CHAPTER FIVE

GROUP STRUCTURE OF COVARIANT MODEL



5.1 THE STATE TRANSITION MATRIX

The state transiticn matrix appearing in (4.3) is a lirear
tranaformation which relates the state vectors Zs Zys ween I
to their time derivatives. Before studying the symmetries of
the state transition matrix o, 1t 1s necessary to put it in a
form suitable for mathematical treatment. As mentioned earlier

the elementas of & as given by (4.4) do not all have the same

dimensions. We want to rewrite # so0 that all its elements are

dimensionleas.
Let 2 =9, =6 =06p,0 =¢, I, = 8 = Gva to
= P g =6 =06p ; m = 22 (n is the number of

dendritic trees considered in the mogel usually of the order
of 10”‘), & im a mscaling parameter which can be taker as the
average time of travel of the signal in the laborateory frame
bétween two neurona. All the varilables E‘, E,0 s Em_‘, g

have the same dimenslions. We can also measure time in units of

€. Eq. (3.3) then becomes

~ ”~ Fa s
(5.1) dZ/dt = £ Z
where t = t/6, & = [(k]; k =1,2,...,m and & 1s the new state
transition matrix which has the same form as given in (4.4),
. Fal ~
but all the Ni‘s, Di's and Kﬁ's revlaced by N “s, D8
Aj Fa TN Vo T o t v
and Kt’s respectively, where Nt(t) = SNL(t), Dt(t) = SDl(t)

AL A i
and K’(t) = e®K(¢).

L L

For the covariant model the state transition matrix may be

constructed by defining vo= A’, w; = 91; = GA‘, W; = Az. v, =
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eipa—_-eaztow =A,% =¥ =6A;m=2n. The rate of

m~1 m m-1 n

change of 2 = [1;] is related to Z by

{(5.2) d@ dT = A &£

where T = 7/8. The matrix A is a 4m x 4m matrix whose entries
are the same as that of A, except that each .y is replaced by

sl ~

~
Ai, LA by ", and 9&’ by 9&’. The defining relations are

A AN A ~~

A . .
n(t) = en(t), A(r) = 8A (1), X (1) = 6°x (1)
1 19 19 L L 1%
5.2 DETERMINANT OF TRANSITION MATRIX

In order to determine whether the state transiticn matrix
is singular or not, we need to evaluate its determinant. For
n = 4, the determinant of Wright and Kydd s transition matrix

A can bhe written as

4 2 2.2k L N 2 9¢_z] N 2 {492
i.gl N“ ‘.‘(Ej 'Ei'dkll N‘- N.i K'- K'k N 1 [294_; h 1 [243]
k<t
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where [suz] = K 9I"; ‘K z etc. Recall that K's are coefficients
Z34 z '3 s

that couple the electrical potentials.The determinant looks
comrlicated. However, we note that each term is of dJdegree 2n
having a degree k in powers of N.° and a degree (2n - k) in

powers of products of Kj where kK ranges from 0 to 2n. A

general de:erminant can be written as a polynomial in N' s and
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K's with the coefficienta K's determined by the irreducible
represgentations of the classes of the vermutation group
S(2n). The class containing identitv can be identified with
the term 1 Nf having a positive sign. The next class comes
with a negative sign. The sign alternates with the classes

with the exception that the last class alwaya comes with a

negative aign.

The state transition matrix & in our covariant model whose

elements are 2iven by

0 1 0 O........ 0 0 W
2% -aA x 2 Ouonnn.. x ™ 0
| 1 i i
0 0 0 1........ 0 0
i 4 m
x, 0 -7, b, ... X, 0
(56.3) 0 0 0 O........ 0 0
x' 0 o % O..v.... x ™ 0
8 a8 B
0 0 0 O........ 0 1
1 F 4 2
L Wn 0 9(n 0 _______ —'nn -An )

is a linear transformation. If the matrices n», A and %'

L
have only one nonzero esigenvalue analogous to natural frequen-
cles, damping coefficiente and coupling constants introduced
in Wright and Kydd s model, the matrix & would ~ounszist of a
few rows and columns coneisting of 7zeroee. By block diagonal-
ization we construct a nonsingular matrix A, whose determinant

ig just the negative of the determinant of #.

~ Fal

The determinants of # and A are just the determinants of «

~ .
and A with the Ni’s replaced by Nt’s and Ks‘s replaced by

A~
E'a.
i

It is, therefore, concluded that
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(a) The determinant of state transition mabtrix is independent
of the damping coefficients,
{b) We can always construct a nonsingular matrix out of the

A Fat
state transition matrix A as well as A&,

3.3 GROUP STRUCTURE

We are now in a poeition to study the symmetries of the
atate transition matrix. The first thing we note is that the
damping coefficients appear as dlagonal entries alternating
with ciphers. These coefficients, therefore, do not contribute
to the determinant. Since the determinant is a product of
elpgenvalues, the damping coefficients do not influence the

eigenvalues of the state transition matrix.

The matrix o is neither symmetric nor hermitian. " However,
it is worthwhlile to look if the matrix & forms a group under
the operation of matrix multiplication. To do so let us first
transform the matrix by interchanging alternate columns,
bringing the first column in place of the seccnd etc.

{it) Closure Property: Let us take two matrices xﬁ and #2. Upon
examining the product # 4, we note that the elements of the

first row are of the form 0,1, 0,0,...,0 as in Aﬁ and #, . In
the second row of o and d;, we have N's, D's: K's anc
ciphersa. The elements of second row of ﬂnﬁg have in some
places nonzero entries in place of civhers. Third row again
contains ¢,0,0,1,0,.., as in the original metrices. Since the

matrix # is a linear transformation, the ciphers in the second

row indicate that there 1s no dependence of Qj’s on @, in the
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particular situation considered. However, in general ot‘s may
depend on ;j‘s. This:possibillity is conaidered in Chapter 6.
Since the form of # is retained under multiplication, the set
of space transition matrices is c¢lesed under matrix multipl?—
cation. To do so we interchange alternate columns, bringing
second in place of first etc.

(i) Associativity: Since #°s are m x m matrices, they must
satisfy the properties of matrix algebra, in particular
asmoclativity property of matrix multiplicaticn.

(tit) Existence of Identity: The identity 1is obtained by
taking D, = 0, K: = 0, N: = -1 etec.

(tv) Existence of Inverse: We have shown above that the matrix
# is nonsingular. Therefore its inverse exists. It can be

shown that the inverse is also a state transition matrix.

~
Therefore the state transition matrix +f (as well as &)

forms A group. Similarly it can be wverified that the non-

singular matrix A constructed from A forms a group.

5.4 BRAIN DEATH AS THE IDENTITY OF THE GROUP

The most interesting conclusion comes from looking a*% the
identity of the state transition matrix group. Lookirg at the
matrix (4.3) we find that the identity is obtained by taking
A= 0, Kﬁ =0, nf = -1 etc. The first condition Atates that
there is no damping present. The second condition means that

there is no interaction among the neighboring neurons i.e. the

neurons are decoupled.

The condition on n: gives the eigenvalues of natural
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frequency as N = 2. In *he solution of (4.19), the expre-
ssion axp(iNit) with the eigenvalue of n. as -i does not rep-
resent a physiologlical situation. However, the eilgenvalue +1
represents a decaving exporiential. On. the aslectroencevhalogram
this would correspond to &rain death (Doreland’s 1982) - a
biological state manifested by absolute unresponsivenems to
all stimuli, abmsence of all spontaneous muscle activity, and
an lsoelectric electroencephalogram for 30 minutes, all in the
absence of hypothermia or i1intoxication by central nervous

system depressants.
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