows the behavior of the mixed convection parameter 𝜆 on the concentration 

profile 𝜙(𝜁). A rise in concentration profile 𝜙(𝜁) exhibits larger values of 𝜆 for both the 

suction and blowing flow. Figure 5.17 depicts the effects of Grashof number 𝐺𝑟 on 

concentration profile. A fall in concentration profile is shown for higher values of 𝐺𝑟. 

Table 5.3: Comparison of HAM Solution with RK-4 

 𝒇(𝜻) 𝜽(𝜻) 𝝓(𝜻) 

𝜻 HAM Numerical HAM Numerical HAM Numerical 

0. 1.000000 1.000000 1.000000 1.000000 -0.958122 -0.958121 

0.1 0.985561 0.985561 0.891204 0.891204 -0.849991 -0.849990 

0.2 0.946814 0.946814 0.787717 0.787717 -0.748382 -0.748382 

0.3 0.890302 0.890302 0.688493 0.688493 -0.652075 -0.652075 

0.4 0.822228 0.822228 0.592318 0.592318 -0.559680 -0.559680 

0.5 0.748556 0.748556 0.497867 0.497867 -0.469713 -0.469713 

0.6 0.675107 0.675107 0.403741 0.403741 -0.380623 -0.380623 

0.7 0.607650 0.607650 0.308472 0.308472 -0.290806 -0.290806 

0.8 0.551990 0.551990 0.210518 0.210518 -0.198595 -0.198595 

0.9 0.514058 0.514058 0.108260 0.108260 -0.102259 -0.102259 

1.0 0.5 0.5 0 0 0 0 

The same problem is solved numerically by using Runge-Kutta method of order 4. A 

comparison of the analytical and numerical result is presented in Table 5.3. It can be seen 

that both numerical and analytical solutions are in outstanding agreement. 
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Figure 5.18: Influence of 𝑀 and 𝑆 on 𝐶𝑓𝑟 

 

Figure 5.19: Influence of 𝜆 and 𝑆 on 𝐶𝑓𝑟 

 

Figure 5.20: Influence of 𝐺𝑟 and 𝑆 on 𝐶𝑓𝑟 

 

Figure 5.18-5.20 show the variations in skin friction coefficient due to the magnetic 

parameter 𝑀, mixed convection parameter 𝜆 and Grashof number 𝐺𝑟 respectively, when 

plotted against squeeze number 𝑆. In Figure 5.18, one can easily observe an inclination in 

the values of skin friction coefficient for increasing squeeze number 𝑆 in the case of suction 

flow (𝐴 > 0), while a decline can be observed for the blowing flow (𝐴 < 0). A rise in the 

skin friction coefficient is also visible for increasing values of the magnetic parameter 𝑀 

for suction flow and a fall is seen for the blowing case. In Figure 5.19, it is clear that a rapid 

rise in skin friction coefficient is seen for increasing values of mixed convection parameter 

𝜆 and squeeze number 𝑆 for both the suction and blowing flow respectively. While in 

Figure 5.20, a fall is observed in the skin friction coefficient following the changes in 

Grashof number and squeeze number for both suction and blowing flow. The combined 

effects of Brownian motion parameter 𝑁𝑏, thermophoresis parameter 𝑁𝑡, mixed 
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convection parameter 𝜆, Grashof number 𝐺𝑟 and squeezing parameter S on the local 

Nusselt numbers are presented in Figure 5.21-5.24. 

 

Figure 5.21: Influence of 𝑁𝑏 and 𝑆 on 𝑁𝑢 

 

Figure 5.22: Influence of 𝑁𝑡 and 𝑆 on 𝑁𝑢 

 

Figure 5.23: Influence of 𝜆 and 𝑆 on 𝑁𝑢 

 

Figure 5.24: Influence of 𝐺𝑟 and 𝑆 on 𝑁𝑢 

Figure 5.21 depicts the behavior of local Nusselt number following the changes in 

Brownian motion and squeeze numbers. Here, it is clear that for smaller values of 

Brownian motion 𝑁𝑏, the rate of heat transfer at the upper disk slightly decreases with 

increasing squeeze number. While in Figure 5.22, it is clear that the inverse behavior is 

observed for smaller values of thermophoresis parameter 𝑁𝑡. In Figure 5.23, one can easily 

see that the rate of heat transfer at the upper disk slightly decreases for larger values of 𝜆. 

While, in Figure 5.24, the rate of heat transfer at the upper disk is opposite to the larger 

values of Grashof number 𝐺𝑟. 

The effect of involved parameters on local Sherwood numbers are presented in Figure 5.25-

5.29.  
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Figure 5.25 reflects the influence of Lewis number 𝐿𝑒 on local Sherwood number. Here, 

it is clear that the rate of mass transfer at the upper disk is slightly increased with smaller 

values of 𝐿𝑒 for the suction flow, while for the blowing case, it exhibits the inverse 

variations.  

 

Figure 5.25: Influence of 𝐿𝑒 and 𝑆 on 𝑆ℎ 

 

Figure 5.26: Influence of 𝑁𝑏 and 𝑆 on 𝑆ℎ 

 

Figure 5.27: Influence of 𝑁𝑡 and 𝑆 on 𝑆ℎ 

 

 

Figure 5.28: Influence of 𝜆 and 𝑆 on 𝑆ℎ 

 

Figure 5.29: Influence of 𝐺𝑟 and 𝑆 on 𝑆ℎ 
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Figure 5.26, reflects the behavior of the Brownian motion parameter 𝑁𝑏. One can easily 

observed that for smaller values of 𝑁𝑏, the rate of mass transfer at the upper disk increases 

rapidly. While in Figure 5.27, this behavior is opposite for the smaller values of 

thermophoresis parameter 𝑁𝑡. In figure 5.28, it can be seen that for larger values of 𝜆, a 

slight change is observed in the local Sherwood number. Whereas, in figure 5.29, for the 

same variation of Grashof number, a fall is seen for the rate of mass transfer at the upper 

disk. 

5.6 Conclusions 

This chapter presents a study regarding mixed convection MHD squeezing flow of 

nanofluid between parallel disks. The base fluid of the channel is considered to be water. 

The modeled nonlinear differential equations are solved by using HAM. An acceptable 

total error of the system is obtained only at the 3rd order of approximation, which shows 

the efficiency and reliability of the used technique. The effects of all emerging parameters 

on velocity, temperature and concentration profiles are plotted with the help of graphical 

aids. The values of skin friction coefficient, local Sherwood number and local Nusselt 

number are also explained graphically. A numerical solution is also obtained using Runge-

Kutta method of order 4 under the influence of involved physical parameters to compare 

the results obtained by HAM, and an excellent agreement is observed between the 

solutions. 

The following conclusions are drawn: 

 The effect of 𝐺𝑟 and 𝑁𝑡 is the same on temperature profile for both suction (A > 0) 

and blowing case (𝐴 < 0). A rise in temperature is observed. While, the effect of 

𝑁𝑏 and 𝜆 is opposite for both the suction and blowing flow. 

 For the suction flow, the concentration profile increases with increasing value 

of 𝐿𝑒, while a fall is observed in concentration profile for increasing value of 𝐿𝑒, 

for the injection case. 

 For both the suction and blowing flow, the concentration profile decreases with 

increasing values of 𝑆, thermophoresis parameter and Grashof number, while a rise 

is observed in the concentration profile for increasing values of 𝑆, Brownian motion 

parameter and mixed convection parameter. 
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 For increasing values of the Hartmann number M, a rise is observed in the skin 

friction coefficient for the suction flow (𝐴 > 0), while for the blowing flow (𝐴 <

0), a fall is evident with rising M. 
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Chapter 6 Velocity and temperature slip effects 

on squeezing flow of nanofluid between parallel 

disks in the presence of mixed convection 
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6.1 Introduction 

In recent years, the study of squeezing flow between two parallel infinite walls combined 

with heat and mass transfer plays an important role due to its abundant industrial 

application including compression, injection modeling, squeezed films in power 

transmission, polymer processing, and the transient loading of mechanical components. 

Stefan, [11] in 1874, was the first one to give the idea of squeezing flow in terms of 

lubrication approximation. After the pioneering work done by Stefan, many researchers 

investigated such flows for different geometries. Kuzma [17] presented the effects of fluid 

inertia on the flow. Hamza [69] used the assumption of electrically conducting fluid to 

study the squeezing flow between two parallel disks. Domairry and Aziz [15] took into 

account the effects of suction and injection at the wall and examined the squeezing flow. 

Hayat et al. [64] extended the work of Domairry and Aziz for the case of second grade 

fluid. The Non-Newtonian nature of the rate type fluid (Jeffery Fluid) was considered by 

Qayyum et al. [65] to investigate the squeezing flow between parallel disks. Mustafa et al. 

[66] presented an analysis for squeezing flow by taking into account the heat and mass 

transfer characteristics. A three dimensional flow of viscous fluid squeezed between a 

rotating channel was studied by Munawar et al. [67]. 

In recent times, the examination of heat transport phenomenon has gained attention due to 

its wide range of applications that include rolling of hot material, wire coating, blowing of 

glass, spinning of metal, production of sheets, etc. In addition, some authors studied the 

characteristics of heat transfer in squeezing flow between two parallel disks and plates. The 

hydrodynamic flow and heat transfer on a surface in a squeezed stream was discussed by 

Khaled and Vafai [70]. Mahmood et al. [71] studied the squeezing flow and heat transfer 

over a porous surface. Furthermore, in mixed convection flows, the combined effects of 

heat and mass transfer have gained much attention in connection with engineering related 

problems. Many researchers have obtained the results on mixed convection flow under 

varying conditions in different geometries.  One can find enough literature on the said 

topic. Some of the recent studies can be seen in [64, 65, 73] and the references therein.  
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In the last two decades, a new class of fluid termed as “nanofluid” has gained much 

attention of engineering researchers. These fluids are engineered colloidal suspensions of 

nanoparticles with sizes typically 1-100 nm, dispersed in a base fluid such as water, 

toluene, ethylene glycol and oil. Choi, [21] initially verified that the inclusion of these 

nanoparticles in a base fluid enhances the thermal conductivity of the fluids. Buongiorno 

[22] came up with a novel analysis and introduced a more comprehensive model based on 

the Brownian motion and thermophoretic diffusion of nanoparticles. Many researchers 

used the Buongiorno’s model to analyze the flow of nanofluids in various geometries. 

Some relevant studies can be seen in [38, 39, 74-76] and the references therein. 

One of the core concepts of fluid mechanics is the no slip boundary condition, i.e. velocity 

of the fluid is taken to be zero in direct contact with the solid boundary. Navier [6] 

introduced a new type of boundary condition depending on the assumption that the velocity 

of the fluid, in direct contact to the boundary, is proportional to tangential stress at the wall. 

This key concept has been utilized by different researchers and some important studies 

have been taken into consideration in [77-83] and the references therein.  

The study of velocity and temperature slip on squeezing flow of nanofluids in the presence 

of mixed convection has not been taken into consideration yet. To fill out this gap, here we 

present a novel analysis of the problem. Highly nonlinear equations governing the flow 

means that the exact solution is unlikely, therefore, in order to solve the above problem, 

we use the HAM package BVPh2.0 [40-43]. Runge-Kutta Fehlberg (RKF) method is 

employed to obtain the numerical solution. The results obtained by developed algorithm 

are compared with the existing literature and found to be in complete agreement with 

numerical solutions. 

6.2 Mathematical Analysis 

A two-dimensional axisymmetric magnetohydrodynamic flow of a nanofluid between 

parallel disks distance apart h with magnetic field practiced vertically and proportional to 

𝐵0(1 − 𝑎𝑡)
−1/2, is taken into account, where 𝑎 is the characteristic having dimension of 

time inverse and the magnetic field is negligible for low Reynolds numbers. An 

incompressible flow of a nanofluid is taken between parallel disks. �̂�𝑤 and �̂�ℎ are the 

constant temperatures at lower and upper disks, while �̂�𝑤 and �̂�ℎ are nanoparticles 
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concentration at lower and upper disks respectively. It is here to mention that the water is 

taken as a base fluid. The upper disk is moving with a velocity−
𝑎𝐻

2√1−𝑎𝑡
  away from the 

lower disk as shown in Figure 6.1. 

 

Figure 6.1: Flow configuration of the problem 

Thus, the governing equations for two-dimensional unsteady flow are  
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Here, �̅� and �̌� are the velocity components in r- and z- directions, respectively. 𝛽1 and 𝛾1 

are the velocity and thermal slip parameters, respectively. Here �̂� is the nanoparticle 

concentration, 𝛼 the thermal diffusivity, 𝜌 the density, kinematic viscosity 𝜈, pressure 𝑝 

and specific heat 𝐶𝑝. Further, the coefficient of Brownian motion is 𝐷𝐵, and the 

thermophoretic diffusion coefficient is 𝐷�̂�. �̂� is the temperature and �̂�𝑚 is the mean of fluid 

temperatures. Furthermore, 𝜏 is the dimensionless parameter, which describes the ratio of 

effective heat capacity of nanoparticles to heat capacity of the fluid, and 𝑤0 is the 

suction/injection velocity. 

Making use of similarity transforms, 
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into Eqs. (6.2)-(6.5) and then eliminating the pressure gradient from continuity and 

momentum equation, we arrive at 
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𝑓(𝑖𝑣) − 𝑆(𝜂𝑓′′′ + 3𝑓′′ − 2𝑓𝑓′′′) − 𝑀2𝑓′′ + 𝜆𝜃′ + 𝐺𝑟𝜙′ = 0, 
(6.9) 

 

𝜃′′ + 𝑆Pr(2𝑓𝜃′ − 𝜁𝜃′) + Pr𝑁𝑏𝜃′𝜙′ + Pr𝑁𝑡𝜃′2 (6.10) 

𝜙′′ + 𝑆𝐿𝑒Pr(2𝑓𝜙′ − 𝜁𝜙′) +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0, (6.11) 

with the side conditions, 

𝑓(0) = 𝐴,     𝑓′(0) − 𝛽𝑓′′(0) = 0,     𝜃(0) − 𝛾𝜃′(0) = 0,    𝜙(0) = 0,

𝑓(1) =
1

2
,     𝑓′(1) + 𝛽𝑓′′(1) = 0,     𝜃(1) + 𝛾𝜃′(0) = 1,   𝜙(1) = 1.

 (6.12) 

Where 𝐴 denotes the suction/blowing parameter, 𝑆 the squeeze number, Hartman number 

𝑀, mixed convection coefficient 𝜆, Grashof number 𝐺𝑟, Brownian motion coefficient 𝑁𝑏, 

thermophoresis parameter 𝑁𝑡, Lewis number 𝐿𝑒, Prandtl number 𝑃𝑟, parameters for 

velocity slip 𝛽 and the thermal slip 𝛾 are defined as 

𝐴 =
𝑤0
𝑎𝐻
,   𝑆 =

𝑎𝐻2

2𝑣
,   𝑀2 =

𝜎𝐵0
2𝐻2

𝜇
,   𝜆 =

𝐺𝑟

𝑅𝑒2
,   𝐺𝑟 =

𝑔𝛽(�̂�ℎ − �̂�𝑤)𝑟
3

𝜈2(1 − 𝑎𝑡)
,

𝑁𝑏 =
(𝜌𝑐)𝑝𝐷𝐵(�̂�ℎ − �̂�𝑤)

(𝜌𝑐)𝑓𝜈
, 𝑁𝑡 =

(𝜌𝑐)𝑝𝐷�̂�(�̂�ℎ − �̂�𝑤)

(𝜌𝑐)𝑓�̂�𝑚𝜈
,   𝐿𝑒 =

𝜈

𝐷𝐵
,    

Pr =
𝜈

𝛼
,   𝛽 =

𝛽1

𝐻√1 − 𝑎𝑡
,   𝛾 =

𝛾1

𝐻√1 − 𝑎𝑡
.

 (6.13) 

The quantities of physical interest can be defined as: 

𝐶𝑓𝑟 =
𝜏𝑟𝑧|𝑧=ℎ(𝑡)

𝜌 (
−𝑎𝐻

2(1 − 𝑎𝑡)
)
2 , 𝑁𝑢 =

𝐻𝑞𝑤

𝑘(�̂�𝑤 − �̂�ℎ)
,   𝑆ℎ =

𝐻𝑗𝑤

𝐷𝐵(�̂�𝑤 − �̂�ℎ)
, 

(6.14) 

where  

𝜏𝑟𝑧 = 𝜇 (
∂�̅�

∂𝑧
+
∂�̆�

∂𝑟
)|
𝑧=ℎ(𝑡)

, 𝑞𝑤 = −𝑘 (
∂�̂�

∂𝑧
)|
𝑧=ℎ(𝑡)

, 𝑗𝑤 = −𝐷𝐵 (
∂�̂�

∂𝑧
)|
𝑧=ℎ(𝑡)

. (6.15) 

With the help of (6.8), we get 
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 𝐶𝑓𝑟 =
𝑓′′(1)𝑟2

𝐻2𝑅𝑒𝑟
,    𝑁𝑢 = −

𝜃′(1)

(1 − 𝑎𝑡)1/2
,    𝑆ℎ = −

𝜙′(1)

(1 − 𝑎𝑡)1/2
 (6.16) 

𝑅𝑒𝑟 =
𝑟𝑎𝐻

2𝑣(1 − 𝑎𝑡)−1/2
 (6.17) 

6.3 Solution Procedure for HAM 

The system of nonlinear equations (6.9)-(6.11) is solved by implementation of HAM. The 

general method proposed by Liao [40-43] is used for the purpose. The initial guesses for 

the system are taken as:  

𝑓0(𝜁) = (2  𝐴  (−1 + 𝜁)  (−1 + 𝜁  (−1 + 2  𝜁) − 6  𝛽) + 𝜁  ((3 − 2  𝜁)

+ 6  𝛽))/(2 + 12  𝛽), 
(6.18) 

𝜃0(𝜁) =   (𝜁 + 𝛾)/(1 + 2  𝛾), (6.19) 

𝜙0(𝜁) =   𝜁. (6.20) 

Linear operators are chosen as 

ℓ𝑓 =
𝑑4𝑓

𝑑𝜁4
 , ℓ𝜃 =

𝑑2𝜃

𝑑𝜁2
, ℓ𝜙 =

𝑑2𝜙

𝑑𝜁2
,  

(6.21) 

where the above operators satisfies the following linearity conditions: 

ℓ𝑓(�̆�1𝜁
3 + �̆�2𝜁

2 + �̆�3𝜁 + �̆�4) = 0, (6.22) 

ℓ𝜃(�̆�5𝜁 + �̆�6) = 0, (6.23) 

ℓ𝜙(�̆�7𝜁 + �̆�8) = 0, (6.24) 

where  81iAi


are constants. 

6.4 Error of the system and the optimal values of parameters 

controlling the convergence 

In order to check the convergence of series solutions, we define total error of the system 

for 𝑓, 𝜃 and 𝜙 to obtain the optimal values of such emerging parameters as follows: 
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𝐸𝑚,1(ℏ𝑓) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝑓 (∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ̂𝑥))]

2

, (6.25) 

𝐸𝑚,2(ℏ𝜃) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝜃 (∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ̂𝑥)∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ̂𝑥))]

2

, (6.26) 

𝐸𝑚,3(ℏ𝜙) =
1

𝐾
∑

𝐾

𝑖=0

[𝑁𝜙 (∑

𝑚

𝑗=0

𝑓𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜃𝑗(𝑖Δ̂𝑥).∑

𝑚

𝑗=0

𝜙𝑗(𝑖Δ̂𝑥))]

2

, (6.27) 

where �̂�𝑥 =
1

𝐾
. The MATHEMATICA package BVPh2.0 is used to obtain the solution of 

the system. At the 8th order approximation, minimum squared residuals for the system are 

1.36529318237 × 10−23, 2.984464500624 × 10−24, 5.506037155977 × 10−24 for 

𝑓(𝜁), 𝜃(𝜁) and 𝜑(𝜁) respectively. Figure 6.2 is sketched for the total residual error 

corresponding to the different order of approximations. 

 

Figure 6.2: Total Residual Error of the system 

 

 

Table 6.1 and 6.2 give the optimal values of the auxiliary parameters of all the profiles for 

various values of involved parameters. 
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Table 6.1:Values of ℏ𝑓 , ℏ𝜃 , ℏ𝜙 for parameters involved with 𝑃𝑟 = 6.2, 𝐿𝑒 = 0.1 for suction case (𝐴 >  0) 

𝑆 𝑀 𝜆 𝐺𝑟 𝑁𝑡 𝑁𝑏 𝛽 𝛾 ℏ𝑓 ℏ𝜃 ℏ𝜙 Total Error of 

the System 

0 1 1 1 0.1 0.1 0.1 0.1 -0.958 -0.867 -1.124 1.92× 10−5 

0.01        -0.836 -0.905 -1.164 9.92× 10−4 

0.03        -0.818 -0.907 -1.179 2.19× 10−3 

0.02 0       -0.898 -0.904 -1.170 1.61× 10−3 

 2       -0.839 -0.913 -1.142 1.47× 10−3 

 4       -0.836 -1.014 -0.972 5.71× 10−3 

 1 2      -0.845 -0.908 -1..162 1.37× 10−3 

  4      -0.889 -0.915 -1.153 1.41× 10−3 

  6      -1.012 -0.903 -1.151 1.55× 10−3 

  1 3     -1.127 -0.845 -1.044 4.39× 10−3 

   5     -1.146 -0.776 -1.068 7.09× 10−3 

   7     -1.149 -0.717 -1.111 1.01× 10−2 

   1 0.02    -1.021 -0.987 -0.994 1.97× 107 

    0.03    -1.038 -0.987 -0.987 1.42× 10−6 

    0.05    -1.058 -0.970 -1.007 2.65× 10−5 

    0.1 0.2   -0.857 -0.938 -1.129 4.41× 10−4 

     0.4   -0.885 -0.968 -1.098 1.78× 10−4 

     0.6   -1.092 -0.979 -1.049 1.26× 10−4 

     0.1 0.3  -0.820 -0.904 -1.178 1.50× 10−3 

      0.5  -0.818 -0.903 -1.180 1.51× 10−3 

      0.7  -0.817 -0.903 -1.182 1.52× 10−3 

      0.1 0.01 -0.824 -0.907 -1.165 5.53× 10−3 

       0.03 -0.824 -0.907 -1.167 4.02× 10−3 

       0.05 -0.824 -0.907 -1.169 2.97× 10−3 
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Table 6.2: Values of ℏ𝑓 , ℏ𝜃 , ℏ𝜙 for parameters involved with 𝑃𝑟 = 6.2, 𝐿𝑒 = 0.1 for injection case (𝐴 <  0) 

𝑆 𝑀 𝜆 𝐺𝑟 𝑁𝑡 𝑁𝑏 𝛽 𝛾 ℏ𝑓 ℏ𝜃 ℏ𝜙 Total Error of 

the System 

0.01 1 1 1 0.1 0.1 0.1 0.1 -0.931 -0.897 -1.142 3.99× 10−4 

0.03        -0.944 -0.882 -1.132 1.11× 10−4 

0.05        -0.958 -0.867 -1.124 1.92× 10−5 

0.02 0.5       -0.952 -0.891 -1.129 2.20× 10−4 

 1.5       -1.027 -0.905 -1.071 2.19× 10−4 

 2.5       -0.947 -0.909 -1.107 2.09× 10−4 

 1 2      -0.924 -0.887 -1.143 1.91× 10−4 

  4      -0.929 -0.896 -1.129 1.74× 10−4 

  6      -0.994 -0.901 -1.104 1.88× 10−4 

  1 3     -0.937 -0.822 -1.203 7.80× 10−4 

   5     -1.107 -0.770 -1.084 1.04× 10−3 

   7     -1.108 -0.718 -1.131 1.55× 10−3 

   1 0.01    -0.988 -0.978 -1.032 9.25× 10−11 

    0.03    -0.989 -0.979 -1.003 5.27× 10−10 

    0.05    -1.030 -0.983 -0.966 2.52× 10−7 

    0.1 0.2   -1.040 -0.924 -1.051 6.35× 10−5 

     0.4   -1.052 -0.956 -1.009 2.00× 10−5 

     0.6   -1.053 -0.968 -0.998 1.21× 10−5 

     0.1 0.3  -0.930 -0.892 -1.135 2.20× 10−4 

      0.5  -0.927 -0.892 -1.134 2.19× 10−4 

      0.7  -0.925 -0.892 -1.134 2.19× 10−4 

      0.1 0.01 -0.937 -0.884 -1.127 9.39× 10−4 

       0.03 -0.937 -0.886 -1.129 6.62× 10−4 

       0.05 -0.937 -0.887 -1.131 4.75× 10−4 
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6.5 Results and discussion 

To highlight the variations in radial velocity 𝑓′(𝜁), temperature and concentration profiles 

under the influence of the parameters involved, the graphical tool; MATHEMATICA is 

used to draw the graphs of these profiles. Figure 6.3-6.4 gives a description of the 

fluctuating squeeze parameter 𝑆 on radial velocity 𝑓′(𝜁). In figure 6.3, one can easily see 

that for 𝑆 > 0, the radial velocity 𝑓′(𝜁) initially decreases for both the suction (𝐴 > 0) and 

blowing flow (𝐴 < 0), however when 𝜁 approaches the neighborhood of 0.5 (i.e. near the 

central region), it starts increasing for higher values of 𝑆. While in Figure 6.4, for 𝑆 < 0, 

the behavior of velocity profile is opposite to that accounted for when 𝑆 > 0. Physically, 

it is easy to see in the case of suction (𝐴 > 0) and blowing (𝐴 < 0) that there is an increase 

in ℎ(𝑡), which will cause a decrease in the velocity and then an increase in the squeeze 

number. Similarly, when 𝜁 approaches the neighborhood of 0.5, there will be a 

corresponding decrease in ℎ(𝑡), which will cause an increase in both the fluid velocity and 

squeeze number. However, for 𝑆 < 0, the effect of fluid velocity is opposite. The influence 

of Hartmann number 𝑀 on the radial velocity𝑓′(𝜁) is depicted in Figure 6.5. For the higher 

values of 𝑀, the fluid velocity initially decreases in magnitude near the wall, i.e. for 𝜁 <

0.25 and 𝜁 > 0.75, while for the case of suction (𝐴 > 0), an increase in boundary layer 

thickness is observed. However, due to mass conservation at the central portion, i.e. for 

0.25 ≤ 𝜁 ≥ 0.75, the opposite trend is observed. While in the blowing case (𝐴 < 0), this 

phenomenon is reversed. Physically, it is easy to see that higher 𝑀 means a strong Lorentz 

force is applied that slows down the motion of fluid in the region of the boundary layer. 
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Figure 6.3: Impact of 𝑆 >  0 on velocity 

 

Figure 6.4: Impact of 𝑆 <  0 on velocity 

 

Figure 6.5: Impact of 𝑀 on velocity 

 

Figure 6.6: Impact of 𝜆 on velocity 

 

Figure 6.7: Impact of 𝐺𝑟 on velocity 

 

Figure 6.8: Impact of 𝛽 on velocity 

The behavior of velocity profile 𝑓′(𝜁) under the influence of mixed convection parameter 

𝜆 is discussed in Figure 6.6, where it can be seen that for the larger values of 𝜆, the radial 

velocity 𝑓′(𝜁) initially decreases in magnitude for both the suction/injection flow, 

however, when 𝜁 approaches 0.5, it starts increasing for the larger values of 𝜆. Figure 6.7 

depicts the outcomes of varying Grashof number 𝐺𝑟 on the velocity profile. It is clear that 

for the larger values of Grashof number 𝐺𝑟, the effect of velocity profile 𝑓′(𝜁) is almost 

like the mixed convection parameter 𝜆 as shown in Figure 6.6. Further, it is important to 

mention here that when 𝐺𝑟 ≫ 1, i.e. the viscous force is very weak as compared to other 
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forces, we are moving from laminar flow to the transition period, and, when the force to 

buoyancy overcomes the inertial one, a turbulent region may emerge. The effect of slip 

parameter 𝛽 on radial velocity is shown in Figure 6.8. It is clearly seen that, with no slip at 

the wall (𝛽 = 0), the radial velocity at the surface of the disks is zero. For the suction flow 

(𝐴 > 0), with an increase in slip parameter 𝛽, a fall is observed in radial velocity 𝑓′(𝜁) 

near the wall, i.e. for 𝜁 < 0.25 and 𝜁 > 0.8, while at the central region, rising 𝛽 results in 

the strengthening of the velocity profile. However, for the case of blowing (𝐴 < 0), the 

effect of velocity profile is opposite to that accounted for suction flow (𝐴 > 0). Physically, 

this phenomenon can be interpreted as follows: in the blowing case (𝐴 < 0), near the 

channel walls, an upsurge in the velocity of the fluid results in a decrease in velocity 

gradient, which in turn, results to a drop in the velocity of the fluid.  

Temperature variations with varying values of the parameters are portrayed in Figure 6.9-

6.14. Figure 6.9 depicts the outcomes of varying squeeze parameter 𝑆 > 0 on the 

temperature distribution. One can be easily see that in the case of suction at the disk, the 

temperature profile 𝜃(𝜁) increases with rise in 𝑆, however, for the case of blowing, a fall 

in temperature of the fluid is seen. In Figure 6.10, it is clearly directed that the squeeze 

parameter (𝑆 < 0) results in a contrary performance for suction and the injection cases. 

Figure 6.11 shows that for both the suction and blowing, the increment in thermophoresis 

parameter 𝑁𝑡 coefficient increases the temperature profile 𝜃(𝜁). The effects of the mixed 

convection parameter 𝜆 and Grashof number 𝐺𝑟 under the influence of involved parameters 

is shown in Figure 6.12-6.13. Figure 6.12 depicts that for higher values of mixed 

convection parameter 𝜆, the temperature profile 𝜃(𝜁) decreases for both the suction and 

blowing flow. While in Figure 6.13, the effect of Grashof number 𝐺𝑟 is almost like that of 

the mixed convection parameter 𝜆 as shown in Figure 6.12. Figure 6.14 relates the 

temperature profile to the rising values of thermal slip parameter. It is observed that when 

𝛾 = 0, there is no jump in temperature at the wall. For both the suction and blowing flow, 

an increase in thermal slip parameter 𝛾 gives rise to temperature profile 𝜃(𝜁) near the lower 

disk surface when 𝜁 approaches the neighborhood of 0.6 and then starts decreasing for 

increasing values of thermal slip parameter 𝛾 near the upper disk surface.  
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Figure 6.9: Impact of 𝑆 >  0 on temperature 

 

Figure 6.10: Impact of 𝑆 <  0 on temperature 

 

Figure 6.11: Impact of 𝑁𝑡 on temperature 

 

Figure 6.12: Impact of 𝜆 on temperature 

 

Figure 6.13: Impact of 𝐺𝑟 on temperature 

 

Figure 6.14: Impact of 𝛾 on temperature 

The behavior of the concentration profile 𝜙(𝜁) under the influence of involved physical 

parameters are presented in Figure 6.15-6.21. The effect of squeeze parameter 𝑆 on 

concentration profile is discussed in Figure 6.15. Figure 6.15 illustrates that the 

concentration profile 𝜙(𝜁) decreases with squeeze number 𝑆 > 0 for suction flow (𝐴 >

0), however, for the blowing case (𝐴 < 0), a fall is observed in the concentration 

profile𝜙(𝜁). While in Figure 6.16, the effect of squeeze number on concentration profile 

𝜙(𝜁) is reversed for both the suction and blowing flow. 
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Figure 6.15: Impact of 𝑆 >  0 on concentration 

 

Figure 6.16: Impact of 𝑆 <  0 on concentration 

Figure 6.17 demonstrates the influence of Lewis parameter 𝐿𝑒. For the case of suction (𝐴 >

0), the concentration profile increases with increase in Lewis number 𝐿𝑒, however, a fall 

in the concentration of the fluid is evident with rising values of 𝐿𝑒, in the case of blowing 

flow (𝐴 < 0). 

To show the behavior of the Brownian motion parameter 𝑁𝑏, figure 6.18 is portrayed. For 

the suction, rising 𝑁𝑏 raises the concentration profile 𝜙(𝜁). However, for the blowing, the 

concentration profile 𝜙(𝜁) initially decreases near the lower disk surface. When 𝜁 

approaches the neighborhood of 0.75, a rise in concentration near the upper disk is seen. 

Figure 6.19 represents concentration variations with rising 𝑁𝑡. Clearly, rising 𝑁𝑡 results in 

a drop in concentration profile 𝜙(𝜁), both for the suction and blowing flow. 

 

Figure 6.17: Impact of 𝐿𝑒 on concentration 

 

Figure 6.18: Impact of 𝑁𝑏 on concentration 
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Figure 6.19: Impact of 𝑁𝑡 on concentration 

 

Figure 6.20: Impact of 𝜆 on concentration 

Figure 6.20-6.21, reflects the behavior of mixed convection parameter 𝜆 and Grashof 

number 𝐺𝑟 on the concentration profile 𝜙(𝜁). A fall in the concentration profile 𝜙(𝜁) 

exhibits for larger values of 𝜆 and Grashof number 𝐺𝑟 respectively for both the suction and 

blowing flow. It is observed that the mixed convection parameter 𝜆 and Grashof number 

𝐺𝑟 reacts in a similar manner to the concentration profile 𝜙(𝜁) like that for the temperature. 

 

Figure 6.21: Impact of 𝐺𝑟 on concentration 

The coupled nonlinear system of ordinary differential equations in the present study is 

solved numerically by using Runge-Kutta-Fehlberg (RKF) method. A comparison of both 

the analytical and numerical results is presented in Table 6.3-6.5. Table 6.3 reflects the 

comparison of analytical and numerical results for velocity profile𝑓(𝜁), while Table 6.4 

and 6.5 presents the comparison of both solutions for temperature profile 𝜃(𝜁) and 

concentration profile 𝜙(𝜁), respectively. Here, it can be seen that the results obtained agree 

well analytically and numerically. The comparison of skin friction coefficient and Nusselt 

number with existing study is presented in Table 6.6 and 6.7, respectively. 
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Table 6.3: Comparison of HAM Solution with RKF for 𝑓(𝜁) 

𝑓(𝜁) 

𝜁 HAM Solution Numerical Soltuion Absolute Error 

0.0 1.000000 1.000000 0.000000 

0.1 0.970682 0.970682 4.406220 × 10−8 

0.2 0.925899 0.925899 5.155000 × 10−8 

0.3 0.870063 0.870063 6.086940 × 10−8 

0.4 0.807391 0.807391 6.970320 × 10−8 

0.5 0.741906 0.741906 7.879110 × 10−8 

0.6 0.677441 0.677441 8.909890 × 10−8 

0.7 0.617643 0.617643 9.866060 × 10−8 

0.8 0.565976 0.565976 1.055990 × 10−7 

0.9 0.525726 0.525726 1.096100 × 10−7 

1.0 0.500000 0.500000 1.095560 × 10−7 

 

Table 6.4: Comparison of HAM Solution with RKF for 𝜃(𝜁) 

𝜃(𝜁) 

𝜁 HAM Solution Numerical Solution Absolute Error 

0.0 0.088957 0.088957 9.523570 × 10−10 

0.1 0.177137 0.177137 1.813250 × 10−8 

0.2 0.263847 0.263847 3.945790 × 10−8 

0.3 0.349216 0.349216 5.364340 × 10−8 

0.4 0.433385 0.433385 9.212300 × 10−8 

0.5 0.516489 0.516489 7.940720 × 10−8 

0.6 0.598666 0.598666 3.139620 × 10−8 

0.7 0.680045 0.680045 1.352150 × 10−8 

0.8 0.760748 0.760748 1.118040 × 10−8 

0.9 0.840882 0.840882 2.187070 × 10−8 

1.0 0.920545 0.920545 2.954000 × 10−8 



96 

 

Table 6.5: Comparison of HAM Solution with RKF for 𝜙(𝜁) 

𝜙(𝜁) 

𝜁 HAM Solution Numerical Solution Absolute Error 

0.0 0.000000 0.000000 0.000000 

0.1 0.099854 0.099854 1.102840 × 10−10 

0.2 0.199741 0.199741 2.494280 × 10−10 

0.3 0.299660 0.299660 3.693420 × 10−10 

0.4 0.399610 0.399610 6.294340 × 10−10 

0.5 0.499591 0.499591 4.951470 × 10−10 

0.6 0.599604 0.599604 1.605730 × 10−10 

0.7 0.699650 0.699650 7.011880 × 10−11 

0.8 0.799730 0.799730 1.025830 × 10−10 

0.9 0.899846 0.899846 2.706070 × 10−10 

1.0 1.000000 1.000000 4.219390 × 10−10 

 

Table 6.6: Comparison of (skin friction) for different values of involved parameters 𝑆, 𝛽 and 𝛾 

𝑆 𝑀 𝛽 Hussain et al [76] Present Study 

1.0 1.0 0.00 -3.180310 -3.180310 

  0.05 -2.414897 -2.414897 

  0.10 -1.945943 -1.945943 

  0.15 -1.629328 -1.629328 

1.0 0.0 0.10 -1.928044 -1.928044 

 1.0  -1.945943 -1.945943 

 2.0  -1.997081 -1.997081 

 3.0  -2.074769 -2.074769 

1.0 1.0 0.10 -1.945943 -1.945943 

2.0   -1.994008 -1.994008 

3.0   -2.038898 -2.038898 

4.0   -2.080974 -2.080974 

 

Table 6.7: Comparison of (Nusselt number) for different values of involved parameters 𝑆, 𝛽 and 𝛾 

𝑆 𝛽 𝛾 Hussain et al [76] Present Study 

1.0 0.10 0.00 -0.415935 -0.415935 

  0.01 -0.396709 -0.396709 
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  0.05 -0.326735 -0.326735 

  0.10 -0.252278 -0.252278 

1.0 0.00 0.10 0.687930 0.687930 

 0.01  0.514271 0.514271 

 0.02  0.368998 0.368998 

 0.03  0.246254 0.246254 

1.0 0.10 0.10 -0.252278 -0.252278 

2.0   -0.263761 -0.263761 

3.0   -0.273318 -0.273318 

4.0   -0.281319 -0.281319 

Figure 6.22-6.25 show the variations in skin friction coefficient due to the magnetic 

parameter 𝑀, mixed convection parameter 𝜆, Grashof number 𝐺𝑟 and the velocity slip 

parameter 𝛽 respectively, when plotted against squeeze number 𝑆. In Figure 6.22, one can 

easily observe an inclination in skin friction coefficient for increasing squeeze number 𝑆 

for the case of suction flow (𝐴 > 0), while a decline can be observed for the blowing flow 

(𝐴 < 0). A rise in skin friction coefficient is also visible for increment in 𝑀 for suction 

flow and a fall is seen for the blowing case. 

 

Figure 6.22: Influence of 𝑀 and 𝑆 on 𝐶𝑓𝑟 

 

Figure 6.23: Influence of 𝜆 and 𝑆 on 𝐶𝑓𝑟 
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Figure 6.24: Influence of 𝐺𝑟 and 𝑆 on 𝐶𝑓𝑟 

 

Figure 6.25: Influence of 𝛽 and 𝑆 on 𝐶𝑓𝑟 

In Figure 6.23 and 6.24, it is clear that a rapid fall in coefficient is seen for rising 𝜆 and 

Grashof number 𝐺𝑟 coupled with squeeze number 𝑆 for both the suction and blowing flow 

respectively. The effect of velocity slip parameter 𝛽 on skin friction coefficient is presented 

in Figure 6.25. Figure 6.25 clearly indicates that a fall is observed following the changes 

in mixed convection parameter 𝜆 and squeeze number 𝑆 for suction flow (𝐴 > 0), 

however, an upsurge in skin friction coefficient is observed for increasing  𝛽 in the case of 

blowing flow. The combined effects of thermophoresis parameter 𝑁𝑡, mixed convection 

parameter 𝜆, Grashof number 𝐺𝑟, thermal slip parameter 𝛾 and squeezing parameter 𝑆 on 

the local Nusselt numbers are portrayed in figures 6.26-6.29. 

 

Figure 6.26: Influence of 𝑁𝑡 and 𝑆 on 𝑁𝑢 

 

Figure 6.27: Influence of 𝜆 and 𝑆 on 𝑁𝑢 
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Figure 6.28: Influence of 𝐺𝑟 and 𝑆 on 𝑁𝑢 

 

Figure 6.29: Influence of 𝛾 and 𝑆 on 𝑁𝑢 

Figure 6.26 depicts the behavior of local Nusselt number following the changes in 

thermophoresis parameter 𝑁𝑡 and squeeze number 𝑆. Here, it is clear that for smaller values 

of thermophoresis parameter 𝑁𝑡, the rate of heat transfer at the upper disk rises on raising 

the squeeze number 𝑆 for both the suction and blowing flow. While, in figure 6.27 and 

6.28, one can easily see that the 𝑁𝑢 at the upper disk slightly decrease for larger values of 

mixed convection parameter 𝜆 and Grashof number 𝐺𝑟. The effect of thermal slip 

parameter 𝛾 combined with squeeze number 𝑆 is presented in Figure 6.29. In Figure 6.29 

for both the suction and blowing flow, the heat transfer rate at the upper disk is resulting 

from the larger values of the thermal slip parameter 𝛾. 

The effect of involved parameters on local Sherwood numbers are presented in Figure 6.30-

6.34. Figure 6.30 reflects the impact of rising 𝐿𝑒 on local Sherwood number. Here, it is 

clear that the rate of mass transfer at the upper disk is slightly increased with smaller values 

of 𝐿𝑒 for the blowing flow, while for the suction case, it exhibits the inverse variations. 
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Figure 6.30: Influence of 𝐿𝑒 and 𝑆 on 𝑆ℎ 

 

Figure 6.31: Influence of 𝑁𝑏 and 𝑆 on 𝑆ℎ 

 

Figure 6.32: Influence of 𝑁𝑡 and 𝑆 on 𝑆ℎ 

 

Figure 6.33: Influence of 𝜆 and 𝑆 on 𝑆ℎ 

 

Figure 6.34: Influence of 𝐺𝑟 and 𝑆 on 𝑆ℎ 

Figure 6.31 shows the behavior of rising 𝑁𝑏 on the Sherwood number. One can easily 

observe that for smaller values of 𝑁𝑏, the rate of mass transfer at the upper disk increases 

rapidly. While in Figure 6.32, this behavior is opposite for the smaller values of 𝑁𝑡, for 

both the suction and blowing flow. The effect of the mixed convection parameter 𝜆 and 

Grashof number 𝐺𝑟 following the changes in squeeze number 𝑆 are shown in Figure 6.33-

6.34. Here, one can be easily see that for larger values of 𝜆 and 𝐺𝑟, a slight change is 

observed in local Sherwood number for both the suction and blowing flow. 
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6.6 Conclusions 

This chapter presents a study regarding slip effects on mixed convection flow of nanofluid. 

Flow is assumed to be confined in two parallel disks coming close and moving away from 

each other. The coupled nonlinear system equations are solved by using HAM package 

BVPh2.0. An acceptable total error of the system is obtained only by the 3rd order of 

approximation, which shows the efficiency and reliability of the used technique. The 

effects of all emerging parameters profiles are plotted. The variations in skin friction 

coefficient, local Sherwood number and local Nusselt number are further explained. A 

numerical solution is also attained using RKF method. The results are obtained by HAM 

and an excellent agreement is found between the solutions. The following conclusions are 

drawn: 

 For increasing values of Hartmann number M, a rise is observed in coefficient of 

skin friction for the suction flow (A> 0), while for blowing flow (A< 0), a fall is 

evident with rising M. 

 For both the suction (A> 0) and blowing (A< 0) flow, a fall is observed in skin 

friction coefficient for rising 𝜆 and Grashof number 𝐺𝑟. While in the presence of 

the velocity slip parameter 𝛽, an incline is seen in skin friction coefficient for 

suction flow and a decline is observed for the blowing case with increasing 𝛽. 

 For increasing value of 𝑁𝑡, the heat transfer rate at the upper disk increases for both 

the suction and blowing flow, however, in the presence of the thermal slip 

parameter 𝛾, the effect of the Nusselt number is almost alike to that the 

thermophoresis parameter 𝑁𝑡 for both the suction/injection case. 

 For the suction case (A> 0), the rate of mass transfer at the upper disk rises with 

increment in 𝐿𝑒, while a fall is evident with increasing 𝐿𝑒 in the case of blowing 

(A< 0). 

 For increasing 𝑁𝑏, the rate of mass transfer increases for both the suction/blowing 

case, while the variations in thermophoresis parameter 𝑁𝑡 gives a fall in Sherwood 

number for both the suction/injection case. 
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Chapter 7 Squeezing Flow of Micropolar 

Nanofluid between parallel disks 
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7.1 Introduction 

Non-Newtonian fluids plays a vital role in industry and engineering due to its diverse 

characteristics in nature. In comparison to Navier-Stokes equations, the governing 

equations of such fluids are higher in order and highly nonlinear [84-86]. Non-Newtonian 

fluids cannot be examined by virtue of a single expression. Due to this fact, the rheological 

parameter involved in the constitutive equations of such fluids adds complexity to the 

arising systems. Regardless of all these complexities, several researchers [87-91] studied 

the flow of non-Newtonian fluids in different geometrical configurations. However, the 

microscopic properties like micro-rotation and rotation-inertia of micropolar fluids are 

observed to be different from the other non-Newtonian fluids. Eringen [92] was the first 

one that proposed the theory of micropolar fluids. Micropolar fluids are very important for 

the flow of liquid crystals, fluid with additives, colloidal suspension, animal blood and 

suspension solutions etc. In this regard, many researchers [93-102] encountered the flow 

of micropolar fluids by taking various configurations into account. 

In addition, squeezing flows are investigated frequently in polymer processing, 

hydrodynamic machines, lubrication process, compression and injection modelling etc. 

Ishizawa [103] has discussed the unsteady flow between two parallel disks with arbitrary 

varying gap width and derived a perturbative solution for the flow caused by the disks 

moving towards each other. Squeezing flows of Newtonian liquid films have been 

investigated by Grimm [104]. He gave a numerical solution by taking fluid inertia effect 

into account and compared his results with those done by Ishizawa [103]. Wang [105] 

applied perturbation method to solve the resulting two point boundary value problem on 

squeezing flow of viscous fluid between elliptic plates. Flow induced by the squeezing 

motion of elliptic plates have been examined by Usha and Sridharan [106]. They derived 

exact solutions and found that the hydrodynamic forces acting on the wall surface are more 

slanted in wave form as the amplitude increases. Recently, Rashidi et al. [20] derived an 

analytic solution for squeezing axisymmetric flow of a viscous fluid between infinite 

parallel disks by using homotopy analysis method (HAM). 
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Additionally, in the last two decades a new class of fluid termed as “nanofluid” has gained 

much attention of the engineering researchers. These fluids are engineered colloidal 

suspensions of nanoparticles, with sizes typically 1-100 nm. dispersed in a base fluid such 

as water, toluene, ethylene glycol and oil. Choi, [21] initially verified that the inclusion of 

these nanoparticles in a base fluid improves the thermal conductivity of the fluids. To 

highlight the significant effects of Brownian motion and thermophoretic diffusion of 

nanoparticles, a mathematical model was discussed by Buongiorno [22]. In Buongiorno's 

model, the thermal conductivity and the viscosity are taken to be constant. This model takes 

into consideration the Brownian motion and the thermophoresis effects, which is different 

from the other models used. This model is called two phase model due to the presence of 

Brownian motion and the thermophoresis, i.e. the temperature and concentration equations 

are coupled due to the presence of these two terms. Many researchers used the 

Buongiorno’s model to analyze the flow of nanofluids in various geometries. Some 

relevant studies can be seen in [37, 38, 75, 76] and the references therein. 

According to the best of the author’s knowledge, there is no study available in literature 

regarding squeezing flow of micropolar nanofluid between parallel disks in the presence 

of magnetic field applied perpendicular to the plane of disks. An exact solution is unlikely; 

due to highly nonlinearity of these problems, so, many analytical techniques such as 

Homotopy perturbation method, Variational iteration method, variation of parameters 

method, etc., have been established to approximate the solutions. Liao presented a new 

form of HAM and implemented it on as a novel analysis to the field [40-43]. Different 

researchers used BVPh2.0 package to solve the equations of various types [45, 83]. 

Therefore, the above problem is solved by Homotopy Analysis Method (HAM) using the 

package; BVPh2.0. A numerical solution is also obtained using RK-4 method. An excellent 

agreement is found between the developed algorithm and numerical solutions. 

7.2 Mathematical Analysis 

The influence of magnetic field practiced vertically and proportional to 𝐵0(1 − 𝑎𝑡)
−1/2 is 

considered for two-dimensional axisymmetric flow of an incompressible nanofluid 

between parallel disks, where the magnetic field is negligible for low Reynolds numbers. 

�̃�ℎ represents the nanoparticles concentration, while �̃�𝑤 and �̃�ℎ are the constant 
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temperatures at lower and upper disks respectively. It is important to mention that, water 

is taken as a base fluid. The effects of micropolar parameter and squeeze Reynolds number 

are considered for dimensionless velocities (radial velocity and angular velocity). The 

upper disk is moving with a velocity −
𝑎𝐻

2√1−𝑎𝑡
 towards or away from the lower disk as 

shown in Figure 7.1. 

 

Figure 7.1: Schematic diagram of the problem 

Thus, the governing equations for two-dimensional unsteady flow and heat transfer of a 

viscous fluids are  
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Subject to the auxiliary conditions 
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(7.8) 

Where 𝑛 is a constant and 𝛾 = (𝜇 +
𝑘

2
) 𝑗 and 𝑗 =

𝜈(1−𝑎𝑡)

𝑎
 are the reference lengths [33]. �̂� 

and �̂� are the velocity components in r- and z - directions respectively and �̌� is the 

azimuthal component of micro-rotation. Here �̃� is the nanoparticle concentration, 𝛼 

thermal diffusivity, 𝜌 the density, the kinematic viscosity is 𝜈, pressure �̂� and specific heat 

𝐶𝑝. Further, the coefficient of mass diffusivity is 𝐷, Brownian motion coefficient 𝐷𝐵, 

thermophoretic diffusion coefficient 𝐷�̃�. �̃�, �̃�𝑚 correspondingly, are the temperature and 

mean fluid temperatures. Furthermore, 𝜏 is the dimensionless parameter, which describes 

the ratio of effective heat capacity of nanoparticles to the heat capacity of the fluid and w0 

is the suction/injection velocity. In is mentionable here to take 𝑛 = 0 and 𝑛 = 0.5, which 

describes the phenomena of strong and weak interactions respectively. 
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To non-dimensionalize the constitutive equations, we present the following similarity 

transformation: 

�̂� =
𝑎𝑟

2(1 − 𝑎𝑡)
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Plugin (7.9) into equations (7.2)-(7.6), and eliminating the pressure gradient, we arrive at  
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with the boundary conditions 
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Here 𝑆 denoting the suction/blowing parameter, squeeze Reynolds number as 𝑅,  Hartman 

number 𝑀, micropolar parameter 𝐾, Lewis number 𝐿𝑒, Brownian motion coefficient 𝑁𝑏, 

thermophoresis parameter 𝑁𝑡, and Prandtl number 𝑃𝑟 are defined as 
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The skin friction coefficient, wall couple stress coefficient, local Nusselt and Sherwood 

numbers are defined as 

𝐶𝑓𝑟 =
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With the help of (7.9), we get 

𝐶1𝑓𝑟 =
(1 + 𝐾)

𝑅
𝑓′′(1), 𝐶0𝑓𝑟 =

(1 + 𝐾)

𝑅
𝑓′′(0), 

𝐶1ℎ = −
(1+

𝐾

2
)

𝑅
ℎ′(1), 𝐶0ℎ = −

(1+
𝐾

2
)

𝑅
ℎ′(0),  

𝑁𝑢𝑟1 = 𝑁𝑢1(1 − 𝑎𝑡)
1

2 = −𝜃′(1), 𝑁𝑢𝑟0 = 𝑁𝑢0(1 − 𝑎𝑡)
1

2 = −𝜃′(0),   

𝑆ℎ𝑟1 = 𝑆ℎ1(1 − 𝑎𝑡)
1/2 = −𝜙′(1), 𝑆ℎ𝑟0 = 𝑆ℎ0(1 − 𝑎𝑡)

1
2 = −𝜙′(0). 

 

 

 

 

(7.18) 

7.3 Solution Procedure for HAM 

For this problem, we used the HAM package BVPh2.0 and considered the methodology 

proposed by Liao [40-43]. The initial guesses are 

𝑓0(𝜁) = 𝑆 +
3

2
(1 − 2𝑆)𝜁2 + (2𝑆 − 1)𝜁3, (7.19) 

ℎ0(𝜁) = −3𝑛(−1 + 2𝑆)(2𝜁 − 1), (7.20) 

𝜃0(𝜁) = 1 − 𝜁, (7.21) 
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𝜙0(𝜁) =
𝑁𝑡

𝑁𝑏
(𝜁 − 1). (7.22) 

Linear operators are chosen as 

ℓ𝑓 =
𝑑4𝑓

𝑑𝜁4
, ℓℎ =

𝑑2ℎ

𝑑𝜁2
, ℓ𝜃 =

𝑑2𝜃

𝑑𝜁2
, ℓ𝜙 =

𝑑2𝜙

𝑑𝜁2
. (7.23) 

The above operators satisfies the following linearity conditions, 

ℓ𝑓(�̂�1𝜁
3 + �̂�2𝜁

2 + �̂�3𝜁 + �̂�4) = 0, (7.24) 

ℓℎ(�̂�5𝜁 + �̂�6) = 0, (7.25) 

ℓ𝜃(�̂�7𝜁 + �̂�8) = 0, (7.26) 

ℓ𝜙(�̂�9𝜁 + �̂�10) = 0,  (7.27) 

where �̂�𝑖(𝑖 = 1 − 10) are constants. 

7.4 Optimal values of convergence-control parameters and error 

analysis 

The convergence criterion for the series solutions is highly dependent on the involved 

parameters. Here, we define total error of the system for 𝑓, ℎ, 𝜃 and 𝜙 to obtained the 

optimal values of such physical parameters as 

𝐸𝑚,1(ℏ𝑓) =
1

𝐾
∑[𝑁𝑓 (∑𝑓𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

.∑ℎ𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

)]

𝐾

𝑖=0

2

, (7.28) 

𝐸𝑚,2(ℏℎ) =
1

𝐾
∑[𝑁ℎ (∑𝑓𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

.∑ℎ𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

)]

𝐾

𝑖=0

2

, (7.29) 

𝐸𝑚,3(ℏ𝜃) =
1

𝐾
∑[𝑁𝜃 (∑𝑓𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

.∑𝜃𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

.∑𝜙𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

)]

𝐾

𝑖=0

2

, (7.30) 
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𝐸𝑚,4(ℏ𝜙) =
1

𝐾
∑[𝑁𝜙 (∑𝑓𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

.∑𝜃𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

.∑𝜙𝑗(𝑖Δ̂𝑥)

𝑚

𝑗=0

)]

𝐾

𝑖=0

2

. (7.31) 

The highly nonlinear coupled system of differential equations (7.10)-(7.13) is solved using 

the MATHEMATICA package; BVPh2.0. In the so called BVPh2.0, the minimum squared 

residual errors at 20th order of approximations are calculated as 5.26384971643049 ×

10−50, 9.1635594296378 × 10−53, 1.8946211416852 × 10−23, 3.3901144623442 ×

10−22 for 𝑓(𝜁), ℎ(𝜁), 𝜃(𝜁) and 𝜑(𝜁) respectively. Figure 7.2 is sketched to show the total 

residual error corresponding to the different order of approximations. 

 

Figure 7.2: Total Residual Error vs. order of approximations 

The optimal values of these auxiliary parameters for velocity, temperature and 

concentration profiles corresponding to the different values of the parameters are given in 

Table 7.1 and 7.2. 

Table 7.1: Optimal values of ℏ-cuts for different values of the physical parameters with 𝑃𝑟 = 6.2, 𝑛 = 0.5 for 𝑆 >  0 

𝑹 𝑴 𝑲 𝑵𝒃 𝑵𝒕 𝑳𝒆 ℏ𝒇 ℏ𝒉 ℏ𝜽 ℏ𝝓 Total Error of 

the System 

0.1 1.0 0.5 0.1 0.1 0.1 -0.733 -0.725 -0.682 -1.403 7.85× 10−5 

0.3      -0.710 -0.710 -0.699 -1.421 4.44× 10−3 
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0.5      -0.712 -0.684 -0.716 -1.461 5.55× 10−2 

0.7      -0.725 -0.659 -0.724 -1.524 3.50× 10−1 

0.1 0.0     -0.738 -0.721 -0.682 -1.403 7.85× 10−5 

 1.0     -0.733 -0.725 -0.682 -1.403 7.85× 10−5 

 2.0     -0.728 -0.730 -0.682 -1.403 7.85× 10−5 

 3.0     -0.724 -0.734 -0.682 -1.403 7.85× 10−5 

 1.0 0.5    -0.733 -0.725 -0.682 -1.403 7.85× 10−5 

  1.0    -0.541 -0.613 -0.682 -1.403 7.86× 10−5 

  1.5    -0.425 -0.532 -0.682 -1.403 7.86× 10−5 

  2.0    -0.349 -0.469 -0.682 -1.403 7.86× 10−5 

  0.5 0.05   -0.732 -0.822 -0.671 -1.408 1.52× 10−4 

   0.1   -0.733 -0.725 -0.682 -1.403 7.85× 10−5 

   0.15   -0.724 -0.729 -0.687 -1.400 2.65× 10−5 

   0.2   -0.711 -0.735 -0.689 -1.396 5.86× 10−5 

   0.1 0.05  -0.740 -0.716 -1.390 -0.613 1.13× 10−4 

    0.1  -0.733 -0.725 -0.682 -1.403 7.85× 10−5 

    0.15  -0.735 -0.815 -0.611 -1.488 3.48× 10−4 

    0.2  -0.745 -0.824 -0.550 -1.550 1.06× 10−3 

    0.1 0.1 -0.733 -0.725 -0.682 -1.403 7.85× 10−5 

     0.4 -0.730 -0.727 -0.684 -1.400 6.98× 10−5 

     0.7 -0.726 -0.728 -0.687 -1.395 6.30× 10−5 

     1.0 -0.719 -0.732 -0.689 -1.391 5.77× 10−5 

 
Table 7.2: Optimal values of ℏ-cuts for different values of the physical parameters with 𝑃𝑟 = 6.2, 𝑛 = 0.5 for 𝑆 < 0 

𝑹 𝑴 𝑲 𝑵𝒃 𝑵𝒕 𝑳𝒆 ℏ𝒇 ℏ𝒉 ℏ𝜽 ℏ𝝓 Total Error of 

the System 

0.1 1.0 0.5 0.1 0.1 0.1 -0.616 -0.785 -0.661 -1.407 7.85× 10−5 

0.3      -0.596 -0.783 -0.604 -1.433 1.17× 10−3 

0.5      -0.584 -0.794 -0.561 -1.460 3.58× 10−3 

0.7      -0.586 -0.792 -0.526 -1.498 8.21× 10−3 
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0.1 0.0     -0.621 -0.780 -0.661 -1.407 7.85× 10−5 

 1.0     -0.616 -0.785 -0.661 -1.407 7.85× 10−5 

 2.0     -0.605 -0.799 -0.661 -1.407 7.85× 10−5 

 3.0     -0.553 -0.797 -0.661 -1.407 7.84× 10−5 

 1.0 0.5    -0.616 -0.785 -0.661 -1.407 7.85× 10−5 

  1.0    -0.470 -0.665 -0.661 -1.407 7.84× 10−5 

  1.5    -0.378 -0.580 -0.661 -1.407 7.84× 10−5 

  2.0    -0.315 -0.511 -0.661 -1.407 7.84× 10−5 

  0.5 0.05   -0.610 -0.774 -0.620 -1.407 2.35× 10−4 

   0.1   -0.616 -0.785 -0.661 -1.407 7.85× 10−5 

   0.15   -0.535 -0.885 -1.081 -0.447 2.80× 10−3 

   0.2   -0.541 -0.884 -1.889 -0.421 2.07× 10−3 

   0.1 0.05  -0.628 -0.794 -0.745 -1.302 6.23× 10−6 

    0.1  -0.616 -0.785 -0.661 -1.407 7.85× 10−5 

    0.15  -0.597 -0.800 -0.588 -1.484 3.63× 10−4 

    0.2  -0.585 -0.804 -0.499 -1.528 9.50× 10−4 

    0.1 0.1 -0.616 -0.785 -0.661 -1.407 7.85× 10−5 

     0.4 -0.618 -0.784 -0.661 -1.413 7.86× 10−5 

     0.7 -0.619 -0.783 -0.661 -1.419 7.84× 10−5 

     1.0 -0.621 -0.781 -0.662 -1.426 7.76× 10−5 

 

7.5 Results and Discussions 

The influence of different physical parameters on the dimensionless velocities, temperature 

distribution and concentration profile are portrayed in Figure 7.3-7.17. It is mentionable 

that 𝑆 > 0 corresponds to suction flow, while 𝑆 < 0 stands for the blowing case. The 

effects of different emerging parameters such as micropolar parameter 𝐾, local squeezed 

Reynolds number 𝑅 and Hartman number 𝑀 on radial velocity 𝑓′(𝜁) are displayed in 

Figure 7.3-7.5. Figure 7.3 depicts the influence of micropolar parameter 𝐾 on the radial 

velocity 𝑓′(𝜁). Here, one can easily see that in the case of suction 𝑆 > 0, radial velocity 

increases initially with increasing 𝐾, however when 𝜁 approaches the neighborhood of 0.4, 
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it start decreasing with an increase in 𝐾. While, in the case of injection 𝑆 < 0, a similar 

trend is observed for rising values of the micropolar parameter 𝐾. Due to porosity of the 

lower disk when suction plays a prominent role, it allows the fluid to flow near the walls, 

which results in a thinner boundary layer. The influence of squeezed Reynolds number 𝑅 

on the radial velocity 𝑓′(𝜁) is portrayed in Figure 7.4. It is clear from the Figure 7.4 that 

the radial velocity 𝑓′(𝜁) increases for increasing values of 𝑅 in the range 0 < 𝜁 ≤ 0.5, 

while an opposite trend is observed for 0.5 < 𝜁 ≤ 1 for both the blowing case 𝑆 < 0 and 

suction case 𝑆 > 0. 

 
Figure 7.3: Effect of 𝐾 on 𝑓′ (𝜁) 

 
Figure 7.4: Effect of 𝑅 on 𝑓′ (𝜁) 

 

Figure 7.5: Effect of 𝑀 on 𝑓′ (𝜁) 

Figure 7.5 depicts the behavior of Hartmann number 𝑀 on the radial velocity 𝑓′(𝜁). It is 

observed that for the blowing case 𝑆 < 0 near the wall regions (i.e. 0 < 𝜁 ≤ 0.3 and 0.8 <

𝜁 ≤ 1 respectively), the velocity profile increases for increasing values of 𝑀, while, near 

the central region (i.e. 0.3 < 𝜁 ≤ 0.8), the behavior of the velocity profile is reversed. 

However, in the case of suction flow 𝑆 > 0, an opposite trend is observed with surging 

values of 𝑀. 
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To explore the effects of physical parameters on angular velocity ℎ(𝜁) (micro-motion), 

Figure 7.6-7.9 are presented. Figure 7.6 reveals that in the case of suction 𝑆 > 0, the 

angular velocity ℎ(𝜁) initially increases for increasing 𝐾, however when 𝜁 approaches the 

neighborhood of 0.4, it starts decreasing for increasing values of 𝐾. While in Figure 7.7, 

the reverse behavior is shown for rising values of the micropolar parameter 𝐾 in the case 

of blowing 𝑆 < 0. The influence of local squeezed Reynolds number 𝑅 on the angular 

velocity is depicted in Figure 7.8-7.9. From the Figure 7.8, it is clear that near the wall 

regions (i.e. 0 < 𝜁 ≤ 0.1 and 0.65 < 𝜁 ≤ 1), the angular velocity ℎ(𝜁) increases with 

increasing value of 𝑅, whereas, in the central region (i.e. 0.1 < 𝜁 ≤ 0.65), the angular 

velocity decreases for increasing values of 𝑅 for the suction case 𝑆 > 0. However, in Figure 

7.9, a similar trend is observed in the angular velocity for higher values of local squeezed 

Reynolds number in the case of blowing 𝑆 < 0. 

 
Figure 7.6: Effect of 𝐾 on ℎ(𝜁) for 𝑆 > 0 

 
Figure 7.7: Effect of 𝐾 on ℎ(𝜁) for 𝑆 < 0 

 
Figure 7.8: Effect of 𝑅 on ℎ(𝜁) for 𝑆 > 0 

 
Figure 7.9: Effect of 𝑅 on ℎ(𝜁) for 𝑆 < 0 

The behavior of temperature distribution 𝜃(𝜁) under the influence of pertinent flow 

parameters such as the squeezed Reynolds number 𝑅 and thermophoresis parameter 𝑁𝑡 are 
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discussed in figure 7.10 and 7.11. In figure 7.10, the temperature distribution 𝜃(𝜁) is 

directly proportional to 𝑅 in the case of blowing 𝑆 < 0, whereas, 𝜃(𝜁) is inversely 

proportional to the squeezed Reynolds number 𝑅 for the suction case 𝑆 > 0. Meanwhile, 

in figure 7.11, an opposite trend is observed in the temperature distribution 𝜃(𝜁) with rising 

values of thermophoresis parameter 𝑁𝑡 for both the suction 𝑆 > 0 and blowing 𝑆 < 0 

cases. 

To examine the effects of different physical parameters on the concentration profile 

𝜙(𝜁), the results are displayed in figure 7.12-7.17. Figure 7.12 reveals that the 

concentration profile 𝜙(𝜁) is directly proportional to Lewis number 𝐿𝑒, in the case of 

suction 𝑆 > 0, while in the case of injection 𝑆 < 0, the variation in 𝜙(𝜁) is inversely 

proportional to the Lewis number 𝐿𝑒. Figure 7.13 show that the behavior of squeezed 

Reynolds number 𝑅 on the concentration profile is opposite to that accounted for the 

temperature profile 𝜃(𝜁) in figure 7.10 for both the suction 𝑆 > 0 and injection 𝑆 < 0 

cases.  

Figure 7.10: Effect of 𝑅 on 𝜃(𝜁) Figure 7.11: Effect of 𝑁𝑡 on 𝜃(𝜁) 
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Figure 7.12: Effect of 𝐿𝑒 on 𝜙(𝜁) Figure 7.13: Effect of 𝑅 on 𝜙(𝜁) 

In figures 7.14-7.15, the effect of Brownian motion parameter on concentration profile 

𝜙(𝜁) is presented. It is observed that the concentration profile rapidly increases with 

increasing values of Brownian motion parameter 𝑁𝑏 for both the suction 𝑆 > 0 and 

blowing 𝑆 < 0 cases. While, figures 7.16-7.17 reveals that the influence of thermophoresis 

parameter 𝑁𝑡 on the concentration profile 𝜙(𝜁) is opposite to that accounted for the 

Brownian motion parameter 𝑁𝑏 in both the suction 𝑆 > 0 and blowing 𝑆 < 0 cases. 

Figure 7.14: Effect of 𝑁𝑏 on 𝜙(𝜁) for 𝑆 >  0 Figure 7.15: Effect of 𝑁𝑏 on 𝜙(𝜁) for 𝑆 <  0 
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Figure 7.16: Effect of 𝑁𝑡 on 𝜙(𝜁) for 𝑆 >  0 Figure 7.17: Effect of 𝑁𝑡 on 𝜙(𝜁) for 𝑆 <  0 

Furthermore, to check the validity and efficiency of HAM, we solve the similar problem 

with Runge-Kutta method of order four. The comparisons of developed algorithm and 

numerical solution are presented in Table 7.3 and 7.4. It is evident from the tables that an 

excellent agreement is found between the analytical solution and numerical solution. 

Table 7.3: Comparison of HAM and Numerical Solution for dimensionless velocities 𝑓(𝜁) and ℎ(𝜁) 

𝜉 𝑓(𝜁) ℎ(𝜁) 

HAM NS Absolute Error HAM NS Absolute Error 

0.0 1.000000 1.000000 1.116160× 10−8 1.553170 1.553170 1.055710× 10−7 

0.1 0.985601 0.985601 9.345960× 10−9 1.189840 1.189840 9.007810× 10−8 

0.2 0.946842 0.946842 9.064500× 10−9 0.855711 0.855710 7.608970× 10−8 

0.3 0.890180 0.890180 1.010820× 10−8 0.543844 0.543843 6.351270× 10−8 

0.4 0.821851 0.821851 1.221060× 10−8 0.248068 0.248068 5.206650× 10−8 

0.5 0.747914 0.747914 1.509270× 10−8 -0.037230 -0.037230 4.145860× 10−8 

0.6 0.674302 0.674302 1.850870× 10−8 -0.317279 -0.317279 3.115110× 10−8 

0.7 0.606870 0.606870 2.226050× 10−8 -0.597102 -0.597102 2.124090× 10−8 

0.8 0.551441 0.551441 2.624340× 10−8 -0.881669 -0.881669 1.169970× 10−8 

0.9 0.513854 0.513854 3.061030× 10−8 -1.176050 -1.176050 3.454570× 10−9 

1.0 0.500000 0.500000 0.0 -1.485580 -1.485580 3.635310× 10−8 
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Table 7.4: Comparison of HAM and Numerical Solution for dimensionless temperature 𝜃(𝜁) and concentration 𝜙(𝜁) 

𝜉 𝜃(𝜁) 𝜙(𝜁) 

HAM NS Absolute Error HAM NS Absolute Error 

0.0 1.000000 1.000000 4.567030× 10−9 -0.975233 -0.975233 3.775820× 10−7 

0.1 0.780338 0.780337 3.106400× 10−8 -0.756136 -0.756136 3.404190× 10−7 

0.2 0.615866 0.615865 8.165690× 10−8 -0.593116 -0.593116 2.527580× 10−7 

0.3 0.489255 0.489255 1.453490× 10−7 -0.468564 -0.468565 1.203880× 10−7 

0.4 0.388500 0.388499 1.849390× 10−7 -0.370278 -0.370278 7.478360× 10−9 

0.5 0.305312 0.305312 1.762260× 10−7 -0.289838 -0.289838 7.834590× 10−8 

0.6 0.233934 0.233933 1.266550× 10−7 -0.221392 -0.221392 7.957110× 10−8 

0.7 0.170289 0.170289 7.383430× 10−8 -0.160802 -0.160802 5.013870× 10−8 

0.8 0.111435 0.111435 3.715530× 10−8 -0.105077 -0.105077 2.236840× 10−8 

0.9 0.055203 0.055203 1.580880× 10−8 -0.052015 -0.052015 6.995140× 10−9 

1.0 0.0 0.0 0.0 0.0 0.0 0.0 

To investigate the effects of different emerging parameters on skin friction coefficient, the 

strong and weak interactions (i.e. 𝑛 = 0 and 𝑛 = 0.5) at the upper and lower disks are 

portrayed in Table 7.5-7.6. It is clearly seen that for increasing values of Hartmann number 

𝑀, an incline is observed in the skin friction coefficient at the upper disk, while a decline 

is shown at the lower disk with increasing values of 𝑀 in the case of suction 𝑆 > 0. 

However, in the case of blowing 𝑆 < 0, an opposite trend is observed at the upper and 

lower disks for both the strong and weak interactions. For suction 𝑆 > 0 and blowing 𝑆 <

0, the skin friction coefficient at the upper and lower disks decreases with surging values 

of the local squeezed Reynolds number 𝑅 to both the strong and weak interactions. While, 

the effects of the micropolar parameter 𝐾 on the skin friction coefficient at the upper and 

lower disks is similar to that accounted for the Hartmann number 𝑀. As a result, it is 

mentionable that skin friction coefficient at upper disk is higher than that of the lower disk 

with increasing values of 𝑀 and 𝐾 for the suction case 𝑆 > 0, while, in the blowing case 

𝑆 < 0, this trend is observed to be opposite for surging values of Hartmann number 𝑀 and 

micropolar parameter 𝐾 in both the strong and weak interactions. 
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Table 7.5: Skin friction coefficient 
(1+𝐾)

𝑅
𝑓′′(1) and 

(1+𝐾)

𝑅
𝑓′′(0) at upper and lower disks for strong interaction 𝑛 = 0.0 

with 𝑃𝑟 = 6.2 

 (𝟏 + 𝑲)

𝑹
𝒇′′(𝟏) 

(𝟏 + 𝑲)

𝑹
𝒇′′(𝟎) 

(𝟏 + 𝑲)

𝑹
𝒇′′(𝟏) 

(𝟏 + 𝑲)

𝑹
𝒇′′(𝟎) 

𝑴 𝑹 𝑲 𝑵𝒃 𝑵𝒕 𝑳𝒆 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.0 1.0 0.5 0.1 0.1 0.1 4.37795564 −4.88711811 −14.22882334 12.78623413 

2.0      4.48220137 −4.98048135 −14.50273182 13.08898140 

3.0      4.53348558 −5.02664200 −14.638200740 13.23804300 

4.0      4.58423077 −5.07246058 −14.77269449 13.38561616 

1.0 0.0     4.50000171 −4.50000145 −13.50000185 13.50000140 

 2.0     4.37698401 −5.39000800 −15.20174390 12.48076203 

 3.0     4.33909137 −5.86566941 −16.00563771 12.10944533 

 4.0     4.31548330 −6.35857489 −16.77856486 11.80826988 

 1.0 0.0    2.94502918 −3.44727992 −9.88099045 8.49295168 

  1.0    5.90455664 −6.41103470 −18.81183494 17.35773888 

  1.5    7.37259318 −7.88184872 −23.23406190 21.76088210 

  2.0    8.83688311 −9.34855799 −27.64144405 26.15361197 

 

Table 7.6: Skin friction coefficient 
(1+𝐾)

𝑅
𝑓′′(1) and 

(1+𝐾)

𝑅
𝑓′′(0) at upper and lower disks for weak interaction 𝑛 = 0.5 

with 𝑃𝑟 = 6.2 

 (𝟏 + 𝑲)

𝑹
𝒇′′(𝟏) 

(𝟏 + 𝑲)

𝑹
𝒇′′(𝟎) 

(𝟏 + 𝑲)

𝑹
𝒇′′(𝟏) 

(𝟏 + 𝑲)

𝑹
𝒇′′(𝟎) 

𝑴 𝑹 𝑲 𝑵𝒃 𝑵𝒕 𝑳𝒆 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.0 1.0 0.5 0.1 0.1 0.1 4.38836492 −4.80161596 −14.04977009 12.85510598 

2.0      4.49208087 −4.89477185 −14.32368995 13.15651312 

3.0      4.54311245 −4.94082833 −14.45914636 13.30493609 

4.0      4.59361266 −4.98654263 −14.59361679 13.45189019 

1.0 0.0     4.50000171 −4.50000145 −13.50000185 13.50000140 

 2.0     4.38839971 −5.21660516 −14.87419700 12.58005722 

 3.0     4.34560405 −5.60289694 −15.54930030 12.22111821 

 4.0     4.31286062 −6.00540693 −16.20798440 11.92223875 



120 

 1.0 0.0    2.94502918 −3.44727992 −9.88099044 8.49295168 

  1.0    5.90360013 −6.25945435 −18.47807283 17.42376771 

  1.5    7.34969624 −7.67298143 −22.75569648 21.78577978 

  2.0    8.78583287 −9.08693637 −27.02354315 26.11371143 

To explore the effects of different pertinent parameters on wall couple stress coefficients 

for both the strong and weak interactions at the lower and upper disk, the results are 

presented in Table 7.7 and 7.8. It is evident from the tabulated values that the wall couple 

stress coefficients in the presence of weak and strong interactions at upper disk are the 

increasing functions of the Hartmann number 𝑀, local squeezed Reynolds number 𝑅 and 

micropolar parameter 𝐾 in the case of suction 𝑆 > 0 and the decreasing functions at the 

lower disk. However, the reverse phenomena occurred in the case of blowing 𝑆 < 0. From 

the table, one can easily see that the wall couple stress coefficient at the upper disk is higher 

than the lower disk for all the emerging flow parameters in the case of suction 𝑆 > 0, while 

an opposite behavior is shown in the case of blowing 𝑆 < 0 for both the strong and weak 

interactions. 

Table 7.7: Wall couple stress coefficient −
(1+

𝐾

2
)

𝑅
ℎ′(1) and −

(1+
𝐾

2
)

𝑅
ℎ′(0) at upper and lower disks for strong interaction 

𝑛 = 0.0 with 𝑃𝑟 = 6.2 

 

−
(𝟏 +

𝑲
𝟐)

𝑹
𝒉′(𝟏) −

(𝟏 +
𝑲
𝟐)

𝑹
𝒉′(𝟎) −

(𝟏 +
𝑲
𝟐)

𝑹
𝒉′(𝟏) −

(𝟏 +
𝑲
𝟐)

𝑹
𝒉′(𝟎) 

𝑴 𝑹 𝑲 𝑵𝒃 𝑵𝒕 𝑳𝒆 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.0 1.0 0.5 0.1 0.1 0.1 0.24706349 0.24945778 −0.70931906 −0.68609316 

2.0      0.24712127 0.24945890 −0.70957381 −0.68686255 

3.0      0.24714887 0.24945954 −0.70970081 −0.68723545 

4.0      0.24717567 0.24946021 −0.70982749 −0.68760085 

1.0 0.5     0.12452383 0.12484361 −0.36346120 −0.36001685 

 1.0     0.24709282 0.24945832 −0.70944653 −0.68648190 

 1.5     0.36656806 0.37395800 −1.04360778 −0.97798676 

 2.0     0.48220741 0.49844019 −1.36936641 −1.23599139 

 1.0 0.5    0.24709282 0.24945832 −0.70944653 −0.68648190 
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  1.0    0.48945673 0.49511935 −1.41728189 −1.38004618 

  1.5    0.72935901 0.73802695 −2.12411214 −2.07701856 

  2.0    0.96781130 0.97903550 −2.83026642 −2.77591747 

 

Table 7.8: Wall couple stress coefficient −
(1+

𝐾

2
)

𝑅
ℎ′(1) and −

(1+
𝐾

2
)

𝑅
ℎ′(0) at upper and lower disks for weak interaction 

𝑛 = 0.0 with 𝑃𝑟 = 6.2 

 

−
(𝟏 +

𝑲
𝟐)

𝑹
𝒉′(𝟏) −

(𝟏 +
𝑲
𝟐)

𝑹
𝒉′(𝟎) −

(𝟏 +
𝑲
𝟐)

𝑹
𝒉′(𝟏) −

(𝟏 +
𝑲
𝟐)

𝑹
𝒉′(𝟎) 

𝑴 𝑹 𝑲 𝑵𝒃 𝑵𝒕 𝑳𝒆 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.0 1.0 0.5 0.1 0.1 0.1 4.21510914 5.78953126 −15.19087787 −11.16126856 

2.0      4.30276857 5.90429822 −15.49200534 −11.40077400 

3.0      4.34595475 5.96093214 −15.64077394 −11.51886840 

4.0      4.38872534 6.01707882 −15.78837252 −11.63589062 

1.0 0.5     3.99758428 4.76815590 −13.34015944 −11.22134051 

 1.0     4.25915683 5.84716776 −15.34204675 −11.28158260 

 1.5     4.53007047 6.98976386 −17.28904606 −11.38462812 

 2.0     4.80683420 8.19846326 −19.19997703 −11.50635489 

 1.0 0.5    4.25915683 5.84716776 −15.34204675 −11.28158260 

  1.0    5.45032179 6.95616408 −18.78767801 −14.82637153 

  1.5    6.63338738 8.08473001 −22.24739004 −18.35083250 

  2.0    7.81080893 9.22356806 −25.71408294 −21.86334863 

To investigate the effects of local Nusselt number under the influence of physical 

parameters with strong and weak interactions at the upper and lower disks, the results are 

constructed in Table 7.9-7.10. For increasing values of local squeezed Reynolds number 𝑅 

the rate of heat transfer decreases at the upper disk in the presence of strong and weak 

interactions for the suction 𝑆 > 0 and increases with an increase in 𝑅 at the lower disk. 

While in the blowing 𝑆 < 0, the variations in the local Nusselt number are opposite at the 

upper and lower disk. For rising values of the Brownian motion parameter 𝑁𝑏, the rate of 

heat transfer is the decreasing function for both the suction 𝑆 > 0 and blowing 𝑆 < 0 cases 

at the lower and upper disk respectively. However, the local Nusselt number is directly 
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proportional to thermophoresis parameter 𝑁𝑡 only in the case of suction 𝑆 > 0 at the upper 

disk. 

Table 7.9: Local Nusselt number −𝜃′(1) and −𝜃′(0) at upper and lower disks for strong interaction 𝑛 = 0.0.with 

𝑃𝑟 = 6.2 

 −𝜽′(𝟏) −𝜽′(𝟎) −𝜽′(𝟏) −𝜽′(𝟎) 

𝑹 𝑵𝒃 𝑵𝒕 𝑳𝒆 𝑴 𝑲 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.5 0.1 0.1 0.1 1.0 0.5 0.55119983 2.54658646 1.40758330 0.29712181 

1.0      0.24078399 5.05206995 1.73847898 0.07526472 

1.5      0.08631338 8.12261856 1.99750715 0.01731961 

2.0      0.02708852 11.34438013 2.20691837 0.00375335 

1.0 0.05     0.24078401 5.05206787 1.73847899 0.07526473 

 0.1     0.24078399 5.05206995 1.73847898 0.07526472 

 0.15     0.24078398 5.05207038 1.73847898 0.07526472 

 0.2     0.24078398 5.05207077 1.73847898 0.07526473 

 0.1 0.05    0.23688410 5.06956706 1.74270220 0.07509303 

  0.1    0.24078399 5.05206995 1.73847898 0.07526472 

  0.15    0.24472697 5.03461129 1.73425004 0.07543730 

  0.2    0.24871305 5.01718987 1.73001535 0.07561070 

 

Table 7.10: Local Nusselt number −𝜃′(1) and −𝜃′(0) at upper and lower disks for weak interaction 𝑛 = 0.5 with 

𝑃𝑟 = 6.2 

 −𝜽′(𝟏) −𝜽′(𝟎) −𝜽′(𝟏) −𝜽′(𝟎) 

𝑹 𝑵𝒃 𝑵𝒕 𝑳𝒆 𝑴 𝑲 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.5 0.1 0.1 0.1 1.0 0.5 0.55092459 2.54734931 1.40632820 0.29753959 

1.0      0.24022099 5.05534730 1.73417794 0.07570481 

1.5      0.08583207 8.12845052 1.98930458 0.01754496 

2.0      0.02682165 11.35148445 2.19440217 0.00383728 

1.0 0.05     0.24022101 5.05534377 1.73417794 0.07570481 

 0.1     0.24022099 5.05534730 1.73417794 0.07570481 

 0.15     0.24022098 5.05534773 1.73417793 0.07570481 
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 0.2     0.24022098 5.05534814 1.73417793 0.07570481 

 0.1 0.05    0.23632615 5.07284718 1.73838906 0.07553222 

  0.1    0.24022099 5.05534730 1.73417794 0.07570481 

  0.15    0.24415896 5.03788570 1.72996110 0.07587827 

  0.2    0.24814006 5.02046119 1.72573852 0.07605261 

To validate the effects of pertinent flow parameters on local Sherwood number at the upper 

and lower disks in the presence of weak and strong interactions, Table 7.11 and 7.12 are 

displayed. Here, one can easily see that the rate of mass transfer at the upper disk increases 

with increasing values of the local squeezed Reynolds number 𝑅 in the case of suction 𝑆 >

0, whereas a fall is observed at the lower disk for both the strong and weak interactions. 

However, an opposite behavior is shown in the case of blowing 𝑆 < 0. The Local 

Sherwood number is directly proportional to the Brownian motion parameter 𝑁𝑏 for both 

the suction 𝑆 > 0 and blowing 𝑆 < 0 in the presence of strong and weak interactions at the 

lower and upper disks respectively. For increasing values of thermophoresis parameter 𝑁𝑡, 

the rate of mass transfer is the increasing function for suction flow 𝑆 > 0 at the upper disk 

to both the weak and strong interactions and vice versa. However, the local Sherwood 

number is directly proportional to the Lewis number 𝐿𝑒 for suction 𝑆 > 0 and blowing 𝑆 <

0 at the upper and lower disks in both the weak and strong interactions. 

Table 7.11: Local Sherwood number −𝜙′(1) and −𝜙′(0) at upper and lower disks for strong interaction 𝑛 = 0.0 with 

𝑃𝑟 = 6.2 

 −𝝓′(𝟏) −𝝓′(𝟎) −𝝓′(𝟏) −𝝓′(𝟎) 

𝑹 𝑵𝒃 𝑵𝒕 𝑳𝒆 𝑴 𝑲 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.5 0.1 0.1 0.1 1.0 0.5 −0.51931167 −2.54658646 −1.42580510 −0.29712181 

1.0      −0.16548454 −5.05207004 −1.76590150 −0.07526472 

1.5      0.03656064 −8.12261883 −2.03021496 −0.01731961 

2.0      0.14181764 −11.34438105 −2.24333110 −0.00375335 

1.0 0.05     −0.33096912 −10.10413584 −3.531803001 −0.15052947 

 0.1     −0.16548454 −5.05207004 −1.76590150 −0.07526472 

 0.15     −0.11032302 −3.36804698 −1.17726766 −0.05017648 

 0.2     −0.08274227 −2.52603544 −0.88295075 −0.03763236 
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 0.1 0.05    −0.08073484 −2.53478358 −0.88504314 −0.03754652 

  0.1    −0.16548454 −5.05207004 −1.76590150 −0.07526472 

  0.15    −0.25431435 −7.55191705 −2.64256669 −0.11315595 

  0.2    −0.34728945 −10.03437983 −3.51503031 −0.15122141 

  0.1 0.1   −0.16548454 −5.05207004 −1.76590150 −0.07526472 

   0.4   0.00612877 −4.95471651 −1.82706632 −0.07636970 

   0.7   0.13880183 −4.86801568 −1.89539044 −0.07760608 

   1.0   0.24055586 −4.79078296 −1.97214369 −0.07899738 

 

Table 7.12: Local Sherwood number −𝜙′(1) and −𝜙′(0) at upper and lower disks for weak interaction 𝑛 = 0.5 with 

𝑃𝑟 = 6.2 

 −𝝓′(𝟏) −𝝓′(𝟎) −𝝓′(𝟏) −𝝓′(𝟎) 

𝑹 𝑵𝒃 𝑵𝒕 𝑳𝒆 𝑴 𝑲 for suction (𝑺 > 𝟎) for injection (𝑺 < 𝟎) 

0.5 0.1 0.1 0.1 1.0 0.5 −0.51902018 −2.54734931 −1.42452244 −0.29753959 

1.0      −0.16486488 −5.05534738 −1.76152207 −0.07570481 

1.5      0.03712603 −8.12845079 −2.02187320 −0.01754496 

2.0      0.14216551 −11.35148552 −2.23060697 −0.00383728 

1.0 0.05     −0.32972980 −10.11068760 −3.52304416 −0.15140962 

 0.1     −0.16486488 −5.05534738 −1.76152207 −0.07570481 

 0.15     −0.10990992 −3.37023188 −1.17434805 −0.05046987 

 0.2     −0.08243243 −2.52767412 −0.88076103 −0.03785241 

 0.1 0.05    −0.08042760 −2.53642364 −0.88284740 −0.03776611 

  0.1    −0.16486488 −5.05534738 −1.76152207 −0.07570481 

  0.15    −0.25337715 −7.55682866 −2.63601564 −0.11381741 

  0.2    −0.34602965 −10.04092247 −3.50631971 −0.15210522 

  0.1 0.1   −0.16486488 −5.05534738 −1.76152207 −0.07570481 

   0.4   0.00689264 −4.95797802 −1.82250996 −0.07681553 

   0.7   0.13964339 −4.87126233 −1.89063177 −0.07805820 

   1.0   0.24142681 −4.79401605 −1.96715134 −0.07945642 
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7.6 Conclusions 

In this chapter, the squeezing flow of micropolar nanofluid between parallel disks is 

analyzed. HAM package BVPh2.0 has been employed to solve the highly nonlinear 

ordinary differential equations that govern the flow and control the convergence of series 

solution.  Strong and weak interactions (i.e. 𝑛 = 0 and 𝑛 = 0.5) is taken into account for 

the numerical values of wall couple stress coefficient, skin friction coefficient,  local 

Sherwood number and local Nusselt number at the upper and lower disks respectively. To 

check the validity and reliability of the developed algorithm (HAM Package BVPh2.0), we 

seek a numerical solution using Runge Kutta method order of four, which shows an 

excellent agreement between these analytical and numerical solutions. Graphical aids of 

different physical parameters on dimensionless velocities, temperature distribution and 

concentration profile are also a part of this study. The main features of the current study 

are captured as follows; 

 The radial velocity 𝑓′(𝜁) is directly proportional to the variations of the micropolar 

parameter 𝐾 for both the suction 𝑆 > 0 and blowing 𝑆 < 0 when 𝜁 approaches the 

neighborhood of 0.4, and is inversely proportional to 𝐾 in the region 0.4 < 𝜁 ≤ 1. 

 The effect of local squeezed Reynolds number 𝑅 on the velocity profile is inversely 

proportional to that accounted for the micropolar parameter 𝐾 in the case of suction 

𝑆 > 0 and blowing 𝑆 < 0. 

 Angular velocity ℎ(𝜁) increases for increasing values of the micropolar parameter 

𝐾 when 𝜁 reaches the neighborhood of 0.55 and starts decreasing for rising values 

of 𝐾 in the blowing case 𝑆 < 0, while the opposite trend is observed in the case of 

suction 𝑆 > 0. 

 The temperature profile 𝜃(𝜁) is directly proportional to the thermophoresis 

parameter 𝑁𝑡 in the case of suction 𝑆 > 0, and inversely proportional to 𝑁𝑡 for the 

blowing 𝑆 < 0 case. 

 An increase in Lewis number 𝐿𝑒 increases the concentration profile 𝜙(𝜁) in the 

suction case 𝑆 > 0, while in the blowing flow 𝑆 < 0, the concentration profile 

decreases for increasing values of 𝐿𝑒. 
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 In the presence of weak and strong interactions (i.e. 𝑛 = 0 and 𝑛 = 0.5) for both 

the suction 𝑆 > 0 and blowing 𝑆 < 0 cases, numerical values of skin friction 

coefficient, wall couple stress coefficient, local Nusselt number and Sherwood 

number are presented in tabulated form. 
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Chapter 8 Conclusions 
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Flow between parallel walls is an important area of interest due to its biological 

applications including pumping of heart and flow through certain arteries. Mostly, the 

squeezing flows are exemplified in the modeling of thin fiber and paper sheets formations, 

metal and plastic sheets etc. The squeezing flow between two parallel disks has drawn 

special attention of researchers due to its application in the lubrication of bearings for 

unsteady loading. The applications of the magnetic field in such flows enable us to avoid 

the unpredictable deviation of lubrication viscosity with temperature in certain extreme 

operating conditions. Chapter by chapter, the major findings are as follows; 

In chapter 2, it is evident that the series solution for velocity profile converges after the 

3rd iteration and for temperature distribution; it converges just after 2 iterations. The 

behavior of pertinent flow parameters on velocity profiles are opposite to both the suction 

𝐴 > 0 and injection 𝐴 < 0 cases. 

The effects of different emerging parameters on velocity and temperature distribution are 

portrayed in chapter 3 with 𝑃𝑟 = 7. One can easily see that for increasing values of Casson 

parameter 𝛽, the absolute of radial velocity 𝐹′ increases in the range 0 < 𝜂 ≤ 0.4, while 

an opposite trend is observed for 0.4 < 𝜂 ≤ 1 with increasing 𝛽 in the case of suction 𝐴 >

0. However, in the blowing case 𝐴 < 0 variations in velocity are opposite to that accounted 

for suction 𝐴 > 0. The temperature distribution 𝜃(𝜂) is directly proportional to 𝜃𝑤 for both 

the suction 𝐴 > 0 and injection (𝐴 < 0) cases. 

In chapter 4, the effects of emerging parameters like squeeze number 𝑆, Prandtl number 

𝑃𝑟, Eckert number 𝐸𝑐, Duffour number 𝐷𝑢 and dimensionless length 𝛿 are the same on 

the temperature profile 𝜃(𝜂) for the suction and injection case. A rise in temperature is 

observed for all the emerging flow parameters, while the concentration profile 𝜙(𝜂) is 

inversely proportional to Schmidt number 𝑆𝑐 and Soret number 𝑆𝑟 respectively. 

The effects of velocity, temperature and concentration profiles under the influence of 

mixed convection parameter 𝜆, Grashof number 𝐺𝑟, velocity slip parameter 𝛽 and thermal 

slip parameter 𝛾 are presented in chapter 5 and chapter 6. For both the suction and 

blowing flow, the concentration profile decreases with increasing value of 𝑆 to 
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thermophoresis parameter and Grashof number, while a rise is observed in the 

concentration profile for increasing values of 𝑆, Brownian motion parameter and mixed 

convection parameter. For the suction (A> 0) and blowing (A< 0) flow, a fall is observed 

in skin friction coefficient for rising 𝜆 and Grashof number 𝐺𝑟, while in the presence of 

the velocity slip parameter 𝛽, an incline is seen in skin friction coefficient for suction flow 

and a decline is observed for the blowing case with increasing 𝛽. 

In the presence of weak and strong interactions (i.e. 𝑛 = 0 and 𝑛 = 0.5) for both the suction 

𝑆 > 0 and blowing 𝑆 < 0 cases, the numerical values of skin friction coefficient, wall 

couple stress coefficient, local Sherwood number and Nusselt number are presented in 

tabulated form and discussed in chapter 7. 



130 

References 

 

[1]  W. F. Hughes and R. A. Elco, “Magnetohydrodynamic lubrication flow between 

parallel rotating disks,” J. Fluid Mech., vol. 13, pp. 21-32, 1962.  

[2]  D. C. Kuzma, E. R. Maki and R. J. Donnelly, “The magnetohydrodynamic 

squeeze film,” J. Fluid Mech., vol. 19, pp. 395-400, 1964.  

[3]  S. Kamiyama, “Inertia effects in MHD hydrostatic thrust bearing,” J. Lubr. 

Technol., vol. 91, pp. 589-596, 1969.  

[4]  E. A. Hamza, “The magnetohydrodynamic squeeze film,” J. Tribol., vol. 110, pp. 

375-377, 1988.  

[5]  E. A. Hamza, “A similar flow between two disks in the presence of a magnetic 

field,” J. Appl. Mech., vol. 56, pp. 218-221, 1989.  

[6]  C. L. M. H. Navier, “sur les lois du mouvement des fluids,” Mém Acad Roy Sci 

Inst France, vol. 6, pp. 389-440, 1827.  

[7]  H. M. Laun, M. Rady and O. Hassager, “Analytical solution for squeeze flow with 

partial wall slip,” J Non-Newtonian Fluid Mech., vol. 81, pp. 1-15, 1999.  

[8]  S. Mukhopadhyay and H. Andersson, “Effects of slip and heat transfer analysis of 

flow over an unsteady stretching surface,” Heat Mass Transf., vol. 45, pp. 1447-

1452, 2009.  

[9]  A. M. Rohni, S. Ahmad, I. Pop and J. H. Merkin, “Unsteady mixed convection 

boundary flow with suction and temperature slip effects near the stagnation-point 

on a vertical permeable surface embedded in a porous medium,” Transp. Porous 

Media, vol. 92, pp. 1-14, 2012.  

[10]  J. Merkin, A. M. Rohni, S. Ahmad and I. Pop, “On the Temperature Slip 

Boundary Condition in a Mixed Convection Boundary-Layer Flow in a Porous 

Medium,” Transp. Porous Media, vol. 94, pp. 133-147, 2012.  

[11]  M. J. Stefan, “Versuchs Uber die scheinbare adhesion,” Sitzungsberichte der 

Akademie der Wissenschaften in Wien. Mathematik-Naturwissen, vol. 69, pp. 

713-721, 1874.  

[12]  O. Reynolds, “n the theory of lubrication,” Trans. Roy. Sm., vol. 177, p. 190, 

1886.  

[13]  G. Stokes, “On the theories of the internal friction of fluids in motion,” Trans. 

Cambridge Phil. Sot., vol. 8, p. 287, 1845.  

[14]  A. M. Siddiqui, S. Irum and A. R. Ansari, “Unsteady squeezing flow of a viscous 

MHD fluid between parallel plates, a solution using the homotopy perturbation 

method,” Math. Model. Anal., vol. 13, no. 4, pp. 565-576, 2008.  



131 

[15]  G. Domairy and A. Aziz, “Approximate Analysis of MHD Squeeze Flow between 

Two Parallel Disks with Suction or Injection by Homotopy Perturbation Method,” 

Mathematical Problems in Engineering, vol. 2009, p. ID/2009/603916, 2009.  

[16]  A. A. Joneidi, G. Domairry and M. Babaelahi, “Effect of mass transfer on the flow 

in the magnetohydrodynamic squeeze film between two parallel disks with one 

porous disk,” Chem. Eng. Comm., vol. 198, pp. 299-311, 2011.  

[17]  T. Hayat, A. Yousuf, M. Mustafa and S. Asghar, “Influence of Heat Transfer in 

the Squeezing Flow Between Parallel Disks,” Chem. Eng. Comm., vol. 199, pp. 

1044-1062, 2012.  

[18]  D. C. Kuzma, “Fluid Inertia Effects in Squeeze Films,” Appl. Sci. Res., vol. 18, 

pp. 15-20, 1968.  

[19]  J. A. Tichy and W. O. Winer, “Inertial considerations in parallel circular squeeze 

film bearings,” Journal of Lubrication Technology, vol. 92, pp. 588-592, 1970.  

[20]  M. M. Rashidi, H. Shahmohamadi and S. Dinarvand, “Analytic approximate 

solutions for unsteady two-dimensional and axisymmetric squeezing flows 

between parallel plates, (2008) 1–13.,” Mathematical Problems in Engineering, 

vol. 2, pp. 1-13, 2008.  

[21]  S. U. S. Choi, “Enhancing thermal conductivity of fluids with nanoparticle,” D.A. 

Siginer, H.P. Wang (Eds.), Developments and Applications of Non-Newtonian 

Flows, vol. 231, pp. 99-105, 1995.  

[22]  J. Buongiorno, “Convective transport in nanofluids,” J. Heat Transfer, vol. 128, 

pp. 240-250, 2006.  

[23]  A. V. Kuznetsov and D. A. Nield, “Natural convective boundary-layer flow of a 

nanofluid past a vertical plate,” Int. J. Therm. Sci., vol. 49, pp. 243-247, 2010.  

[24]  D. A. Nield and A. V. Kuznetsov, “The Cheng–Minkowycz problem for natural 

convective boundary-layer flow in a porous medium saturated by a nanofluid,” Int. 

J. Heat Mass Transfer, vol. 52, pp. 5792-5795, 2009.  

[25]  N. Bachok, A. Ishak and I. Pop, “Boundary-layer flow of nanofluids over a 

moving surface in a flowing fluid,” Int. J. Therm. Sci., vol. 49, pp. 1663-1668, 

2010.  

[26]  W. A. Khan and I. Pop, “Boundary-layer flow of a nanofluid past a stretching 

sheet,” Int. J. Heat Mass Transfer,, vol. 53, pp. 2477-2483, 2010.  

[27]  M. Hassani, M. M. Tabar, H. Nemati, G. Domairry and F. Noori, “An analytical 

solution for boundary layer flow of a nanofluid past a stretching sheet,” Int. J. 

Therm. Sci., vol. 50, pp. 2256-2263, 2011.  

[28]  O. Makinde and A. Aziz, “Boundary layer flow of a nanofluid past a stretching 

sheet with a convective boundary condition,” Int.J.Therm.Sci., vol. 50, pp. 1326-

1332, 2011.  

[29]  M. Mustafa, T. Hayat, I. Pop, S. Asghar and S. Obaidat, “Stagnation-point flow of 

a nanofluid towards a stretching sheet,” Int. J. Heat Mass Transfer, vol. 54, pp. 

5588-5594, 2011.  

[30]  J. He, “Variational iteration method, A kind of nonlinear analytical technique, 

some examples,” Internat. J. Nonlin. Mech., vol. 34, pp. 699-708, 1999.  



132 

[31]  J. He, “Variational iteration method for autonomous ordinary differential 

systems,” Appl. Math. Comput., vol. 114, no. 2-3, pp. 115-123, 2000.  

[32]  M. A. Abdou and A. A. Soliman, “New applications of variational iteration 

method,” Phys. D, vol. 211, no. 1-2, pp. 1-8, 2005.  

[33]  M. A. Abdou and A. A. Soliman, “Variational iteration method for solving 

Burger’s and coupled Burger’s equations,” J. Comput. Appl. Math., vol. 181, no. 

2, pp. 245-251, 2005.  

[34]  S. Abbasbandy, “Numerical solution of non-linear Klein-Gordon equations by 

variational iteration method,” International Journal for Numerical Methods in 

Engineering, vol. 70, no. 7, pp. 876-881, 2007.  

[35]  S. Abbasbandy, “The application of homotopy analysis method to solve a 

generalized Hirota-Satsuma coupled KdV equation,” Physics Letters A, vol. 36, 

pp. 478-483, 2007.  

[36]  S. Abbasbandy and F. S. Zakaria, “Soliton solutions for the fifth-order KdV 

Equation with the homotopy analysis method,” Nonlinear Dynam., vol. 51, no. 1-

2, pp. 83-87, 2008.  

[37]  M. Sheikholeslami, R. Ellahi, M. Hassan and S. Soleimani, “A study of natural 

convection heat transfer in a nanofluid filled enclosure with elliptic inner 

cylinder,” International Journal for Numerical Methods for Heat and Fluid Flow, 

vol. 24, no. 8, pp. 1906-1927, 2014.  

[38]  M. Sheikholeslami and R. Ellahi, “Three dimensional mesoscopic simulation of 

magnetic field effect on natural convection of nanofluid,” International Journal of 

Heat and Mass Transfer, vol. 88, pp. 799-808, 2015.  

[39]  M. Sheikholeslami and R. Ellahi, “Electrohydrodynamic nanofluid hydrothermal 

treatment in an enclosure with sinusoidal upper wall,” Applied Sciences, vol. 5, 

pp. 294-306, 2015.  

[40]  S. Liao, Beyond Perturbation: Introduction to Homotopy Analysis Method, Boca 

Raton: Chapman and Hall, CRC Press, 2003.  

[41]  S. Liao, “On the homotopy analysis method for nonlinear problems,” Appl. Math. 

Comput., vol. 147, no. 2, pp. 499-513, 2004.  

[42]  S. Liao, “An optimal homotopy-analysis approach for strongly nonlinear 

differential equations,” Commun. Nonlinear Sci. Numer. Simul., vol. 15, no. 8, pp. 

2003-2016, 2010.  

[43]  S. Liao, Advances in the homotopy analysis method, World Scientific Press, 2013.  

[44]  S. I. U. Khan, N. Ahmed, U. Khan, S. U. Jan and S. T. Mohyud-Din, “Heat 

transfer analysis for squeezing flow between parallel disks,” J. Egyptian Math. 

Soc., vol. 23, no. 2, pp. 445-450, 2015.  

[45]  S. T. Mohyud-Din and S. I. U. Khan, “Nonlinear radiation effects on squeezing 

flow of a Casson Fluid between parallel disks,” Aerospace Science and 

Technology, vol. 48, pp. 186-192, 2016.  

[46]  S. I. U. Khan, S. T. Mohyud-Din and B. B. Mohsin, “Thermo-diffusion and 

Diffuso-thermo effects on MHD squeezing flow between parallel disks,” Surf. 

Rev. Lett., doi: 10.1142/S0218625X17500226, 2016. 



133 

[47]  S. T. Mohyud-Din, S. I. U. Khan, M. Darus and S. M. Hassan, “Unsteady mixed 

convection squeezing flow of nanofluid between parallel disks,” Advances in 

Mechanical Engineering, vol. 8, no. 5, pp. 1-13, 2016.  

[48]  S. T. Mohyud-Din, S. I. U. Khan and B. B. Mohsin, “Velocity and temperature 

slip effects on squeezing flow of nanofluid between parallel disks in the presence 

of mixed convection,” Neural Computing and Applications, pp. 1-14, 2016.  

[49]  S. T. Mohyud-Din, S. I. U. Khan and Y.-X. Jun, “Squeezing Flow of Micropolar 

Nanofluid between parallel disks,” Journal of Magnetics, vol. 21, no. 3, pp. 1-14, 

2016.  

[50]  J. He, “Some asymptotic methods for strongly nonlinear equation,” International 

Journal of Modern Physics B, vol. 20, pp. 1144-1199, 2006.  

[51]  J. He, “Variational iteration method- Some recent results and new interpretations,” 

J. Comput. Appl. Math., vol. 207, pp. 3-17, 2007.  

[52]  J. He, “An elementary introduction of recently developed asymptotic methods and 

nanomechanics in textile engineering,” International Journal of Modern Physics B, 

vol. 22, no. 21, pp. 3487-3498, 2008.  

[53]  U. Khan, N. Ahmed, S. I. U. Khan, Z. A. Zaidi, X. J. Yang and S. T. Mohyud-Din, 

“On unsteady two-dimensional and axisymmetric squeezing flow between parallel 

plates,” Alexandria Engineering Journal, vol. 53, pp. 463-468, 2014.  

[54]  U. Khan, N. Ahmed, Z. A. Zaidi, M. Asadullah and S. T. Mohyud-Din, “MHD 

Squeezing Flow between Two Infinite Plates,” Ain Shams Engineering Journal, 

vol. 5, pp. 187-192, 2014.  

[55]  Y. Khan, Q. Wu, N. Faraz, A. Yldrm and S. T. Mohyud-Din, “Heat Transfer 

Analysis on the Magnetohydrodynamic Flow of a Non-Newtonian Fluid in the 

Presence of Thermal Radiation: An Analytic Solution,” Zeitschrift für 

Naturforschung A, vol. 67, pp. 147-152, 2012.  

[56]  S. Nadeem and R. U. Haq, “Effect of Thermal Radiation for 

Megnetohydrodynamic Boundary Layer Flow of a Nanofluid Past a Stretching 

Sheet with Convective Boundary Conditions,” Journal of Computational and 

Theoretical Nanoscience, vol. 11, pp. 32-40, 2013.  

[57]  M. M. Rashidi and S. Abbasbandy, “Analytic approximate solutions for heat 

transfer of a micropolar fluid through a porous medium with radiation,” 

Communications in Nonlinear Science and Numerical Simulation, vol. 16, no. 4, 

pp. 1874-1889, 2011.  

[58]  N. S. Akbar, S. Nadeem, R. U. Haq and Z. H. Khan, “Radiation effects on MHD 

stagnation point flow of nanofluid towards a stretching surface with convective 

boundary condition,” Chinese Journal of Aeronautics, vol. 26, no. 6, pp. 1389-

1397, 2013.  

[59]  E. W. Mrill, A. M. Benis, E. R. Gilliland, T. K. Sherwood and E. W. Salzman, 

“Pressure flow relations of human blood hollow fibers at low flow rates,” Journal 

of Applied Physiology, vol. 20, pp. 954-967, 1965.  

[60]  D. A. McDonald, Blood Flows in Arteries, Arnold, London, 1974.  



134 

[61]  N. Ahmed, U. Khan, X. J. Yang, S. I. U. Khan, Z. A. Zaidi and S. T. Mohyud-Din, 

“Magneto hydrodynamic (MHD) squeezing flow of a Casson fluid between 

parallel disks,” International Journal of Physical Sciences, vol. 8, no. 36, pp. 1788-

1799, 2013.  

[62]  Y. Mori, “Buoyancy effects in forced laminar convection flow over a horizontal 

plate,” J. Heat Transfer, vol. 83, pp. 479-482, 1961.  

[63]  E. M. Sparrow and W. J. Minkowycz, “Buoyancy effects of horizontal boundary 

layer flow and heat transfer,” Int. J. Heat Transfer, vol. 5, pp. 505-511, 1962.  

[64]  T. Hayat, A. Yousuf, M. Mustafa and S. Obaidat, “MHD squeezing flow of 

second grade fluid between two parallel disks,” International Journal for 

Numerical Methods in Fluids, vol. 69, pp. 399-410, 2012.  

[65]  A. Qayyum, M. Awais, A. Alsaedi and H. T, “Unsteady squeezing flow of Jeffery 

fluid between two parallel disks,” Chinese Physics Letters, vol. 29, p. 034701, 

2012.  

[66]  M. Mustafa, T. Hayat and S. Obaidat, “On heat and mass transfer in the unsteady 

squeezing flow between parallel plates,” Meccanica, vol. 47, pp. 1581-1589, 2012.  

[67]  S. Munawar, A. Mehmood and A. Ali, “Three dimensional squeezing flow in a 

rotating channel of lower stretching porous wall,” Comput. Math. Appl., vol. 64, 

no. 6, pp. 1575-1586, 2012.  

[68]  M. Mustafa, T. Hayat and A. Alsaedi, “On the analytic solutions for squeezing 

flow of nanofluid between parallel disks,” Nonlinear Analysis: Modelling and 

Control, vol. 17, no. 4, pp. 418-430, 2012.  

[69]  H. EA, “The Magnetohydrodynamic Squeeze Film,” J. Tribology, vol. 110, pp. 

375-377, 1988.  

[70]  A. R. A. Khaled and K. Vafai, “Hydromagnetic squeezed flow and heat transfer 

over a sensor surface,” Int. J. Eng. Sci., vol. 42, pp. 509-519, 2004.  

[71]  M. Mahmood, S. Asghar and M. A. Hossain, “Squeezed flow and heat transfer 

over a porous surface for viscous fluid,” Heat Mass Transfer , vol. 44, pp. 165-

173, 2007.  

[72]  M. Imtiaz, T. Hayat, M. Hussain, S. A. Shehzad, G. Q. Chen and B. Ahmad, 

“Mixed convection flow of nanofluid with Newtonian heating,” Eur. Phys. J. Plus, 

vol. 129, p. 97, 2014.  

[73]  R. Ellahi, M. Hassan and A. Zeeshan, “Study on magnetohydrodynamic nanofluid 

by means of single and multi-walled carbon nanotubes suspended in a salt water 

solution,” IEEE Transactions on Nanotechnology, vol. 14, no. 4, pp. 726-734, 

2015.  

[74]  S. T. Mohyud-Din, Z. A. Zaidi, U. Khan and N. Ahmed, “On heat and mass 

transfer analysis for the flow of a nanofluid between rotating parallel plates,” 

Aerospace Science and Technology, vol. 46, pp. 514-522, 2015.  

[75]  N. Ahmed, S. T. Mohyud-Din and S. M. Hassan, “Flow and heat transfer of 

nanofluid in an asymmetric channel with expanding and contracting walls 

suspended by carbon nanotubes: A Numerical Investigation,” Aerospace Science 

and Technology, vol. 48, pp. 53-60, 2016.  



135 

[76]  A. Hussain, S. T. Mohyud-Din and T. A. Cheema, “Analytical and Numerical 

Approaches to Squeezing Flowand Heat Transfer between Two Parallel Disks 

with Velocity Slip and Temperature Jump. ,29:114705-1-5.,” Chinese Physics 

Letter, vol. 29, pp. 114705-1-5, 2012.  

[77]  Y. D. Shikhmurzaev, “The moving contact line on a smooth solid surface,” 

International Journal of Multiphase Flow, vol. 19, pp. 589-610, 1993.  

[78]  M. J. Martin and I. D. Boyd, “Momentum and heat transfer in a laminar boundary 

layer with slip flow,” Journal of Thermophysics and Heat Transfer, vol. 20, no. 4, 

pp. 710-719, 2006.  

[79]  M. T. Matthews and J. M. Hill, “Nano boundary layer equation with nonlinear 

Navier boundary condition,” Journal of Mathematical Analysis and Application, 

vol. 333, pp. 381-400, 2007.  

[80]  P. D. Ariel, “Axisymmetric flow due to a stretching sheet with partial slip,” 

Computer and Mathematics with Applications, vol. 54, pp. 1169-1183, 2007.  

[81]  C. Y. Wang, “Analysis of viscous flow due to a stretching sheet with surface slip 

and suction,” Nonlinear Anal. Real World Appl., vol. 10, no. 1, pp. 375-380, 

2009.  

[82]  K. Das, “Slip flow and convective heat transfer of nanofluids over a permeable 

stretching surface,” Computers and Fluids, vol. 6, no. 1, pp. 34-42, 2012.  

[83]  U. Khan, N. Ahmed and S. T. Mohyud-Din, “Thermo-diffusion, diffusion-thermo 

and chemical reaction effects on MHD flow of viscous fluid in divergent and 

convergent channels,” Chemical Engineering Science, vol. 141, pp. 17-27, 2016.  

[84]  K. R. Rajagopal, “Boundedness and Uniqueness of Fluids of Differential Type,” 

Acta Sin. Indica,, vol. 18, pp. 1-11, 1982.  

[85]  K. R. Rajagopal, On the Boundary Conditions for Fluids of the Differential Type, 

"Navier-Stokes Equation and Related Nonlinear Problems", New York: A. 

Sequira, ed., Plenum Press, 1995.  

[86]  K. R. Rajagopal, A. Z. Szeri and W. Troy, “An Existence Theorem for the Flow of 

Non-Newtonian Fluid Past an Infinite Porous Plate,” Int. J. Non-Linear Mech., 

vol. 21, no. 4, pp. 279-289, 1986.  

[87]  C. Fetecau, C. Fetecau and D. Vieru, “On Some Helical Flows of Oldroyd-B 

Fluids,” Acta Mech., vol. 189, no. 1-2, pp. 53-63, 2007.  

[88]  T. Hayat, Z. Abbas and N. Ali, “MHD Flow and Mass Transfer of a Upper-

Convected Maxewell Fluid Past a Porous Shrinking Sheet With Chemical 

Reaction Species,” Phys. Lett. A, vol. 372, no. 26, p. 4698–4704, 2008.  

[89]  M. Ayub, A. Rasheed and T. Hayat, “Exact Flow of a Third Grade Fluid Past a 

Porous Plate Using Homotopy Analysis Method,” Int. J. Eng. Sci., vol. 41, no. 18, 

pp. 2091-2103, 2003.  

[90]  T. Hayat, R. Ellahi and S. Asghar, “Hall Effects on Unsteady Flow due to Non-

Coaxially Rotating Disk and a Fluid at Infinity,” Chem. Commun., vol. 193, no. 

10, pp. 1-19, 2008.  



136 

[91]  M. Sajid, T. Hayat, S. Asghar and K. Vajravelu, “Analytic Solution for 

Axisymmetric Flow Over a Nonlinearly Stretching Sheet,” Arch. Appl. Mech., 

vol. 78, no. 2, pp. 127-134, 2008.  

[92]  A. C. Eringen, “Theory of Micropolar Fluids,” J. Math., vol. 16, pp. 1-18, 1966.  

[93]  T. Ariman, M. A. Turk and N. D. Sylvester, “Applications of Micro-Continum 

Fluid Mechanics,” Int. J. Eng. Sci., vol. 12, pp. 273-293, 1974.  

[94]  M. A. Ezzat, M. I. Othman and K. A. Helmy, “A Problem of Micropolar 

Magnetohydrodynamic Boundary Layer Flow,” Can. J. Phys., vol. 77, no. 10, pp. 

813-827, 1999.  

[95]  K. A. Helmy, H. F. Idriss and S. E. Kassem, “MHD Free Convection Flow of a 

Micropolar Fluid Past a Vertical Porous Plate,” Can. J. Phys., vol. 80, no. 12, pp. 

166-173, 2002.  

[96]  D. A. S. Rees, “Free Convection Boundary Layer Flow of a Micropolar Fluid 

From a Vertical Flat Plate,” IMA J. Appl. Math., vol. 61, no. 2, pp. 179-197, 1998.  

[97]  S. K. Jena and M. N. Mathur, “Similarity Solution for Laminar Free Convection 

Flow of Thermo-Micropolar Fluid Past a Nonisothermal Flat Plate,” Int. J. Eng., 

vol. 19, no. 11, pp. 1431-1439, 1981.  

[98]  T. Hayat, Z. Abbas and T. Javed, “Mixed Convection Flow of a Micropolar Fluid 

over Non-Linearly Stretching Sheet,” Phys. Lett. A, vol. 372, no. 5, pp. 637-647, 

2008.  

[99]  G. S. Guram and A. C. Smith, “Stagnation Flows of Micropolar Fluids With 

Strong and Weak Interactions,” Comput. Math. Appl., vol. 6, no. 2, pp. 213-233, 

1980.  

[100]  G. Ahmadi, “Self Similar Solution of Incompressible Micropolar Boundary Layer 

Flow Over Semi-Infinite Flat Plate,” Int. J. Eng. Sci., vol. 14, no. 7, pp. 639-646, 

1976.  

[101]  R. Nazar, N. Amin, D. Filip and I. Pop, “Stagnation Point Flow of Micropolar 

Fluid Towards a Stretching Sheet,” Int. J. Non-Linear Mech., vol. 39, no. 7, pp. 

1227-1235, 2004.  

[102]  H. S. Takhar, R. Bhargava, R. S. Agrawal and A. S. Balaji, “Finite Element 

Solution of a Micropolar Fluid Flow and Heat Transfer Between Two Porous 

Discs,” Int. J. Eng. Sci., vol. 38, no. 17, pp. 1907-1922, 2000.  

[103]  S. Ishizawa, “The Unsteady Flow Between Two Parallel Discs With Arbitrary 

Varying Gap Width,” Bull. Jpn. Soc. Mech. Eng., vol. 9, pp. 533-550, 1966.  

[104]  R. J. Grimm, “Squeezing Flows of Newtonian Liquid Films an Analysis Include 

the Fluid Inertia,” App. Sci. Res., vol. 32, no. 2, pp. 149-166, 1976.  

[105]  C. Y. Wang and L. T. Watson, “Squeezing of a Viscous Fluid Between Elliptic 

Plates,” App. Sci. Res., vol. 35, no. 2-3, pp. 195-207, 1979.  

[106]  R. Usha and R. Sridharan, “Arbitrary Squeezing of a Viscous Fluid Between 

Elliptic Plates,” Fluid Dyn. Res., vol. 18, no. 1, pp. 35-51, 1999.  

 

 




