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Abstract

The study of classical Ramsey numbers R(m,n) shows little progress in the last two

decades. Only nine classical Ramsey numbers are known. This difficulty of finding

the classical Ramsey numbers has inspired many people to study generalizations of

classical Ramsey number. One of them is to determine Ramsey number R(G,H) for

general graphs G and H (not necessarily complete).

One of the most general results on graph Ramsey numbers is the establish-

ment of a general lower bound by Chvátal and Harary [17] which is formulated as:

R(G,H) ≥ (χ(H)− 1)(c(G)− 1) + 1, where G is a graph having no isolated vertices,

χ(H) is the chromatic number of H and c(G) denotes the cardinality of large con-

nected component of G.

Recently, Surahmat and Tomescu [41] studied the Ramsey number of a combina-

tion of path Pn versus Jahangir graph J2,m. They proved that R(Pn, J2,m) = n+m−1

for m ≥ 3 and n ≥ (4m − 1)(m − 1) + 1. Furthermore, they determined that

R(P4, J2,2) = 6 and R(Pn, J2,2) = n + 1 for n ≥ 5.

This dissertation studies the determination of Ramsey number for a combination

of path Pn and a wheel-like graph. What we mean by wheel-like graph, is a graph

obtained from a wheel by a graph operation such as deletion or subdivision of the

spoke edges. The classes of wheel-like graphs which we consider are Jahangir graph,

generalized Jahangir graph and beaded wheel. First of all we evaluate the Ramsey

number for path Pn with respect to Jahangir graph J2,m. We improve the result of

Surahmat and Tomescu for m = 3, 4, 5 with n ≥ 2m + 1. Also, we determine the

Ramsey number for disjoint union of k identical copies of path Pn versus Jahangir

vii



viii

graph J2,m for m ≥ 2.

Moreover, we determine the Ramsey number of path Pn versus generalized Ja-

hangir graph Js,m for different values of s,m and n. We also, evaluate the Ramsey

number for combination of disjoint union of t identical copies of path versus general-

ized Jahangir graph Js,m for even s ≥ 2 and m ≥ 3. At the end, we find the Ramsey

number of path versus beaded wheel BW2,m, i.e. R(Pn, BW2,m) = 2n − 1 or 2n if

m ≥ 3 is even or odd, respectively, provided n ≥ 2m2 − 5m + 4.
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Chapter 1

Introduction

There are many interesting applications of Ramsey theory, these include results in

number theory, algebra, geometry, topology, set theory, logic, ergodic theory, infor-

mation theory and theoretical computer science, for further detail see [33]. Relation-

ships of Ramsey-type theorems to various fields in mathematics are well documented

in published books. Even though the Ramsey theory is relatively new in combina-

toric subjects, especially in graph theory, this theory attracted the attention of many

researchers across nations around the world. As a consequence of that, this theory

is being observed more and more which eventually gained more and more results. A

nice survey paper on Ramsey numbers is conducted by Radziskowski (2004) [31].

The idea behind classical Ramsey numbers is basically Ramsey’s theorem [32],

which is a generalization of the counting principle called the pigeonhole principle,

which, stated informally, says that if there are lots of pigeons flying into not too

many pigeonholes, then some pigeonholes will contain many pigeons.

Now, we come to Ramsey’s theorem. His paper [32] is ”On a Problem of Formal

Logic”. Although he recognized that Ramsey’s theorem had independent interest,

he was mainly concerned with its application to logic. Perhaps his view speaks of a

1
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time when combinatorial analysis was still regarded as ”bargain basement topology”

by the mainstream of mathematical thought. Yet it seems eminently suitable that

this branch of combinatorial analysis be graced with the name of Frank Plumpton

Ramsey.

Ramsey began his paper with an infinite version of Ramsey’s theorem. Despite

the 50-year gap in notation the paper reads with remarkable clarity. There exists a

vast literature on Ramsey type problems, stating in 1930 with the famous theorem of

Ramsey ( F.P.Ramsey, On a problem in formal logic, Proc. London Math. Soc. 2nd

Ser., 30(1930), 264-286 ). The finite version of Ramsey’s Theorem asserts:

Theorem 1.0.1. For all t, n, k ∈ N there exists R ∈ N so that, for m ≥ R, if the k-
tuples of a set M of cardinality m are t-colored, then there exists A ⊆ M of cardinality
n with all the k-tuples of A having the same color.

The infinite version is similar. Ramsey Theory is showing that if a large enough

system is partitioned arbitrarily into finitely many subsystems, at least one subsystem

has a particular property and thus, total disorder is impossible. Ramsey’s Theorem

is far more profound, here we state the graph theoretic version.

Theorem 1.0.2. For any two positive integers m and n, there exists a least positive
integer R(m,n), such that if the edges of the complete graph on R(m,n) vertices are
colored with two colors, say red and blue, then there is a complete subgraph Km all of
whose edges are red or there is complete subgraphs Kn all of whose edges are blue.

Ramsey’s Theorem was rediscovered and applied to geometry by Erdős and Szek-

eres [19]. They also defined the Ramsey numbers and gave some upper and lower

bounds for them. Obviously, R(m, 2) = m and R(m,n) = R(n,m) for all m and n.

When t colors are used instead of two, then R(m1,m2, · · · ,mt) denotes the smallest

integer R with the property that any complete graph of at least R vertices whose
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edges are partitioned into t colors contains a monochromatic subgraph isomorphic to

Kmi
in the i-th color for some i, 1 ≤ i ≤ t.

To deal with classical Ramsey numbers is very hard, many authors have evalu-

ated Ramsey numbers by generalizing the Ramsey’s Theorem in various ways. One

of them is to evaluate the R(G,H) by taking general graph as subgraph instead of

complete graph. In this case, theorem is stated as follows.

Theorem 1.0.3. For any two graphs G and H, there exists a least positive integer
R(G,H), such that every graph say F of order R(G,H) satisfies the following con-
dition: either F contains G as a subgraph or the complement of F contains H as a
subgraph.

The subject of finding graph Ramsey number R(G,H) has grown amazingly, in

particular with regard to asymptotic bound for various types of Ramsey numbers,

but the progress on evaluating the classical Ramsey numbers themselves has been

very unsatisfactory for a long time.

One of the most general results on graph Ramsey numbers is the following. For a

graph G (which we will always assume has no isolated vertices), let χ(H) denote the

chromatic number of H and let c(G) denote the cardinality of the largest connected

component of G. Then we have a useful result on the establishment of a general lower

bound by Chvátal and Harary [17] as cited below.

Theorem 1.0.4. [17] R(G,H) ≥ (c(G)− 1)(χ(H)− 1) + 1.

Since Chvátal and Harary give the lower bound, the search for Ramsey number

R(G,H) is more productive, which has until now already produced 403 papers (based

on Radziszowski survey [31]). Even though, Chvátal and Harary give the initial in-

formation about how big the Ramsey number R(G,H) is, however not for all pairs of
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G and H, the Ramsey number R(G,H) is equal to the Chvátal and Harary bound.

This makes the topic of Ramsey numbers more interesting. From the results that

have been published, the Ramsey number for the combination of a tree with another

graph is the most interesting topic because, there are many graphs preserving tree

like structure such as : the route, star, binary tree etc. Since Pn has only two leaves

and the remaining vertices are all of degree 2, path is a tree which has the simplest

tree structure.

The definition of the Ramsey number R(G,H), where G and H both are paths

evidently first appeared in a paper of Geréncser and Gyárfás [22]. Also Ramsey num-

bers for combinations of paths versus different graphs such as wheel, tree, cycle, fan

and complete graph etc, have been evaluated.

This research will be conducted to determine the Ramsey number R(G,H) where

G ∼= Pn and H is isomorphic to a wheel-like graph i.e., Jahangir graph J2,m, gener-

alized Jahangir graph Js,m and beaded wheel BW2,m. Other than that, we have also

conducted research to evaluate the Ramsey number for disjoint union of identical

copies of path with respect to Jahangir graph J2,m and generalized Jahangir graph

Js,m for even s ≥ 2.

This dissertation is organized as follows.

In Chapter 1, main ideas and motivations regarding the current development of

graph Ramsey numbers have been discussed. Furthermore, we narrate some applica-

tions of Ramsey theory in different branches of mathematics as well as, we define a

generalized version for classical Ramsey numbers.

In Chapter 2, we present basic concepts and ideas about graph theory. We present

some basic definition, notations and terminologies that will be used and discussed
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throughout this dissertation.

In Chapter 3, we present a survey regarding some known results for Ramsey num-

ber of path versus different graphs as well as Ramsey number of wheel with respect

to some graphs. Furthermore, we describe the Ramsey numbers for the disjoint union

of some families of graphs.

In Chapter 4, we improve the result of Surahmat and Tomescu regarding the

Ramsey number of path versus Jahangir graph J2,m. Also, we present our results on

Ramsey numbers for the combination of paths versus Jahangir graph J2,m.

In Chapter 5, we evaluate the Ramsey number of path with respect to generalized

Jahangir graph. We also determine the Ramsey number for the disjoint union of

identical copies of path with respect to generalized Jahangir Js,m graph. In addition,

we find the Ramsey number for path with respect to beaded wheel BW2,m.

In Chapter 6, we give conclusions and some open problems for further study in

this area.



Chapter 2

Basic concepts

2.1 Introduction

In this chapter some basic concepts and ideas about graph theory are presented. They

are important to provide strong and adequate basis of the present study. As a first

part of this chapter some basic definitions, notations and terminologies that will be

used and discussed throughout this dissertation are discussed. For other concepts

which are not explicitly given here see [42].

2.2 Basic definitions

2.2.1 Preliminaries

A graph G is an ordered pair of disjoint sets (V, E) such that E is a subset of the set

V (2) of unordered pairs of V . Unless it is explicitly stated otherwise, we consider only

finite and simple graphs, that is, V and E are always finite and there are no loops

and parallel edges respectively. The set V is the set of vertices and E is the set of

edges of the graph. If G is a graph, then we denote by V = V (G) the vertex set of

G and by E = E(G) the edge set of G. An edge {x, y} is said to join the vertices x

6
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and y and is denoted by xy. Thus xy and yx represent exactly the same edge; the

vertices x and y are called the end vertices of this edge. If xy ∈ E(G), then x and

y are adjacent, or neighboring vertices of G, and the vertices x and y are incident

with the edge xy. Two edges are adjacent if they have exactly one common vertex.

The symbol x ∼ y means that the vertex x is adjacent to the vertex y and x ∼ y,

y ∼ x are all equivalent: each of them means that xy is an edge in G. Two or more

edges that join the same pair of distinct vertices are called parallel edges. An edge

represented by an unordered pair in which the two vertices are not distinct is known

as loop.

If x is a vertex of a graph G we write x ∈ V (G). The order of a graph G is the

number of vertices in G; it is denoted |G|. Thus |G| = |V (G)|. The size of G is the

number of edges in G; it is denoted by e(G). Thus e(G) = |E(G)|.
The size of a graph of order n is at least 0 and at most

(
n
2

)
. A graph of order n

and size
(

n
2

)
is called a complete graph of order n, and is denoted by Kn. An empty

graph on n vertices is denoted by En has order n and no edges. In Kn every two

vertices are adjacent and in En no two vertices are adjacent. The graph K1 = E1 is

said to be the trivial graph.

A bipartite graph is a graph in which the set of vertices can be partitioned into

two sets X and Y such that every edge is in between a vertex in X and a vertex in Y .

It is represented by (X, Y, E). The complete bipartite graph represented by Km,n is a

graph (X, Y, E) with m vertices in X and n vertices in Y in which there is an edge

between every vertex in X and every vertex in Y . Figure 2.2, presents the complete

bipartite graph K2,3.
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Figure 2.1: Complete graph K4

For any A ⊆ V (G) and x ∈ V (G), define the neighborhood of x in A as :

NA(x) = {y ∈ A|xy ∈ E(G)}. Thus y ∈ NA(x) if and only if x ∈ NA(y). The degree

of vertex x is represented by d(x) and given by d(x) = {y ∈ V (G)|xy ∈ E(G)}. The

minimum degree of the graph G is denoted by δ(G) and the maximum degree is de-

noted by4(G). A vertex of degree 0 is called an isolated vertex. If δ(G) = 4(G) = k,

that is every vertex of G has degree k , then G is said to be k-regular or regular of

degree k. A graph is regular if it is k-regular for some k. A 3-regular graph is said to

be cubic.

Let G be a graph with V (G) = {x1, x2, · · · , xn}. Since each edge in G has two

end vertices, the sum of degrees is exactly twice the number of edges:

n∑
i=1

d(xi) = 2e(G),

and in particular the sum of degree is even:
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Figure 2.2: Complete bipartite graph K2,3

n∑
i=1

d(xi) ≡ 0(mod 2).

This observation is also sometimes known as handshaking lemma, since it expresses

the fact that in any party the total number of hands shaken is even.

We say that G′ = (V ′, E ′) is a subgraph of G = (V, E) if V ′ ⊂ V and E ′ ⊂ E. In

this case we write G′ ⊂ G. If G′ contains all edges of G that join vertices in V ′, then

G′ is said to be the subgraph induced or spanned by V ′. If V ′ = V and E ′ ⊂ E then

G′ is said to be a spanning subgraph of G.

Two graphs are said to be isomorphic if there is a bijection between their vertex

sets that preserves adjacency. Thus G = (V,E) is isomorphic to G′ = (V ′, E ′) if there

is a bijection φ : V → V ′ such that xy ∈ E if and only if φ(x)φ(y) ∈ E ′. Clearly iso-

morphic graphs have the same order and size. If two graphs G and H are isomorphic

then we write either G ∼= H or G = H.

A graph is said to be k vertex colorable (or k-colorable) if it is possible to assign
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one color from a set of k colors to each vertex such that no two adjacent vertices have

the same color. If the graph G is k-colorable but not k − 1-colorable, we say that G

is a k-chromatic graph and that its chromatic number χ(G) is k. So the chromatic

number is the minimum number k such that G is k-colorable. Hence, graph G is

k-colorable if and only if χ(G) ≤ k.

Obviously, the chromatic number of G is 1 if and only if G is trivial or G is an

empty graph on n vertices and χ(G) = 2 if and only if G is bipartite. Even though

there are many known examples of such graphs, it is not known under what condi-

tions the chromatic number of a graph is 3. For instance, any odd cycle and even

order wheel have chromatic number 3. The complete graph Kn is n-chromatic, and

if G has Kn as a subgraph, χ(G) ≥ n.

2.2.2 Connectivity and trees

Let v and w be two vertices in a graph. A walk between v and w in the graph is a

finite alternating sequence v = v0, e1, v1, e2, v2, e3, ..., en, vn = w of vertices and edges

of the graph such that each edge ei in the sequence joins vertices vi−1 and vi. The

vertices and the edges of the walk need not be distinct.

Two walks v0, e1, v1, e2, v2, e3, ..., en, vn and u0, f1, u1, f2, u2, f3, ...fm, um are said to

be equal if n = m,vi = ui and ei = fi for 0 ≤ i ≤ n. Two walks are said to be different

if they are not equal. The number of edges in a walk is the length of the walk. A

walk in which no edge is repeated is called a trail. A walk in which vertices are all

distinct is a path. Obviously every path is a trail. A closed walk in a graph is a walk

between a vertex and itself. A closed walk with no edge repeated is a circuit. A cycle

is a circuit in which no vertex is repeated. In a simple graph G, any cycle consisting
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of k vertices (that is passing through k vertices) is a k-cycle in G. It is an odd cycle

if k is odd and it is an even cycle if k is even.

A pair of vertices in a graph is a connected pair if there is a path between them. A

graph G is a connected graph if every pair of vertices in a graph G is a connected pair;

otherwise, it is a disconnected graph. A connected subgraph H of G is a component

of G if H = H ′ whenever H ′ is a connected subgraph of G that contains H. In other

words, a component is a maximal connected subgraph. A graph is connected if and

only if the number of its components is one. The distance d(u, v) between two vertices

u and v is the length of a shortest path between them.

A graph is acyclic if it has no cycles. A tree is a connected acyclic graph. Any

graph without cycles is a forest, thus the components of a forest are trees.

Theorem 2.2.1. [5] Every tree with at least one edge has at least two end vertices.

Theorem 2.2.2. [5] The following statements are equivalent.
1. G(V, E) is a tree.
2. Every two vertices of G(V,E) are joined by a unique path.
3. G(V, E) is connected and |V | = |E|+ 1.
4. G(V, E) is acyclic and |V | = |E|+ 1.
5. G(V, E) is acyclic and if any two nonadjacent vertices are joined by a new edge e,
then G + e has exactly one cycle.

Theorem 2.2.3. [5] Every connected graph contains a spanning tree.

2.2.3 Operations on graphs

For a graph G = (V, E), the complement of G is denoted by G = (V, V (2)−E); thus,

two vertices are adjacent in G if and only if they are not adjacent in G. For the empty

graph En we frequently use the notation Kn.

Let two graphs G1 and G2 have disjoint vertex sets V1 and V2 and edge sets E1

and E2 respectively. Their union G = G1 ∪ G2 has vertex set V1 ∪ V2 and edge set
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E1 ∪ E2. Their join is denoted by G1 + G2 and consists of G1 ∪ G2 and all edges

joining V1 and V2.

For any graph G we write nG for the graph with n components each isomorphic

with G.

For Cartesian product G1 × G2 we consider any two vertices x = (x1, x2) and

y = (y1, y2) in V = V1×V2. Then x and y are adjacent in G1×G2 whenever [ x1 = y1

and x2y2 ∈ E(G2) ] or [ x2 = y2 and x1y1 ∈ E(G1) ].

Theorem 2.2.4. [5] If G is disconnected, then G is connected.

Theorem 2.2.5. [5] If G is self complementary, then n = 4k or n = 4k + 1.

2.2.4 Matching in graphs

A set M of edges in a graph G, is a matching (or an independent edges set) in G if

no two edges in M have a vertex in common. An edge in a matching of a graph is

a matched edge, and an edge of the graph that is not in the matching is a free edge.

A vertex that is incident to an edge in the matching M is called a matched vertex

(with respect to M), and any other vertex is an exposed vertex with respect to the

matching.



Chapter 3

Graph Ramsey theory

3.1 Introduction

Graph Ramsey theory has grown from nonexistence 20 years ago to become one of

the presently most active areas in Ramsey theory. Rather than attempt to present

an encyclopedic collection of the wealth of results currently available, we will intend

(following our usual philosophy) to discuss a selection of those that we believe illus-

trate the variety of questions considered and techniques used in this area.

There are many interesting applications of Ramsey theory, these include results

in number theory, algebra, geometry, topology, set theory, logic, ergodic theory, infor-

mation theory and theoretical computer science. Relations of Ramsey-type theorems

to various fields in mathematics are well documented in published books and mono-

graphs.

A major impetus behind the early development of Graph Ramsey theory was the

hope that it would eventually lead to methods for determining large values of the

classical Ramsey numbers R(m,n). However, as so often happens in mathematics,

this hope has not been realized; rather, the field has blossomed into a discipline of

13
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its own. In fact, it is probably safe to say that results arising from Graph Ramsey

theory will prove to be more valuable and interesting than knowing the exact value

of R(5, 5) [or even R(m,n)].

The idea behind Graph Ramsey theory is basically Ramsey’s theorem [32], which

is generalization of counting principle called the pigeonhole principle, which stated

informally, says that if there are lots of pigeons flying into not too many pigeonholes,

then some pigeonholes will contain many pigeons. Ramsey’s theorem is far more

profound. Here we state the graph theoretic version.

Theorem 3.1.1. For any two positive integers m and n, there exists a least positive

integer R(m,n), such that if the edges of the complete graph on R(m,n) vertices are

colored with two colors, say red and blue, then there is a complete subgraph Km with

all edges are red or there is complete subgraphs Kn with all edges are blue.

Note that Ramsey’s theorem guarantees the existence of the number R(m,n). It

neither tells what that number is nor gives an algorithm for finding it. The number

R(m,n) is called a Ramsey number. For an arbitrary (fixed) graph G, we would like

to determine the smallest integer R = R(G) so that, no matter how the edges of KR

are 2-colored, a monochromatic subgraph isomorphic to G is always formed. For the

classical Ramsey numbers, G itself is taken to be a complete graph. When k colors

are used instead of two, we will denote the corresponding value of R by R(G; k).

Obviously, R(m, 2) = m and R(m,n) = R(n,m) for all m and n.

The research on finding the exact value of classical Ramsey numbers R(m,n) has

received a lot of attention. However, the results are still far from satisfactory. Since

first introduced, there are only nine exact Ramsey numbers known. Greenwood and

Glenson (1965) showed that R(3, 3) = 6, R(3, 4) = 9, R(3, 5) = 14 and R(4, 4) = 18.
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Kery (1964) then proved that R(3, 6) = 18, and followed by Kalbfleisch [29] who

showed that R(3, 7) = 23. Grienstead and Roberts (1982), in their paper, showed

that R(3, 8) = 28 and R(3, 9) = 36. The latest result is that R(4, 5) = 25, due to

McKay and Radziszowski (1995). For any other values of m,n ≥ 3 determining the

exact value of Ramsey numbers is a difficult problem. However, a useful approach to

examine Ramsey numbers is usage of some known bounds. These bounds at least give

a starting point for trying to establish the actual value of R(m,n). Ramsey (1930)

[32] showed that

Theorem 3.1.2. [32] For integers m ≥ 2 and n ≥ 2, we have R(m,n) ≤ R(m −
1, n) + R(m,n− 1).

Another upper bound for R(m, n) is given by the following result of Erdős and

Szekeres [19].

Theorem 3.1.3. [19] For every two positive integers m and n, the Ramsey number

R(m,n) ≤




m + n− 2

m− 1


 .

However, some better lower and upper bounds for these numbers have been ob-

tained, see [31] for more details.

Ramsey’s Theorem has been generalized in various ways. One of them is to eval-

uate R(G,H) by taking general graph as subgraph instead of complete graph. So

theorem is stated as follows.

Theorem 3.1.4. For any two graphs G and H, there exists a least positive integer

R(G,H), such that every graph say F of order R(G,H) satisfies the following con-

dition: either F contains G as a subgraph or the complement of F contains H as a

subgraph.
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One of the most general results on graph Ramsey numbers is the following. For a

graph G (which we will always assume has no isolated vertices), let χ(H) denote the

chromatic number of H and let c(G) denote the cardinality of the largest connected

component of G. Then we have a useful result on the establishment of a general lower

bound by Chvátal and Harary [17] as cited below.

Theorem 3.1.5. [17] R(G,H) ≥ (c(G)− 1)(χ(H)− 1) + 1.

This result holds since if we consider F ∼= (χ(H) − 1)K(c(G)−1), then F contains

no G and F contains no H as a subgraph. Theorem 3.1.5 can be applied to yield one

of the most elegant results of graph Ramsey theory due to Chvátal [18] stated as:

Theorem 3.1.6. [18] For any tree Tm with m vertices, R(Tm, Kn) = (m−1)(n−1)+1.

Proof. The lower bound follows from Theorem 3.1.5. To show that R(Tm, Kn) ≤
(m− 1)(n− 1) + 1, we will use induction hypothesis. For m = 2 or n = 2, it follows

immediately. Assume that it holds for all values of m′ and n′ with m′ + n′ < m + n.

Consider a 2-colored K(m−1)(n−1)+1, using the colors red and blue, say. Let T ′ be a

tree formed from T by the removal of some endpoint x (where x is adjacent with y in

T ). By the induction hypothesis, this K(m−1)(n−1)+1 contains either a blue Kn (and

we are done) or a red T ′ in K(m−1)(n−1)+1. Thus, we may assume that there is a red

T ′ in K(m−1)(n−1)+1. We remove the m − 1 points of this red T ′, leaving a 2-colored

K(m−1)(n−2)+1. Again, by induction hypothesis, this graph contains either a red T or

a blue Kn−1; we may clearly assume the latter.

Consequently, in the original K(m−1)(n−1)+1 we have a red T ′ and a blue Kn−1

disjoint from it. Finally, we examine the edges emanating from y to the blue Kn−1. If

any of these edges is red then we have a red T . If not then all these edges are blue and
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there is a blue Kn. This completes the induction step, and the proof is finished.

For a combination of a tree Tm and a star K1,n, Burr [9] proved the following

theorem.

Theorem 3.1.7. [9] Let Tm be a tree with m vertices, and assume that m− 1 divides

n− 1, then R(Tm, K1,n) = m + n− 1.

The determination of Ramsey numbers R(G, H) has been studied for other various

combinations of graphs G and H. In the last two decades, a considerable progress has

been obtained in this area. Some are obtained by employing computer algorithms.

3.2 Ramsey numbers for paths versus some graphs

In this section we consider the Ramsey numbers for paths versus other graphs. We

present some known Ramsey numbers for this particular combination.

The definition of the Ramsey number R(G,H) evidently first appeared in the

paper of Geréncser and Gyárfás [22] which dealt with the case where G and H are

both paths. Their result is rewritten in following theorem.

Theorem 3.2.1. [22] R(Pn, Pm) = m + bn
2
c − 1 for 2 ≤ n ≤ m.

After that, the Ramsey numbers R(Pn, G) for paths versus other graphs G have

been investigated in several papers.

In 1989 Häggkvist [24] gave upper bounds for the path-complete bipartite Ramsey

numbers in Theorem 3.2.2 and the exact values for special case in Theorem 3.2.3

Theorem 3.2.2. [24] R(Pn, Kq,m) ≤ q + m + n− 2.
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Theorem 3.2.3. [24] R(Pn, Kq,m) = q + m + n− 2 for q = 1 mod (n− 1) and m = 1

mod (n− 1).

Some upper bounds for the path-tree Ramsey numbers were given by Faudree et

al. [21] in 1990 as follows.

Theorem 3.2.4. [21] R(Pn, Tm) ≤





m + n− 2 for n ≥ m or m ≥ 432n6 − n2,

m + 6n2 − 2n for other values of m and n.

Now we consider the path-wheel Ramsey number. In 2001, Surahmat and Baskoro

[7] studied the Ramsey numbers of paths versus wheel. Their result is rewritten as

follows.

Theorem 3.2.5. [7] R(Pn,Wk) =





2n− 1 if k ≥ 4 is even and n ≥ k
2
(k − 2),

3n− 2 if k ≥ 5 is odd and n ≥ k−1
2

(k − 3).

In 2006, Surahmat and Tomescu [41] studied the Ramsey number of a combina-

tion of Pn versus J2,m, and obtained the following result.

Theorem 3.2.6. [41] R(Pn, J2,m) =





6 if (n,m) = (4, 2),

n + 1 if m = 2 and n ≥ 5,

n + m− 1 if m ≥ 3 and n ≥ (4m− 1)(m− 1) + 1.

In the following section, we have furnished some Ramsey numbers R(G,Wk) for

some finite and simple fixed graph G. In particular, we consider G as a path, star,

tree, cycle, wheel or book.
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3.3 Ramsey numbers involving wheels

This section includes data regarding the Ramsey numbers of wheel with respect to

some general graph. For k ≥ 3, let Wk be a wheel with k + 1 vertices, i.e., a graph

consisting of a cycle Ck with one additional vertex adjacent to all vertices of Ck or

simply, Wk = K1 + Ck. We have mentioned those Ramsey numbers which, in our

opinion, have some connection to the evaluation of our specific Ramsey numbers. We

begin by mentioning the Ramsey numbers of wheel versus paths.

For n ≥ 3, Surahmat and Baskoro [36] showed the following Ramsey numbers for

paths versus wheels W4 or W5.

Theorem 3.3.1. [36] For all n ≥ 3, R(Pn,W4) = 2n− 1 and R(Pn,W5) = 3n− 2.

Proof. To show the lower bound, consider graphs 2Kn−1 and 3Kn−1 for the first and

second cases of Theorem 3.3.1 respectively. For the upper bound, let us consider a

graph F of order 2n−1 and 3n−2 for first and second case respectively. Let us suppose

that F does not contain path Pn in both cases, we will show that F contain wheels

W4 and W5, for first and second case respectively. Let P be longest path in F and

with endpoints p1 and p2. Obviously, zp1, zp2 6∈ E(F ) for each z ∈ X = V (F )\V (P ).

Let Q be a longest path in F [X] with q1 and q2 as its endpoints. Since for first case,

|V (F )| = 2n− 1 and longest path in F is of length ≤ n− 1 then there exists a vertex

x 6∈ (V (P )∪V (Q)) such that x is independent to all endpoints p1, p2, q1 and q2. Thus,

we have W4 ⊆ F with x as a hub and {p1, p2, q1, q2} as rim. This concludes the proof

for the first case.

Since for the second case |V (F )| = 3n− 2, so we can define Y = V (F ) \ (V (P ) ∪
V (Q)). Let R be a longest path in F [Y ] with r1 and r2 as its endpoints. Then there
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exists a vertex y 6∈ (V (P )∪V (Q)∪V (R)) such that y is independent to all endpoints

p1, p2, q1, q2, r1 and r2. Thus, we have vertex y and these endpoints induce a W5 in F

with y as hub. This concludes the proof for second case.

These Ramsey numbers still remain the same when we replace W4 and W5 by W6

and W7. Then a natural question immediately follows from the above result: For

all n ≥ k, is it true that R(Pn,Wk) = 2n − 1 if k even and R(Pn,Wk) = 3n − 2

if k is odd? By applying the generalized version of the above method, Baskoro and

Surahmat [7], showed that above assertion is true if n ≥ k
2
(k − 2). Precisely, they

obtained the following theorem.

Theorem 3.3.2. [7] R(Pn,Wk) =





2n− 1 if k ≥ 4 is even and n ≥ k
2
(k − 2),

3n− 2 if k ≥ 5 is odd and n ≥ k−1
2

(k − 3).

This result has been refined by Chen et al. [15] by showing that:

Theorem 3.3.3. [15] R(Pn,Wk) =





2n− 1 if k is even and n ≥ k − 1 ≥ 3,

3n− 2 if k is odd and n ≥ k − 1 ≥ 2.

The Ramsey numbers for stars versus small wheel (W4 and W5) have been deter-

mined in [36]. Surprisingly, for n ≥ 3 the Ramsey number R(Sn,W5) is the same as

R(Pn,W5), but the R(Sn,W4) is slightly different from R(Pn,W4) as follows.

Theorem 3.3.4. [36] For all n ≥ 3, R(Sn,W4) =





2n− 1 if n is odd,

2n + 1 if n is even.

Furthermore, by induction, Surahmat et al. [37] showed that the following theorem

holds for stars and general odd wheel:

Theorem 3.3.5. [37] For all n ≥ 2k − 4, k ≥ 5 and odd k, R(Sn,Wk) = 3n− 2.
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Finally, for odd k this result was strengthened by Hasmawati et al. [26] by showing

that:

Theorem 3.3.6. [26] For odd k ≥ 5, R(Sn,Wk) = 3n− 2 if n ≥ k+1
2
≥ 3.

For the Ramsey number of wheels W4 and W5 versus tree Tn, Baskoro et al. [8]

proved the following results.

Theorem 3.3.7. [8] Let n ≥ 4 and assume that we are given a particular tree Tn of

n vertices other than a star. Then the Ramsey number R(Tn, W4) = 2n− 1.

Theorem 3.3.8. [8] Let n ≥ 3 and assume that we are given a particular tree Tn of

n vertices other than a star. Then the Ramsey number R(Tn, W5) = 3n− 2.

In 2004, Chen et al. [14] determined the Ramsey number of tree Tn with respect

to the wheel W6, where the maximum degree of Tn is at least n − 3. One of their

results is as follows.

Theorem 3.3.9. [14] R(Tn,W6) = 2n− 1 for n ≥ 6 and n 6= 0 (mod 3).

Motivated by above result, Chen et al. [16] derived the Ramsey numbers of trees

Tn versus wheels W6 or W7 and established the following two results.

Theorem 3.3.10. R(Tn,W6) = 2n− 1+µ for n ≥ 5, where µ = 2 if Tn = Sn, µ = 1

if Tn = Sn(1, 1) or Tn = Sn(1, 2) and n 6= 0 (mod 3), and µ = 0 otherwise.

Theorem 3.3.11. [16] R(Tn,W7) = 3n− 2 for n ≥ 6.

where Sn(l, m) is a tree of order n obtained from Sn−l×m by subdividing each of l

chosen edges m times. Sn(l) is a tree of order n obtained from an Sl and an Sn−l by

adding an edge joining the centers of them.
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However, the determination of Ramsey numbers R(Tn,Wk) for any tree Tn other

than the star Sn and any k ≥ 8 remains open.

The Ramsey number of wheel with respect to cycle has been studied by many

authors. A great deal of work has been done in this area. We have summarized the

known results regarding the Ramsey number of wheels versus cycles as follows.

In 1995, Zhou [43] studied the Ramsey number for the combination of cycles and

wheels. He obtained the result for odd cycle as follows.

Theorem 3.3.12. [43] If k ≥ 5n− 7 and n is odd then R(Cn,Wk) = 2k + 1.

However, for even cycle Cn versus large wheel Wk, finding the Ramsey number

R(Cn, Wk) is very difficult in general. Conversely, for a combination of large cycle

Cn versus wheel Wk the Ramsey number R(Cn,Wk) has been obtained. Surahmat

et al. [38] determined the Ramsey number R(Cn,Wk) for k = 4 and k = 5 for any

n ≥ 5. They showed that R(Cn,W4) = 2n − 1 and R(Cn,W5) = 3n − 2 for n ≥ 5.

Recently, Surahmat et al. [39] evaluated the Ramsey number of even wheel versus

large cycle, which is cited below.

Theorem 3.3.13. [39] For even k and n ≥ 5k
2
− 1, R(Cn,Wk) = 2n− 1.

Furthermore, Surahmat et al. [40] determine the Ramsey number of large cycles

versus odd wheels in the following theorem.

Theorem 3.3.14. [40] For odd k ≥ 5 and n ≥ 5k−9
2

, R(Cn,Wk) = 3n− 2.

Regarding the combination of wheels versus wheels, only some few results have

been known. Henry [28] showed that R(W3,W4) = 17 and R(W4,W4) = 15 [25]. Fau-

dree and McKay [20], by using computational techniques, evaluated that R(W3,W5) =

11, R(W4,W5) = 17 and R(W5,W5) = 15.
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Regarding Ramsey numbers for the combination of wheel and book Bi = K2 +Ki,

Burr and Erdős [12] showed that:

Theorem 3.3.15. [12] If k ≥ 5, then R(B1,Wk) = 2k + 1.

In 2002, Zhou [44] furnished the Ramsey number of large wheel versus book as

follows.

Theorem 3.3.16. [44] For m ≥ 1, k ≥ 5m + 3, R(Bm,Wk) = 2k + 1.

A special case that has received particular attention is the finding of Ramsey

numbers R(∪G,H) or R(G,∪H) for any particular graph G or H. In the following

section we have mentioned some results regarding Ramsey numbers of disjoint union

of connected graphs.

3.4 Ramsey numbers for a disjoint union of par-

ticular graphs

In 1975 Burr et al. [13] determined the upper and lower bounds on the Ramsey

numbers of a disjoint union of a particular graph which is stated as follows.

Theorem 3.4.1. [13] Let G and H be graphs of order n1 and n2 respectively, then

n1s + n2t−D ≤ R(sG, tH) ≤ n1s + n2t−D + k, where D = min{sα(G), tα(H)}
and k is a constant depending only on G and H.

They also presented a particular result for the graph nK3 consisting of n disjoint

triangles stated as below.

Theorem 3.4.2. [13] R(nK3, nK3) = 5n for n ≥ 2.
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Then, in 1987 Burr et al. [10] permitted the Ramsey numbers R(G,nH) and

R(nG, nH) to be evaluated exactly when n is sufficiently large. By taking several

examples, they showed that such evaluations are often possible in practice. For in-

stance when n is sufficiently large, and k and l are fixed, they obtained the following

result.

Theorem 3.4.3. [10] R(nKk, nKl) = (k + l − 1)n + R(k − 1, l − 1)− 2.

This result was generalized by Burr et al. [11] for particular cases of sufficiently

large m and n as follows.

Theorem 3.4.4. [11] R(mKk, nKl) = (k − 1)m + ln + R(k − 1, l − 1)− 2.

These results of Burr et al. [11] motivated many authors to find the exact Ramsey

numbers R(∪G,H). In 2006, Baskoro et al. [6] determined the Ramsey numbers for

multiple copies of star versus a wheel and for a forest versus a complete graph. Their

results are given in the following three theorems.

Theorem 3.4.5. [6] If k is odd and 3 ≤ k ≤ 2n − 1, then R(tSn,Wk) = 3n − 2 +

(t− 1)n.

Theorem 3.4.6. [6] For n ≥ 3, R(tSn,W4) =





(t + 1)n if n is even and t ≥ 2,

(t + 1)n− 1 if n is odd and t ≥ 1.

Theorem 3.4.7. [6] Let ni ≥ ni+1 for i = 1, 2, · · · , t − 1. If m is such that ni ≥
(ni − ni+1)(m− 1) for every i, then R(∪t

i=1Tni
, Km) = R(Tnt , Km) +

∑t−1
i=1 ni.

Motivated by these results, again Baskoro et al. [27] presented the general upper

bound for Ramsey numbers of multiple copies of stars versus a wheel Wk. Addition-

ally, they considered a general form of Theorem 3.4.7, in which the graphs are not

restricted to be trees or complete graphs. Their main results are as follows.
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Table 3.1: The Ramsey number R(G,H)
G,H (χ(H)− 1)(n(G)− 1) + 1 interval ref.

Tn,W5 3n− 2 n ≥ 3 [8]
Tn, Km (n− 1)(m− 1) + 1 for any n,m [18]
Cn,Wk 3n− 2 odd k, k ≥ 5, n ≥ 5k−9

2
[40]

Sn, Wk 3n− 2 odd k, n ≥ 3, k ≤ 2n− 1 [26]
Cn, Cm 2n− 1 odd m, 3 ≤ m ≤ n [31]

S1+n, Cm m even m,m ≥ 2n [30]

Theorem 3.4.8. [27] For connected graphs G and H, and t ≥ 1, R(tG, H) ≤
R(G,H) + (t− 1)|V (G)|.

Theorem 3.4.9. [27] If n is odd and n ≥ 5, then R(tSn, Wk) = R(Sn,Wk)+ (t− 1)n

for k = 2n− 4, 2n− 6 or 2n− 8.

Theorem 3.4.10. [27] Let H and Gi be connected graphs with |Gi| ≥ |Gi+1|, i =

1, 2, · · · , t− 1. If |Gi| > (|Gi| − |Gi+1|)(χ(H)− 1) and R(Gi, H) = (χ(H)− 1)(|Gi| −
1) + 1 for each i, then R(∪t

i=1Gi, H) = R(Gt, H) +
∑t−1

i=1 |Gi|.

In Table 3.1, they presented the Ramsey numbers for some combinations of graphs

which equal the lower bound of Chvat́al and Harary [17].

Moreover, by using Theorem 3.4.10, they determined many other Ramsey num-

bers for disjoint unions of graphs R(∪n
i=1Gi, H) from the known Ramsey numbers

R(Gi, H)′s, particularly as given in the following corollary.

Corollary 3.4.11.

1. For odd k, k ≤ 5 and n ≤ 5k−9
2

, R(tCn, Wk) = R(Cn,Wk) + (t− 1)n.

2. For odd m and 3 ≤ m ≤ n, R(tCn, Cm) = R(Cn, Cm) + (t− 1)n.

3. For even m and m ≥ 2n, R(tS1+n, Cm) = R(S1+n, Cm) + (t− 1)n.



Chapter 4

On the Ramsey numbers for a
combination of paths and Jahangirs

4.1 Introduction

Even though the Ramsey numbers for many combinations of graphs have been known,

not all the combinations have been evaluated. This dissertation is devoted to study

the determination of Ramsey numbers for a combination of paths versus a wheel-like

graph. By a wheel-like graph we mean a graph that can be obtained from a wheel by

a graph operation.

The first wheel-like graph we consider is called a Jahangir graph, i.e. a graph

which is obtained from even wheel by deleting its spokes alternatingly.

This chapter is devoted to determine the Ramsey number of paths versus the

Jahangir graph. We are also able to find the Ramsey number of a disjoint union of

paths versus the Jahangir graph.
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4.2 Ramsey number for paths versus Jahangir

graph

For m ≥ 2, the Jahangir graph J2,m has order 2m + 1, namely a graph consisting of

a cycle C2m with one additional vertex adjacent alternatively to m vertices of cycle

C2m. For example, Figure 4.11 shows a Jahangir graph J2,8.

In this section, we have furnished the Ramsey number of paths versus Jahangir graph.

Figure 4.1: Jahangir graph J2,8

The definition of Jahangir graph J2,m was introduced by Surahmat and Tomescu in

2006. They studied the Ramsey number of a combination of Pn versus J2,m, and

obtained the following result.

Theorem 4.2.1. R(Pn, J2,m) =





6 if (n,m) = (4, 2),

n + 1 if m = 2 and n ≥ 5,

n + m− 1 if m ≥ 3 and n ≥ (4m− 1)(m− 1) + 1.

1The figure J2,8 appears on Jahangir’s tomb in his mausoleum, it lies 5 km north-west of Lahore,
Pakistan across the River Ravi. His tomb was built by his Queen Noor Jehan and his son Shah-Jehan
(This was the emperor who constructed one of the wonders of the world Taj Mahal in India) around
1637 A.D. It has a majestic structure made of red sand-stone and marble.
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In the following theorem, we are able to strengthen the Surahmat and Tomescu’s

result (Theorem 4.2.1) for particular Jahangir graph J2,m with m = 3, 4 or 5.

Theorem 4.2.2. R(Pn, J2,m) = n + m− 1 for n ≥ 2m + 1 and m = 3, 4 or 5.

Proof.

Consider graph G ∼= Km−1∪Kn−1. Clearly, G contains no Pn and G contains no J2,m,

since G is the complete bipartite graph Km−1,n−1 which does not contain cycle C2m.

Thus, R(Pn, J2,m) ≥ n + m− 1. For m = 3, 4 or 5 and n ≥ 2m + 1, we will show that

R(Pn, J2,m) ≤ n + m− 1. Let F be a graph of n + m− 1 vertices containing no Pn.

Take any longest path L in F . Let L be (x1, x2, · · · , xk), and Y = V (F )\V (L). Since

k ≤ n− 1, then |Y | ≥ m. Obviously, yx1, yxk are not in E(F ), for any y ∈ Y . Now,

consider the following two cases.

Case 1. 2m ≤ |L| ≤ n− 1.

Let |L| = t and A = {x2, x3, · · · , x2m−1} be the set of the first 2m−2 vertices of L af-

ter x1. Take the set of any m distinct vertices of Y and denote it by B = {y1, · · · , ym}.
By the maximality of L, every vertex of B has at most m−1 neighbors in A. If there

are two vertices of B having m− 1 neighbors in A then all the neighbors intersect.

Subcase 1.1 There exists b ∈ B, |NA(b)| = m− 1.

Let A1 = A\NA(b) and take any vertex v1 of A1 with the highest degree at B. De-

fine D1 = {x1, xt, b} ∪ A1\{v1}, and D2 = {v1} ∪ B\{b}. By the maximality of L,

dD1(w) ≤ 1 for any vertex w of D2. In particular, dD1(v1) = 0. Since v1 has the

highest degree then there are at most m − 2 edges connecting vertices between D1

and D2 in F . This implies that D1 ∪D2 will induce a J2,m in F .
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Subcase 1.2 All vertices b ∈ B, |NA(b)| ≤ m− 2.

If m = 3 then let D1 = {any two vertices of A}. If m = 4 then by the pigeonhole

principle there exists two vertices of A has neighbors at most 1 in B. In this case let

D1 = {three vertices of A with two of degree at most one }. If m = 5 then by the

pigeonhole principle there exists three vertices of A has neighbors at most 2 in B. In

this case let D1 = {four vertices of A with three of degree at most two}. Therefore,

{x1, xt} ∪D1 ∪B will induce a J2,m in F .

Case 2. 1 ≤ |L| ≤ 2m− 1.

We breakdown the proof into several subcases.

Subcase 2.1. 1 ≤ |L| ≤ 3

In this case, the component of F is either K1, P2, P3, C3 or a star. Therefore, F

contains a J2,m, for m = 3, 4 or 5.

Subcase 2.2. 4 ≤ |L| ≤ m + 1.

Let L be (x1, x2, · · · , xt), where t ≤ m + 1, and so |Y | = |V (F )\V (L)| ≥ 2m − 1.

Now, consider the set NY (x2) of vertices in Y adjacent to x2. Note that any vertex

of NY (x2) is nonadjacent to any other vertices of Y . If |NY (x2)| ≥ m− 2 then form

two sets D1 and D2 as follows. The set D1 consists of x1, xt and any m − 2 vertices

of NY (x2). The set D2 consists of the other vertices of Y not selected in D1. Thus,

|D1| = m and |D2| = m + 1. By the maximality of L, there is no edge connecting

any vertex of D1 to any vertex of D2. Thus, the set D1 ∪D2 induces Km,m+1 ⊇ J2,m
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in F . If |NY (x2)| = m − 3 then take D1 = {x1, xt, x2} ∪ NY (x2), and D2 as the

set of the remaining vertices of Y . Then, D1 ∪ D2 again contains Km,m+1 ⊇ J2,m

in F . Now, if |NY (x2)| = m − 4 (for m = 4 or 5) then in showing F ⊇ J2,m take

D1 = {x1, xt, x2, xt−1}∪NY (x2), and D2 as the set of the remaining vertices of Y not

adjacent to xt−1. This is true since |NY (xt−1)| ≤ 1 (by symmetrical argument). If

|NY (x2)| = m− 5 (for m = 5 only), then D1 = {x1, x2, xt−1, xt, b} where b is a vertex

at distance two from x3 or b is any vertex of Y with a smallest degree, and D2 as the

set of the remaining vertices of Y . Thus, D1 ∪D2 will induce J2,5 in F .

Subcase 2.3. |L| = m + 2.

Let L be (x1, x2, · · · , xt) where t = m + 2, then |Y | = |V (F )\V (L)| ≥ 2m− 2. Now,

consider the set NY (x2) of vertices in Y adjacent to x2. Note that any vertex of

NY (x2) is independent to any other vertices of Y . If |NY (x2)| ≥ m− 2 then form two

sets D1 and D2 as follows. If x3 is nonadjacent to xm+2 then D1 = {x1, xm+2} ∪ {any

m− 2 vertices of NY (x2)} and D2 consists of x3 together with the remaining vertices

of Y . Otherwise (if x3 ∼ xm+2), take D1 = {x1, xm+2, x4} ∪ {any m − 2 vertices of

NY (x2)} and D2 consists of any m remaining vertices of Y . By the maximality of

L, there is no edge connecting any vertex of D1 to any vertex of D2. Thus, the set

D1 ∪D2 induces Km,m+1 ⊇ J2,m in F .

If |NY (x2)| = m − 3 then take D1 = {x1, xt, x2} ∪ NY (x2), and D2 as the set of

the remaining vertices of Y . Then, D1 ∪ D2 again contains Km,m+1 ⊇ J2,m in

F . Now, if |NY (x2)| = m − 4 (for m = 4 or 5) then in showing F ⊇ J2,m take

D1 = {x1, xt, x2, xt−1}∪NY (x2), and D2 as the set of the remaining vertices of Y not
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adjacent to xt−1. This is true since |NY (xt−1)| ≤ 1 (by symmetrical argument). If

|NY (x2)| = m− 5 (for m = 5 only), then D1 = {x1, x2, xt−1, xt, b} where b is a vertex

at distance two from x3 or b is any vertex of Y with a smallest degree, and D2 as the

set of the remaining vertices of Y . Thus, D1 ∪D2 will induce J2,5 in F .

Subcase 2.4. |L| = m + 3 (or 2m− 1, 2m− 2 if m = 4, 5 respectively).

Let L be (x1, x2, · · · , xt) where t = m + 3, then |Y | = |V (F )\V (L)| ≥ 2m− 3. Now,

consider the set NY (x2) of vertices in Y adjacent to x2. Note that any vertex of

NY (x2) is nonadjacent to any other vertices of Y . If |NY (x2)| ≥ m− 1 then form two

sets D1 and D2 as follows. If xt−1 is adjacent to some vertex of NY (x2) then by the

maximality of L, xt−2 is nonadjacent to x1 and any vertex of NY (x2). In this case set

b = xt−2. If xt−1 is nonadjacent to any vertex of NY (x2), then take b = xt−1 provided

xt−1 6∼ x1. Otherwise (if xt−1 ∼ x1), by the maximality of L we have that xt−2 is

nonadjacent to x1 and to any vertex of NY (x2). In this case, again take b = xt−2.

Now, define D1 = {x1}∪ {any m− 1 vertices of NY (x2)} and D2 = {x3, xt, b}∪ { any

m− 2 other vertices of Y }. By the maximality of L, there is no edge connecting any

vertex of D1 to any vertex of D2. Thus, the set D1∪D2 induces Km,m+1 ⊇ J2,m in F .

If |NY (x2)| = m−2 then take D1 = {x1, x2}∪NY (x2), and D2 = {x3, xt}∪{ any m−1

other vertices of Y . Then, D1∪D2 contains Km,m+1 minus at most two edges (x2, x3)

and (x2, xt) in F . Therefore, F ⊇ J2,m. Now, if |NY (x2)| = m − 3 then in showing

F ⊇ J2,m take D1 = {x1, x2, xt}∪NY (x2), and D2 = {x3}∪ { any m other vertices of

Y . This is true since D1 ∪D2 contains Km,m+1 minus at most two edges (x2, x3) and

(x2, xt) in F . If |NY (x2)| = m− 4, then D1 = {x1, x2, xt−1, xt} ∪NY (x2) ∪NY (xt−1)
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and D2 as the set of the remaining vertices of Y . Thus, D1 ∪D2 will induce Km,m+1

in F . If |NY (x2)| = m− 5 (only for m = 5), then D1 = {x1, x2, xt−1, xt, b}, where b is

either x3, a neighbor of x3 in Y or a vertex of Y at distance two from x3 and D2 as

the set of the remaining vertices of Y . Thus, D1 ∪D2 will induce Km,m+1 minus at

most one edge in F .

Subcase 2.5. |L| = m + 4 = 2m− 1 (only for m = 5).

Let L be (x1, x2, · · · , xt) where t = 2m − 1, then |Y | = |V (F )\V (L)| ≥ 2m − 4.

Now, consider the set NY (x2) of vertices in Y adjacent to x2. Note that any vertex of

NY (x2) is nonadjacent to any other vertices of Y . If |NY (x2)| ≥ m− 2 then form two

sets D1 and D2 as follows. By the maximality of L, one element in each pair {x4, x5}
and {x6, x7} is nonadjacent to all vertices of NY (x2). Call these two vertices by b and

c. Therefore, there are at most four edges connecting from {x1, xt} to {x3, b, c} in F .

Now, define D1 = {x1, xt} ∪ {any m − 2 vertices of NY (x2)} and D2 = {x3, b, c}∪
{any m−2 other vertices of Y }. Thus, the set D1∪D2 induces K5,6 minus four edges

in F , and so F ⊇ J2,5.

If |NY (x2)| = m−3 then By the maximality of L, one vertex in {x4, x5} is nonadjacent

to all vertices of NY (x2). Call this vertex by b. Therefore, there are at most four edges

connecting from {x1, x2, xt} to {x3, b} in F . Now, take D1 = {x1, x2, xt} ∪ NY (x2),

and D2 = {x3, b} ∪ {any m − 1 other vertices of Y }. Then, D1 ∪ D2 contains K5,6

minus at most four edges in F . Therefore, F ⊇ J2,5.

if |NY (x2)| = m − 4 then take D1 = {x1, x2, xt−1, xt} ∪ NY (x2) ∪ NY (xt−1), and



33

D2 = {x3} ∪ {all the remaining vertices of Y }. Then, D1 ∪ D2 contains K5,6 minus

possibly two edges (x3, xt−1) and (x3, xt) in F . Therefore, F ⊇ J2,5.

if |NY (x2)| = m − 5 then take D1 = {x1, x2, b, xt−1, xt} where b is either x3 or x4

whose the smallest number of neighbors in Y , and D2 = Y . Then, D1 ∪D2 contains

K5,6 minus at most three edges in F . Therefore, F ⊇ J2,5.

This result [1] has been accepted for publication in Journal of Combinatorial

Mathematics and Combinatorial Computing.

4.3 Ramsey number for union of paths versus J2,m

Recently, Baskoro et al. [27] presented the general upper bound for Ramsey numbers

of multiple copies of connected graph G versus connected graph H. Their main results

are as follows.

Theorem 4.3.1. For connected graphs G, H and k ≥ 1, R(kG, H) ≤ R(G,H) +

(k − 1)|V (G)|.

Theorem 4.3.2. Let H and Gi be connected graphs with |Gi| ≥ |Gi+1|, i = 1, 2, · · · , k−
1. If |Gi| > (|Gi| − |Gi+1|)(χ(H) − 1) and R(Gi, H) = (χ(H) − 1)(|Gi| − 1) + 1 for

each i, then R(∪k
i=1Gi, H) = R(Gk, H) +

∑k−1
i=1 |Gi|.

In this section, we have evaluated the Ramsey numbers for a disjoint union of k

copies of paths versus Jahangir graph J2,m. Our results don’t follow directly from

Theorem 4.3.2, since in our case R(Gi, H) > (χ(H)− 1)(|Gi| − 1) + 1 for each i. Our

main results are as follows.
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Theorem 4.3.3. R(kPn, J2,2) = kn + 1, for n ≥ 4, k ≥ 1, except for (n, k) = (4, 1).

Proof.

Firstly, we prove the result for n = 4 and k ≥ 2. Consider graph G = K1 ∪K4k−1.

Clearly G contains no kP4 and G contains no J2,2 as G is a star K1,4k−1 which does

not contain any cycle. Hence R(kP4, J2,2) ≥ 4k + 1. For the upper bound, let H be a

graph of order 4k + 1 such that H does not contain J2,2. By induction on k, we will

show that H contains kP4.

For k = 2, consider graph G = K1 ∪ K7. Clearly G contains no 2Pn and G

contains no J2,2. Hence R(2P4, J2,2) ≥ 9. To prove the upper bound, consider now

graph F of order 9 containing no 2P4. Take a longest path in F and call it L. Let L

be x1, x2, · · · , xk. Clearly, k ≤ 7, since F 6⊇ 2P4. If A = V (F )\V (L), then |A| ≥ 2.

Any vertex of A is not adjacent to x1 and xk. Thus, the number of vertices in A

must be exactly 2 and so k = 7, since otherwise A together with {x1, xk} will form a

K2,3 = J2,2 in F . Let A = {y, z}, and consider the following two cases:

Case 1. Vertices y and z have a common neighbor in L.

Let xi be the common neighbor of y and z in L, for some i ∈ {2, 3, · · · , 6}. Then, y, z

are not adjacent to xi−1 and xi+1, since otherwise the maximality of L will suffer. At

least one of the last two vertices must differ with x1 and x7, call it w. So, we have a

J2,2 in F formed by {x1, x7, y, z, w}.

Case 2. Vertices y and z have no common neighbor in L.

If there exists a vertex xi, 2 ≤ i ≤ 6, is independent to y and z, then {xi, x1, x7, y, z}
forms a J2,2 in F . Thus, every xi is adjacent to at least one of {y, z}. Now, since
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y and z has no common neighbor in L, without loss of generality we can assume

that x2y ∈ E(F ), and so x2z /∈ E(F ), x3y /∈ E(F ), x3z ∈ E(F ), x4z /∈ E(F ), x4y ∈
E(F ), x5y /∈ E(F ) and x5z ∈ E(F ). Therefore, the path x1, x2, y, x4, x3, z, x5, x6, x7

is Hamiltonian, which contradicts the maximality of path L in F . Hence, theorem is

true for k = 2.

Assume that theorem is true for any s ≤ k − 1, namely R(sP4, J2,2) = 4s + 1. By

the induction hypothesis, H will contain (k − 1)P4. Let Y = V (H)\V ((k − 2)P4).

Then, |Y | = 9 = R(2P4, J2,2) and hence H[Y ] contains a 2P4. In total, H will contain

kP4.

Now, let n ≥ 5 and k ≥ 1. Consider graph G = K1 ∪ Kkn−1. Clearly G contains

no kPn and G contains no J2,2 as G is a star K1,kn−1 which does not contain any

cycle. Hence R(kPn, J2,2) ≥ kn − 1 + 1 + 1 = kn + 1. For the upper bound, let F

be a graph of order kn + 1 such that F does not contain J2,2. By induction on k, we

will show that F contains kPn. Theorem 4.2.1 gives a verification of the result for

k = 1. Assume that theorem is true for any s ≤ k− 1, namely R(sPn, J2,2) = sn + 1,

for n ≥ 5. Now consider graph F of kn + 1 vertices such that F 6⊇ J2,2. By the

induction hypothesis, F will contain (k − 1)Pn. Let Y = V (F )\V ((k − 1)Pn). Then,

|Y | = n + 1 = R(Pn, J2,2) and hence F [Y ] contains a Pn. In total, F will contain

kPn.

Theorem 4.3.4. R(kPn, J2,m) = kn + m− 1, for any integer n ≥ 2m + 1 if m = 3, 4

or 5; and for n ≥ (4m− 1)(m− 1) + 1 if m ≥ 6, for any positive integer k ≥ 1.

Proof.

Since graph G = Km−1 ∪ Kkn−1 contains no kPn and G contains no J2,m, then
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R(kPn, J2,m) ≥ kn + m − 1. For proving the upper bound, let F be a graph of

order kn + m − 1 such that F contains no a J2,m. We will show that F contains

kPn. We use an induction on k. For k = 1 it is true from Theorems 4.2.1 and 4.2.2.

Now, let assume that the theorem is true for all s ≤ k − 1. Take any graph F of

kn + m − 1 vertices such that its complement contains no J2,m. By the hypothesis,

F must contain (k − 1) disjoint copies of Pn. Remove these copies from F , then the

remaining vertices will induce another Pn in F since F 6⊇ J2,m. Therefore F ⊇ kPn.

The proof is complete.

Our results of Theorems 4.3.3 and 4.3.4 [1] have been accepted for publication in

Journal of Combinatorial Mathematics and Combinatorial Computing.



Chapter 5

Ramsey number of path vs some
wheel like graphs

5.1 Introduction

The second and third wheel-like graphs we consider are the generalized Jahangir graph

and beaded wheel respectively. In this chapter we determine the Ramsey numbers

for paths versus the generalized Jahangir graph or beaded wheel.

5.2 Ramsey number of paths versus generalized

Jahangir graphs

For integers s,m ≥ 2, the generalized Jahangir graph Js,m, is defined as a graph of

sm+1 vertices consisting of a cycle Csm with one additional vertex which is adjacent

to m vertices of Csm at distance s to each other on Csm. For example, Figure 5.1

shows generalized Jahangir graphs J3,4 and J4,3.

37
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Figure 5.1: generalized Jahangir graphs J3,4 and J4,3

In this section, we determine the Ramsey number of paths versus generalized

Jahangir graphs Js,m, for different values of s and m which are formulated in Theorems

5.2.1 and 5.2.2.

Theorem 5.2.1. For even s ≥ 2 and m ≥ 3, R(Pn, Js,m) = n + sm
2
− 1, where

n ≥ (2sm− 1)( sm
2
− 1) + 1.

Proof.

Let G = Kn−1

⋃
K sm

2
−1. We have R(Pn, Js,m) ≥ n + sm

2
− 1 since Pn 6⊆ G and

Js,m 6⊆ G. It remains to prove that R(Pn, Js,m) ≤ n + sm
2
− 1. Let F be a graph

of order n + sm
2
− 1 and containing no path Pn, we will show that F ⊇ Js,m. Let

L1 = (l1,1, l1,2, . . . , l1,k) be the longest path in F and so k ≤ n− 1. If k = 1 we have

F ∼= Kn+ sm
2
−1, which contains Js,m. Suppose that k ≥ 2 and Js,m 6⊆ F. We have

zl1,1, zl1,k /∈ E(F ) for each z ∈ V1 = V (F )\V (L1). We distinguish two cases:

Case 1. k ≤ 2sm − 1. Let L2 = (l2,1, l2,2, . . . , l2,t) be a longest path in F [V1]. It is

clear that 1 ≤ t ≤ k. If t = 1 then the vertices in V1 induce a subgraph having iso-

lated vertices. In this case we shall add an edge uv to F , where u, v ∈ V1 and denote

L2 = u, v. In this way we can define inductively the system of paths L1, L2, . . . , L sm
2
−1
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such that Li is a longest path in F [Vi−1], where Vi−1 = V (F ) \⋃i−1
j=1 V (Lj) or an edge

added to F as above. By denoting the set of remaining vertices by B, we have

|B| ≥ n + sm
2
− 1− sm

2
(sm− 1) ≥ sm

2
≥ 3 since s ≥ 2 and m ≥ 3. Let x, y, z ∈ B be

three distinct vertices which are not in any Lj for j = 1, 2, . . . , sm
2
− 1. Clearly, x, y, z

are not adjacent to all endpoints of these Lj. If F1 denotes the graph F or the graph

F plus some edges added in the process of defining the system of paths, it follows that

the endpoints of these Lj induce in F1 a complete graph Ksm−2 minus a matching

having at most sm
2
− 1 edges if some of the endpoints of same Lj are adjacent in F1.

Since x, y, z are not adjacent to all endpoints of these Lj it is easy to see that vertices

x, y, z and endpoints of the paths Lj form a Js,m ⊆ F1 ⊆ F .

Case 2. k > 2sm−1. In this case we define sm
2
−1 quadruple of consecutive vertices

of L1 as follows:

C1 = {l1,2, l1,3, l1,4, l1,5},
C2 = {l1,6, l1,7, l1,8, l1,9},

...

C sm
2
−1 = {l1,2sm−6, l1,2sm−5, l1,2sm−4, l1,2sm−3}.

Let Y = V (F ) \ V (L1). We have |Y | = n + sm
2
− 1 − k ≥ sm

2
since k ≤ n − 1.

Hence we can consider sm
2

distinct elements in Y : y1, y2, . . . , y sm
2

and sm
2
− 1 pairs

of elements Yi = {yi, yi+1} for i = 1, . . . , sm
2
− 1. By the maximality of L1 it follows

that for each i = 1, . . . , sm
2
− 1 at least one vertex in Ci is not adjacent to any vertex

in Yi. Denote by ci the vertex in Ci which is not adjacent to any vertex in Yi for

i = 1, . . . , sm
2
− 1. We have F ⊇ Js,m, where Js,m consists of the cycle Csm having

V (Csm) = {y1, c1, y2, c2, . . . , y sm
2
−1, c sm

2
−1, y sm

2
, l1,k} and the hub l1,1.
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Theorem 5.2.2. If s ≥ 3, is odd then

R(Pn, Js,m) =





2n− 1 if n ≥ sm
2

(sm− 2), m ≥ 2 is even,

2n if n ≥ sm−1
2

(sm− 1), m ≥ 3 is odd.

Proof.

To show the lower bound, consider graphs 2Kn−1 and K1 ∪ 2Kn−1 for the first and

second cases of Theorem 5.2.2 respectively.

For the reverse inequality, firstly we will prove the result for the first case of Theorem

5.2.2. Let F be a graph of order 2n−1 containing no path Pn where n ≥ sm
2

(sm−2).

We will show that F ⊇ Js,m. Since F does not contain Pn, by Theorem 3.2.5, F will

contain a wheel Wsm, and so clearly F ⊇ Js,m.

For the second case, to prove R(Pn, Js,m) ≤ 2n let consider F be a graph on 2n ver-

tices containing no Pn. Let L1 = (l11, l12, · · · , l1k−1, l1k) be a longest path in F and so

k ≤ n− 1. If k = 1 we have F ' K2n, which contains Js,m. Suppose that k ≥ 2 and

F does not contain Js,m. Obviously, zl11, zl1k are not in E(F ) for each z ∈ V1, where

V1 = V (F ) \ V (L1). Let L2 = (l21, l22, · · · , l2t−1, l2t) be a longest path in F [V1]. It is

clear that 1 ≤ t ≤ k. Let V2 = V (F ) \ (V (L1) ∪ V (L2)). Since |F | = 2n, there exists

at least two vertices x, y ∈ V2 which are not adjacent to all endpoints l11, l1k, l21, l2t.

We distinguish three cases.

Case 1 : k < sm− 1. If t = 1 then the vertices in V1 induce a subgraph having only

isolated vertices. In this case we shall add an edge uv to F , where u, v ∈ V1 and denote

L2 = u, v. In this way we can define inductively the system of paths L1, L2, · · · , L sm−1
2
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such that Li is a longest path in F [Vi−1], where Vi−1 = V (F ) \⋃i−1
j=1 V (Lj) or an edge

added to F as above. If F1 denotes the graph F or the graph F plus some edges added

in the process of defining the system of paths, it follows that endpoints of these Lj

, where j = 1, 2, · · · , sm−1
2

induce in F1 a complete graph Ksm−1 minus a matching

having at most sm−1
2

edges if some of the endpoints of same Lj are adjacent in F1.

Since for s,m ≥ 3 there exist at least two vertices x, y which are not adjacent to

all endpoints of these Lj. Thus, it is easy to see that vertices x, y together with all

endpoints of paths Lj form a Js,m ⊆ F1 ⊆ F .

Case 2: k ≥ sm− 1 and t ≥ sm− 1. For i = 1, 2, · · · , sm−3
2

define the couples Ai in

path L1 as follows:

Ai =




{l1i+1, l1i+2} for i odd,

{l1k−i, l1k−i+1} for i even.

Similarly, define couples Bi in path L2 as follows:

Bi =




{l2i+1, l2i+2} for i odd,

{l2t−i, l2t−i+1} for i even.

Since t ≤ k ≤ n − 1 and |F | = 2n, there exist at least two vertices x, y which are

not in L1 ∪ L2. Since L1 is a longest path in F , there exists one vertex of Ai for

each i, say ai which is not adjacent with x. Similarly, since L2 is a longest path in

V (F ) \ V (L1) there must be one vertex, say bi, in couple Bi which is not adjacent to

x for each i. By maximality of path L1, biai and aibi+1 are not in E(F ) for each i.

Thus {l11, b1, a1, b2, a2, · · · , b sm−3
2

, a sm−3
2

, l2t, y} will form a cycle Csm in F and since x

is adjacent with at least sm− 1 vertices of cycle Csm in F , we have a subgraph in F
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which contain Js,m , so Js,m ⊆ F .

Case 3: k ≥ sm − 1 and t < sm − 1. Since k ≤ n − 1 ( F has no Pn), V1 will

have at least n + 1 vertices. Then, we can define the same process as in Case 1, since

n + 1− (sm− 2) sm−1
2

≥ sm+1
2

≥ 5.

5.3 Ramsey number of union of paths versus gen-

eralized Jahangir graph

In this section we will find the Ramsey number for a union of paths having equal

length n − 1 versus generalized Jahangir graph Js,m for even s, m ≥ 3 and n ≥
( sm

2
− 1)(2sm− 1) + 1 as follow.

Theorem 5.3.1. For any integer t, even s and m ≥ 3, R(tPn, Js,m) = tn + sm
2
− 1,

if n ≥ ( sm
2
− 1)(2sm− 1) + 1.

Proof.

Since graph K sm
2
−1 ∪ Ktn−1 contains no tPn and its complement contains no Js,m,

thus R(tPn, Js,m) ≥ tn + sm
2
− 1. For proving the upper bound, let F be a graph of

order tn + sm
2
− 1 such that F contains no Js,m. We will show that F contains tPn.

We use induction on t. For t = 1 this is true from Theorem 5.2.1. Now, let assume

that the theorem is true for all t
′ ≤ t− 1. Take any graph F of tn + sm

2
− 1 vertices

such that its complement contains no Js,m. By the induction hypothesis, F must

contain t − 1 disjoint copies of Pn. Remove these copies from F , then by Theorem
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5.2.1 the subgraph induced by the remaining vertices will induce another Pn in F

since F 6⊇ Js,m. Therefore F ⊇ tPn. The proof is complete.

Our results of Theorems 5.2.1, 5.2.2 and 5.3.1 [2] have been submitted for publi-

cation in Journal of Utilitas Matematica.

5.4 Ramsey number of paths versus beaded wheel

For m ≥ 3, the beaded wheel BW2,m is a graph with 2m+1 vertices which is obtained

by inserting one vertex in each spoke of the wheel Wm. The hub of Wm is also called

the hub of BW2,m. For example, Figure 5.2 shows beaded wheel BW2,12 .

Figure 5.2: beaded wheel BW2,12

In this section, we determine the Ramsey number of paths versus beaded wheels

BW2,m i.e., R(Pn, BW2,m) = 2n − 1 or 2n if m ≥ 3 is even or odd, respectively,

provided n ≥ 2m2 − 5m + 4. Our main result will be presented in the following

theorem.



44

Theorem 5.4.1. R(Pn, BW2,m) =





2n− 1 if m ≥ 4 is even and n ≥ 2m2 − 5m + 4,

2n if m ≥ 3 is odd and n ≥ 2m2 − 5m + 3.

Proof.

First we shall show that R(Pn, BW2,m) ≥ 2n−1 if m ≥ 4 is even and R(Pn, BW2,m) ≥
2n if m ≥ 3 is odd.

Consider the graph F1 = 2Kn−1. It is clear that F1 6⊇ Pn nor F1 ⊇ BW2,m since

F1
∼= Kn−1,n−1 is bipartite but BW2,m is not, which implies R(Pn, BW2,m) ≥ 2n− 1.

By taking F2 = K1∪2Kn−1 we also deduce that F2 6⊇ Pn. F2 is the join K1+Kn−1,n−1

and every odd cycle of F2 contains the vertex of K1. If m is odd, m ≥ 3, for every

vertex x ∈ V (BW2,m) there exists an odd cycle in BW2,m−x, hence K1 +Kn−1,n−1 6⊇
BW2,m. It follows that if m ≥ 3 is odd then R(Pn, BW2,m) ≥ 2n.

We will prove the opposite inequalities in the following cases: A. m ≥ 4 is even and

n ≥ 2m2 − 5m + 4 and B. m ≥ 3 is odd and n ≥ 2m2 − 5m + 3.

A. Let F be a graph on 2n−1 vertices containing no Pn. Let L1 = (l1,1, l1,2, · · · , l1,k−1, l1,k)

be a longest path in F and so k ≤ n − 1. If k = 1 we have F ∼= K2n−1 which

contains BW2,m. Suppose that k ≥ 2. We shall prove that F contains BW2,m.

Obviously, for each z ∈ V1, where V1 = V (F )\V (L1), zl1,1, zl1,k 6∈ E(F ). Let

L2 = (l2,1, l2,2, · · · , l2,t−1, l2,t) be a longest path in F [V1]. It is clear that 1 ≤ t ≤ k.

Let V2 = V (F )\(V (L1) ∪ V (L2)). Since |V (F )| = 2n − 1, there exists at least one

vertex x ∈ V2, which is not adjacent to any endpoint l1,1, l1,k, l2,1, l2,t. We distinguish
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three cases.

Case A1: k < 2m−2. If t = 1 then the vertices in V1 induce a subgraph having only

isolated vertices. In this case we shall add an edge uv to F , where u, v ∈ V1 and denote

L2 = u, v. In this way we can define inductively a system of paths L1, L2, · · · , Lm

such that Li is a longest path in F [Vi−1], where Vi−1 = V (F ) \⋃i−1
j=1 V (Lj) or an edge

added to F as above. If F1 denotes the graph F or the graph F plus some edges added

in the process of defining the system of paths, it follows that the endpoints of these Lj

(1 ≤ j ≤ m) induce a complete graph K2m minus a matching with at most m edges

in F1 if some of the endpoints of the same Lj are adjacent in F1. If Y denotes the set

of the remaining vertices, we have |V (Y )| ≥ 2n− 1−m(2m− 3) > 1. Let x ∈ Y be

a vertex which is not adjacent to any endpoint of these Lj for 1 ≤ j ≤ m. It is easy

to see that x together with all endpoints of paths Lj contains a BW2,m ⊆ F1 ⊆ F

having the hub x.

Case A2: k ≥ 2m− 2 and t ≥ 2m− 2. For 1 ≤ i ≤ m− 2 we define the couples Ai

in path L1 as follows:

Ai =




{l1,i+1, l1,i+2} for i odd,

{l1,k−i, l1,k−i+1} for i even.

In a similar way let

Bi =




{l2,i+1, l2,i+2} for i odd,

{l2,t−i, l2,t−i+1} for i even.
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for the path L2.

Since t ≤ k ≤ n − 1 and |V (F )| = 2n − 1, we have seen that there exists at least

one vertex x which is not in L1 ∪ L2. L1 being a longest path in F , there exists one

vertex of Ai for each i, say ai, which is not adjacent to x. Similarly, there must be

one vertex, say bi in the couple Bi which is not adjacent to x for each i.

By the maximality of the path L1 we have that aibi for 1 ≤ i ≤ m − 2, biai+1 for

1 ≤ i ≤ m− 3 and aibi+m
2
−1, biai+m

2
−1 for 1 ≤ i ≤ m

2
− 1 are not in E(F ).

If m = 4 then C = {l2,1, l1,1, l2,t, l1,k} induces a cycle C4 in F . We define the set of

inserted vertices I = {a1, b1, a2, b2}. Since a1l2,1, b1l1,1,a2l2,t, b2l1,k 6∈ E(F ) and x is

not adjacent to any vertex from C ∪ I it follows that C ∪ I ∪ {x} induces in F a

subgraph containing BW2,4 with the hub x.

Let m ≥ 6.

In this case C = {l2,1, l1,1, l2,t, am
2

+1, bm
2

+1, · · · , am−2, bm−2, l1,k} will form in this order

a cycle Cm in F and we define the set of inserted vertices as I = {a1, b1, a2, b2, · · · , am
2
, bm

2
}.

Since x is not adjacent with any vertex of C and I, it follows that C, I together with

x gives us a subgraph in F which contains BW2,m with the hub x, so BW2,m ⊆ F .

Case A3: k ≥ 2m− 2 and t < 2m− 2. Since F has no Pn it follows that k ≤ n− 1,

hence V1 will have at least n vertices. Then we can define the same process as in case

A1. We obtain a system of paths L2, · · · , Lm in the subgraph induced by V1 such that

the endpoints of L1, · · · , Lm induce in F1 a complete graph K2m minus a matching



47

having at most m edges. We get in this case |V (Y )| ≥ n− (m− 1)(2m− 3) ≥ 1 and

the proof is similar to the case A1.

B. Let F be a graph on 2n vertices containing no Pn. With the same notation

and reasoning as in the case A, since |V (F )| = 2n, there exist at least two vertices

x1, x2 ∈ V2 which are not adjacent to any endpoint l1,1, l1,k, l2,1, l2,t of L1 and L2. We

shall consider three cases.

Case B1: k < 2m− 2. This case can be treated exactly in the same way as the case

A1.

Case B2: k ≥ 2m− 2 and t ≥ 2m− 2. As for the case A2 for i = 1, 2, · · · , m− 2 we

can define the couples Ai in L1 and Bi in L2. Since t ≤ k ≤ n− 1 and |V (F )| = 2n,

we have seen that there exist at least two vertices x1, x2 6∈ V (L1) ∪ V (L2) which are

not adjacent to any endpoint of L1 or L2.

In a similar manner to the case A2 we get vertices ai ∈ Ai and bi ∈ Bi for 1 ≤ i ≤ m−2

which are not adjacent to x1 for each i.

Let m = 3. In this case C = {x2, l1,1, l2,1} induces a cycle C3 in F . The set of

inserted vertices is defined to be I = {l1,k, b1, a1} since by the maximality of L1

we have x2l1,k, l1,1b1, l2,1a1 6∈ E(F ). Since x1 is not adjacent to any vertex from I,

it follows that C∪I∪{x1} induces in F a subgraph containing BW2,3 with the hub x1.

Let m = 5 . In this case C = {l1,1, x2, l2,t, a2, b3} induces a cycle C5 in F . The set of
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inserted vertices is I = {l2,1, y, a3, b2, l1,k}, where y is a1 or b1: if x2a1 6∈ E(F ) then

y = a1 and otherwise, by the maximality of L1, it follows that x2b1 6∈ E(F ) and we

define y = b1. Since l1,1l2,1, x2y, l2,ta3, a2b2, b3l1,k 6∈ E(F ) it follows that C ∪ I ∪ {x1}
induces in F a subgraph containing BW2,5 with the hub x1.

If m ≥ 7 by the maximality of L1 we deduce that aibi for 1 ≤ i ≤ m − 2, biai+1 for

1 ≤ i ≤ m− 3 and aibi+m−3
2

, biai+m−3
2

for 1 ≤ i ≤ m+1
2
− 1 are not in E(F ).

Thus C = {l2,1, x2, l1,1, l2,t, am+1
2

+1, bm+1
2

+1, · · · , am−2, bm−2, l1,k} induces in this order

a cycle Cm in F . It is clear that from the maximality of L1 it follows that x2 cannot

be adjacent to both a1 and b1. If x2a1 6∈ E(F ) then we shall define the set of

inserted vertices as I = {a1, b1, a2, b2, · · · , am+1
2
−1, bm+1

2
−1, am+1

2
}. If x2a1 ∈ E(F )

then x2b1 6∈ E(F ) and we shall define I = {a1, b1, a2, b2, · · · , am+1
2
−1, bm+1

2
−1, bm+1

2
}.

In both cases we have aibi+m−3
2

, biai+m−3
2
6∈ E(F ) for 3 ≤ i ≤ m+1

2
− 1; l1,kb2, l2,ta2 6∈

E(F ) by the maximality of L1. In the first case (x2a1 6∈ E(F )) we also have

l2,1am+1
2

6∈ E(F ) since L1 is maximal and m ≥ 7 and l1,1b1 6∈ E(F ). In the sec-

ond case (x2b1 6∈ E(F )) we also have l2,1a1, l1,1bm+1
2
6∈ E(F ). Since x1 is not adjacent

to any vertex of I, as in the case A2 we have obtained a subgraph in F which contains

BW2,m with the hub x1, so BW2,m ⊆ F .

Case B3: k ≥ 2m − 2 and t < 2m − 2. We deduce that |V1| ≥ n + 1. As in the

case A3 we get |V (Y )| ≥ n + 1 − (m − 1)(2m − 3) ≥ 1 and the remaining proof is

analogous to the case B1.

This result [3] has been submitted to Journal of Ars Combinatoria for publication.



Chapter 6

Conclusions and open problems

6.1 Conclusions

This dissertation studied the determination of the Ramsey numbers for a combina-

tion of paths Pn versus wheel-like graphs of order m: Jahangir graph or generalized

Jahangir graph or beaded wheel. We were able to find these Ramsey numbers for

large paths versus wheel-like graphs.

We also showed the Ramsey numbers for a disjoint union of k identical copies of

path Pn versus the Jahangir graph or the generalized Jahangir graph.

An overview of the outstanding cases for paths versus wheel-like graphs is given

below.
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Table 6.1: Ramsey numbers of paths and wheel-like graphs
Ramsey number value Range of values of the parameters

R(Pn, J2,m) n + m− 1 n ≥ 2m + 1, m = 3, 4, 5.
R(kPn, J2,2) kn + 1 n ≥ 4, k ≥ 1, (n, k) 6= (4, 1).
R(kPn, J2,m) kn + m− 1 n ≥ 2m + 1, m = 3, 4, 5

or n ≥ (4m− 1)(m− 1) + 1,
m ≥ 6 and any k ≥ 1.

R(Pn, Js,m) n + sm
2
− 1 n ≥ (2sm− 1)( sm

2
− 1) + 1

m ≥ 3, s ≥ 2, s even.
R(Pn, Js,m) 2n− 1 n ≥ sm

2
(sm− 2),s ≥ 3

is odd, m ≥ 2 is even.
R(Pn, Js,m) 2n n ≥ sm−1

2
(sm− 1),s,m ≥ 3

are odd.
R(tPn, Js,m) tn + sm

2
− 1 n ≥ (2sm− 1)( sm

2
− 1) + 1

m ≥ 3, s even.
R(Pn, B2,m) 2n− 1 2m2 − 5m + 4, m ≥ 4 is even.
R(Pn, B2,m) 2n 2m2 − 5m + 3, m ≥ 3 is odd.

6.2 Open problems

In this section we propose some open problems concerning Ramsey numbers related

to the pair of graphs: paths ( or union of paths ) and wheel-like graphs.

6.2.1. Determine R(Pn, Gm), where Gm is a wheel-like graph of order m and m > n.
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6.2.2. Find R(Pn, kGm), where Gm is a wheel-like graph of order m.

6.2.3. Evaluate R(Pn,∪k
i=1Gmi

), where Gmi
is a wheel-like graph of order mi.

6.2.4. Determine R(∪k
i=1Pni

,∪k
i=1Gmi

), where Pni
is a path on ni vertices and Gmi

is

a wheel-like graph of order mi.
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