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Chapter III

SOME FINITELY BASED VARIETIES

OF POINTED-GROUPS

§ 3.1 NILPOTENT POINTED-GROUP VARIETIES
" We call a pointed-group nilpotent of class ¢, if its

carrier is a nilpotent group, of class c.

Here, in this section, we shall discuss varieties of
pointed-groups in which every pointed-group is nilpotent.

By a basis of a variety we mean any set of laws
defining that variety and by finitely based variety we mean a
variety which has finite basis for its laws, that is, there is
a finite set of laws of which every law is a consequence.

Our aim is to generalize the result proved by
R.C.Lyndon in [10] that every nilpotent variety of groups is
finitely based i.e. every nilpotent group variety has a finite
basis for its laws. To do this, we shall need some notational
definitions in the free pointed-group (X,y) generated by
Xy, Xg, X3,

Put X(l) = X
and define for c21, Xic+1)=(%cy, + X] 1.e., the sub group of X

generated by all the elements of the form [a,b] where a EX ¢y
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and bEX. It is easy to see that X(cy is a normal admissible
sub group of (X,y). Note also that X(c) = (X3, X, vven, X.1-

(X,y) for c22 (see Theorem 10.2.1 of {7]).

Moreover, for each non-negative integer c, we write
N. to denote the variety of pointed-groups defined by the word
[X1,%X3s -++++ Xcip) wWhose closure is X .,1y- Thus N, is the
variety of-all trivial pointed-groups and N, is the variety of
all abelian pointed-groups. We shall write A as an alternate

notation for N,.

More generally N_ is the variety of all pointed-

groups which are nilpotent of class at most c.

A pointed-group variety V is called nilpotent, if

fl<2

S N_. for some c. If ¥V &€ N. ktut V <« N.,;, then we say thaf v
has class c.

We shall prove the following theofem, which is a
generalization of a result proved by R.C.Lyndon in [10] that

every nilpotent variety of groups is finitely based.

3.1.1. THEQOREM: The laws of any nilpotent pointed-group

variety are finitely based.

Before we prove the above Thecrem 3.1.1 w2 need to

establish some results.
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Now for each positive integer n, writg §, to denote
the endomorphism of (X,y) determined by Xpé6,=1 and x;6, = x;
for i#n. (Note that for existence and uniqueness we are using
corollary 1.6.6). Thus the effect of é§, on a word w is to

delete all the occurrences of x, from w. For example take a
-1 -.

word w = w(y, X;, Xp) -= ¥ ' X, Y X, X; X, then
-1 -1
wé, = (y'1 Xy, Y X5 X3 Xp) 6,
=1
-1 -1
and wé, = (y‘l X, Y X X; X3) 6,
-1

= y'l X, Y ¥y

Now for all positive integers i, m and n, it is easy

to check that x;6 .6, = x;6,6, and xianz = x;6

Thus by

n*
corollary 1.6.6, we have the re}ations bpbn = 6,6, and 6n2 =
§,- Moreover, if w 1is any word we write w(1-§,) to denote
w(w&n)'l. Thus we have
W= w(l-6_ )wé
Therefore, with this also we have,
w(l-§.)6, = (w(wéy) )6,
= (w8, ) (wE,6.)71
= (w6 ) (w6 6)7L, as §.6, = 6.6
i.e. w(l-6.)6, = wé, (1-§,) and

w(l-6,)6,

(w(ws ) "1ye,
= (w6,) (w8,8,) 7

= (ws,) (ws B!
= (W8,) (w8 )h, as §,%=4,
=1

Thus we have als

Q

the relations w(1-6,)6, = 1 and
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w{l-6_)6 =(wé_ ) (1-6,). Note that wé 6 and w(l-6,) are

consequences of w.

3.1.2 THEOREM: Let T be a finite set of positive integers.

Let w be a word in (X,y) such that wé = 1 for all £t €T. Then

w € X, where  |T| = n.
Proof: See corollary 3.3.8 of [12].

3.1.3 THEOREM: Let w be a element of X, Then there are words
wy for each subset T of (1,2,...., n) such that:

i. w is a product of the words w; in some order.

ii. Each w; is a consequence of w.

iii. Each wgé =1 for all tETand also w; is a word only in the

variables y and x, in X where t €T.

Proof: Assume that w is a word 1in the wvariables vy and
Xy, X3+.+..., ¥X,. Then consider,

W= w(l-§,)ws, (1)
But, w(l-6,) = w(1-4,)(1-6,)w(1-6,)6, and

wdy = wé;(1-6,)wé,6, Thus (i) gives

W= W(l=6,) (1-8,)w(1-8,)8,w8 (1-6,) w86,

i.e, W

W{l-6,) (1-6,5)w(1-8,)8,w(1l~6,)wé, &,

Continiuing in this way we get
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T €¢1,2,3,...,n}
where the product 1s taken over the sub sets_ T of

N = {1,2,....n}'and where

wp = w [] (1-6,) [] 8¢
u €T £ EN\T

Now appiy vy where t « W LG W, abose we have:

wpse = (w I (1-6,) [180)6,
: u€rT LENNT

But §_. and §¢ commute and also §. and (1-6,) commute and
Weueoo(1=8,) 6..... = 1. Hence it follows that w6, = 1. Since
this holds for all t € T, also w; is a word only in the

variables y and x, where t €T, because w; has the form

v [ é¢

£ENNT

"where
v = w] (1-6,)
uET

and hence does not contain x/¢ (é € T). Thus the conditions (i}
and (iii) are satisfied. HNow condition (ii} is an easy
consequence of the properties § and (1-6,} describe above

earlier. This completes the proof.

§ 3.2 FINITE BASIS FOR THE LAWS OF NILPOTENT
POINTED-GROUP VARIETY (PROOF OF THEOREM 3.1.1

Suppose V is a nilpotent pointed-group variety of
class at most ¢ i.e. V¥V S N_. Let V be the normal admissible
sub group of (X,y) which defines Y. Let w €V and suppose that
w = wW(y,X;,X5,...., X,). Then, by Theorem 3.1.3, w is

equivalent to a set of word {w;} where each T is a finite set
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of positive integers, with the properties given 1in the
statement of the Theorem 3.1.3.

Now suppose |T| > c+l1l. Then, by Theorem 3.1.2,

Wi GEX(C+1). Therefore, w; is a consequence of the word
[Xy,Xy, ++-+,Xo4y]. But if |T}|< c+l. Then (by the change of
variaples) w; 15 equivalent to an element of V N X, = V..

Thus, in either case, w; is a consequence of V(C+1). Hence it
follows that w is a consequence of V_,;. Thus V is equivalent
to Vo, Now, by Lemma 2.5.1, ¥V (X_,1,Y) = ¥(X,y) N X 4y 1.e.
Y (Xe41:Y) ='vc+l

Now since ¥ ©SN_, so we have N (X.,;,Y) €Y (Xoi1/Y)-
Now, by corollary 2.2.9, N.(X_,;;,Y) = K say, is normal in X;+l.
Thus K €V_,, and therefore, V_,,/K is a sub group of X_,,/K.
But, (Xesy /K . YK} € N. (by corollary 2.2.10). Therefore,
Xe+1/K 1s a nilpotent group of class at most c. But X_,, is a
finitely generated group. Therefore, X_,;/K 1is finitely
generated nilpotent group.

Now Theorem 9.16 of [11} states that in a finitely
generated nilpotent group every sub group 1is finitely

generated. Hence it follows that V_,;/K being a sub group of

Xc+1/K is finitely generated. Suppose v;K,.v,K, ...., v K are
generators of V_,,/K i.e. V /K = <v,K, ...., v K>. Then
Veerl = <Vy,Vy, «..., v ,K>. For, if

Vo = <V,,V,, ey Vo, K>

mfr
Then clearly V, is contained in V_,. Let v €V_,, then

VK €V_,,/K. So vK can ke written in the form
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vK = (v, K) .... (vy K)
1 n
1]
Therefore, v has the form
R vgi vil e vih K, where keK
1 2 n

Hence v €V, i.e. V_,, is contained in V,. Therfore, V_,,=V,,

as required. Thus V is equivalent to K U {v; ,....,v,}. But,
K = No(Xeype¥Y) < No(X,y) and N_(X,y) is the set of all
consequences of {xl, Xy¢eww+s Xoypy). Therefore, V is equivalent
to the set

{([XyrXoy vovey Xgi1dy VieVase oveny Vi)

Thus V is finitely based and the proof of Theorem 3.1.1 is

complete.

In the notation of the Lemma 2.5.1 and Theorem 2.5.73

we have.

3.2.1 COROLLARY: For any nilpotent pointed-group variety V of
class c we have V = 2(°+1) ——, that is, a pointed-group {(A,a)
belongs to V if and only if all its (c+1)- generator sub

pointed-groups belong to V.

§ 3.3 METABELIAN POINTED-GROUP VARIETIES

Here in this section we describe some other pointed-
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group varieties, all of whose sub-varieties are finitely
based. Our aim is to generalize the result proved by D.E.Cohen
in [3) that metabelian varieties of groups are finitely based.

| We shall call a pointed group metabelian if its

carrier is a metabelian group.

Now for any group G we write G{!) to denote the
derived group [G,G] of G and G(?) to denote the second derived
group [G{1), G(15]. It is easy to check that X{!) and x(2) are
the normal admissible sub groups of (X,y) which are closures
of the words [x; , %3] and [[x; , X;], [X; , %x4)) respectively
in (X,y). The varieties of pointed-groups defined by [X;,x,;]
is the variety of all abelian pointed-groups (we call a
pointed-group (G,a) abelian if G 1is abelian) and is
dénoted by A while the variety of pointed-groups defined by
({xy , %3)],[%3 , ¥4]] 1s the variety of all metabelian pointed-
groups which we shall denote by A A. Clearly A A is finitely

based.

The main result of this section is the following:
3.3.1 THEOREM: Every sub variety of A A 1is finitely based.

In order to prove Theorem 3.3.1 we need to prove

some results which are generalization of the results in the

varieties of groups.



65

3.3.2 LEMMA: Let V be a finitely based variety of pointed-
groups. Let V be the corresponding normal admissible sub group
of (X,y). Then every sub variety of V is finitely based if and
only ifrthe maximal condition holds for the normal admissible

sub groups of (X,y) which contain V.

Proof: Suppose that every sub variety of ¥ is finitely based
and .let Vv, € Vv, €V, €V, Cv, < ., be an infinite
asscending chain of normal admissible sub groups of (X,y)
containing V. Let W be the union of the sub groups VvV,
n=1,2,..... Then W is a normal admissible sub groups of (X,y)
containing V. Hence W corresponds to a sub-variety W of V.
Thus, by assumption, W is finitely based. Thus W is the
closure of some finite set of words say {wWy, Wopenvn,Wy}. Now
fof each i, we have w;, €W where 1 £ i < k. Hence w; € Vn(“
for some integer n(i). Let m=max(n{l), n(2),....,n(k)), then
{Wy, Wy, ...,W} €V . Now since V_is the normal admissible sub
group and W is the closure of {Wi/Wa,+..-,W}, 1t follows that
W S V.. But also since V S W, so we have V, = W. Therefore,

Voo = Voey = Vgs2 = +... = W, Thus the maximal cqndition holds

for the normal admissible sub groups of (X,y) containing V.

Now to prove the converse, we assume that V has a
sub variety W which is not finitely based and we will deduce
that the maximal conditiocn dces not hold for the normal

admissible sub groups cf {(X,y) containing V.
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So, let W be the normal admissible sub group of
(X,v) correspondihg to the sub variety W of V. Then VEW. But
our assumption on W means that W is not the closure of somé
finite set of words say ({(v,,v3...., Vi }. Thus, by fhe
assumption on W, we must have V CW. Now let Vo, =V and let w,

- RO 1 ,- I - PR
}/‘.. iy o2l [ [

—

e Tr [ PR RN
. e ¢ Ll [SPRCHt
& Ti

{Vi,Vosree--,Vy,w;} in (X,y). Then V, C V, and so, by the
assumption on W, we have V;, CW. Now let w, be any element of
W\V, and let Vz. be the closure of ({v,,V,,...,Vy,w;, Wy} in
(X,y¥). Then we haVe vV, CV, CV, CW (by similar argunents as
above). Now continuing in this way, we get a strictly
ascending infinite chain!

V, CV; CV, C ...,
of normal admissible sub groups of (X,y) containing V. Thus

the maximal condition does not hold for such sub groups of

{X,y) as desired. Thus the Lemma follows:

Now since the normal admissible sub group of (X,y)
which defines the variety A A is X!?} so to prove that every
sub variety of A A i.e. finitely based, it is enough (by the
above Lemma 3.3.2) to prove that the maximal condition holds

for the normal admissible sub groups of (X,y) containing x(2),

3.3.3 LEMMA: Let V and W be normal admissible sub groups of
(X,y) such that V C© W. Suppose that the maximal condition

holds for the normal admissible sub groups of (X,y) containing
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W and suppose that the maximal condition holds for the normal
admissible sub groups Z of (X,y) which satisfy V ©2 £W. Then
the maximal condition holds for the normal admissible sub
groups of (X,y) containing V.
Pronf: Tet v, TV O . heoan accending chain af nevpal
admissible sub groups of (X,y) containing V. Then
Y, AW ESY, NW ESY;NWEC....,
is an ascending chain of normal admissible sub groups of (X,y)
such that, for all i, V €Y, N W SWand Y, W SY, W S....,1is
an ascending chgin of normal admissible sub groups containing
.w. Thus, by the hypothesis of the Lemma, we have:
Yo NW=Y ,, NW=Y -NW=...., for some m
and oY W= Y W= Y s W= ...., for some n
Now if i> m and i2 n, then we have:
Y; OW =Y, NWand Y; W=1Y{,, W
Now, since Y, ©Y;,,, we have
Yivg = Yy M Y34 W
=Y, DY, W, as ¥, W=Y, W,

i.e. Yi“‘l = Y]'..(Yl'."'l n w), as Y.L g"‘[i."'l

Y (Y, NW), as Y{,, N W =Y, NW

Yi' as ¥, N W c Y,

Thus Y, = Y¥,,, = Y,,», = ...., where 1 = max(m,n). This

completes the proof of the Lemma.

Now by Theorem 3.1.1, we know that every sub variety
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of the pointed-group variety A is finitely based. Thus the
maximal condition holds for the normal admissible sub groups
of (X,y) containing X!!)., Thus, to prove that every sub
variety of A A is finitely based, it is sufficient (by Lemma
3.3.3) to prove that the maximal condition holds for the
nrrmal adricsihle  suk mystna 7 nf ()«I' vy whirk eatiafuy

xt?) gz gx(1),

3.3.4 LEMMA: Let V and Z to normal admissible sub groups of
(X,y) such that Vv € Z. Then Z/V is a normal admissikle sub

group of (X/V , yV).

Proof: Let zV be any element of Z/V where z € Z. Let § be any
endomorphism of (X/V , yV}. We want to show that (zV)B.EEZ/V.

' Now, for each i, suppose that (x;V)8 = w;V where
w;€(X,y)-Since (X,y) is the free pointed-group on x;,X;,....,

so there is an endomorphism o of (X,y) such that for all i,

Now, since Z is a normal admissible subgroup (X,Y),

we have za € Z. Thus (za)V € Z/V.

Now let § denote the natural homomorphism of (X,Y)

sonto (X/V, YV). Then for each i, we have

(xi)ﬁe = (x,’_ﬁ)e

(x,V)#

Il

WV,
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While

(xp)eB = (xa)f

Thus 30 = af and, thérefore, we have

fmeye = fmed R

= (z)afl
= (z)38
= (z0)48
= (zV)#f
Since we have shown already that (ze)V belongs to Z/V, so we

have (zV)# € Z2/V, as desired. Thus the Lemma follows.

3.3.5 LEMMA: Let V and W be the normal .admissible sub groups
of (ﬁ , ¥Y) such that V S W. Suppose (X/V , yV) satisfies the
maximal condition on the normal admissible sub groups
contained in W/V. Then (X , y) satisfies the maximal condition

for the normal admissible sub groups Z such that Vv €2 £ W,

Proof: Let 2, €2, €2, € ...., be an ascending chain of
narmal admissible sub groups of (X, y) such that for all i,
V ©€2Z; ©£W. Then, by Lemma 3.3.4, we have

2,/V S 2,/V S ....,
is an ascending chain of normal admissible sub groups of
(X/V , yV) contained in W/V i.e. for all i, Z,/V & W/V. But,

by hypothesis, this chain is ultimately stationary. Hence the
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chain Z, €2, S...., is ultimately stationary. Thus the Lemma

follows.

Now let G = X/X{2}), Then 6!} = x(1)/x{2), Thus to
prove that every sub variety of A A is finitely based,.it is
enough to show (by Lemma 3.3.5) that the maximal condition is
satisfied for the normal admissible sub groups of (G , yx(z))
contained in G{1),

Notice that G 1is a relatively free group with
free generators yx(?), xx‘%), .... wWe shall change the
notation for the free generators of G and shall write z,
to denote yx!?) and z,,, to denote x;x{?} for all i > 1.
Hence (G , z,) is a relatively free pointed-group generated

by 25, Za, Z4,4.-.

3.3.6 LEMMA: The maximal condition is satisfied for normal
admissible sub groups of (G , z;), contained in Gt1), if every
normal admissible sub groups of (G , z;), contained in Gt

is the closure of some finite sub set.

Proof: The proof is similar to the proof of Lemma 3.3.2.

§ 3.4 FINITE BASIS FOR THE LAWS -OF METABELIAN
POINTED-GROUPS VARIETY (PROOF OF THEOREM 3.3.1)

DEFINITION: Let W be a set with a binary relation 2. We say
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that X is a guasi-order if:

i. s X s for all s €W.

ii. s; X s, and s, X 53 @ 5, X s, for all s,, s;, s, cW.
Wé sav that < j= = vall-grnaci-ordar 1 F {h satiefipe *he

following additional condition:
iii. For every subset S of W there is a finite subset S,

of S such that, for each element s of §, there is

- an element s, of 5, such that s, =% S.

DEFINITION: Let W be a set with a binary relation <. We say

that < is a linear—order 1if.

i. w < w for all w €W,
ii. Wy, £ W, and W, £ w3 = w, £ w; for all w,, w,, wy €W,
iii. W)y £ Wy, and W, < Wy 2w, = w, for all w,;, w, €W,

iv. For w,, w, €W = either w; < wy, or w, < w,.

DEFINITION: A linear-order < on a set W is said to be a well-
order if every non empty subset § of W contains a least

element i.e., an element s, such that s, < s for all s € s.

DEFINITION: Let g and h be elements of G!!). We say g is a
consequence of h if g belongs to the closure of h in
(G'1', z,). We say that g is equivalent to h, written as

g ~ h, if g is a consequence of h and h is a consequence of
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g -, that is, if {g) and {(h) have the same closure.

The relation .. defined above is an equivalence relation

on G(l).

3.4.1 LEMMA: Suppose that W is a set with a well-order £ and

well-quasi-order X. suppose that x is a function from G(1)\{1}

to W such that, whenever g and h are elements of G{1I\{1}

satisfying x(g) 3% x(h), then there is a consequence g, of g

and an element h; equivalent to h such that either h, = g, or
_1 =

x(h; g;) < x(h). Then every normal admissible sub group of

(G , z,) contained in G!!), is the closure of a finite set of

elements of (G , z;).

Proof: Suppose that u is a normal admissible sub group of
(G , z;) contained in G!}). Let S8 = {x(u) | u € U\{1}. Now

since % is a well-quasi-order on W, so there is a finite sub

set 5, of S such that, for every s of 5, there is an element

s, of 5, such that s, £ s.

Let A be a finite subset of U\{1l} so chosen that
Ss = {x{(u) | u €A}. Let U, be the closure of A in (G , z;).

Thus U, < U. The proof will be complete if we show that U_=U.

Now suppose otherwise and let T be the non-empty

set T = {x{u) | u €U\U }. Now, since < is a well-order on W,
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so there is a least element of T i.e., an element h of U\Uo

such that x(h) < x(u) for all u € U\U,. Since x(h) € 5, so

there 1s an element g of A such that x(g) X x(h). Thus, by the

hypothesis of the Lemma, there is a consequence g, of g and an
~rtopent b oqbiva’e“* ta kb auck  that pither g. — h, or
X(hléi) < x(h). Since g; is a consequence of g, we have
g, €U,. Also, since h; is equivalent to h, we have h; € U\U,.
Hence h; #g, and so we have x (hlé?) < x(h). But

hléi € U\U,. Hence.x(h) < X(hléi) which is a contradiction.

Thus the Lemma follows.

Now to prove that every sub bariety of A A is fini-

tely based, it is enough to show (by Lemma 3.4.1) that there

is a set W with a well-order <, a well-quasi-order X and a

function x: Gf1)\{1} - W satisfying the condition of Lemma

3.4.1
To do this, first it will be necessary to describe

a suitable set W with a well-order < and well-quasi-order X.

Let J denote the set of non-negative integers. '
Let v(J) denote the set of infinite  sequences
a=(a;)=(a,,a,,a,3,-..) of non negative integers 1in which
a; = 0 for all but finitely many values of i. Let V,{(J) denote
the set PxPxPxV(J) where P denotes the set of positive
integers. Let ¢ denote the set of all functions ¢:J - J such

that 0¢ = 0 and i¢ < J¢ whenever 1 < J. Now we define a
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relation X on V,5(J) as follows:

/
We write (r, s, t, (a;) £ (r’, s’, t’, (a;)) if

there exists an element ¢ &€ ¢ such that r¢ = r’, sp = s,
tp = t’ and a; < éi¢ for all r, s, t, r',s’, t’, i, ig€EPand

ai,di¢ e J.

3.4.2 LEMMA: <X is a well-quasi-order on V5(J).

Proof: Clearly £ is a well-gquasi-order on J. Hence the Lemma

is a special case of the Lemma 3.2 of (2].

‘Next consider the subset V os V,(J) consisting of
those elements (r, s, t, («;)) in which t=1. For brevity, we
write (r, s, 1, (a;)) simply as (r, s, (a;)). Now since V4(J)

has a well-quasi-order X, it follows that V has a well-quasi-
order =%. In the abbreviated notation, we have:
(r, s, (a;}) 5 (', s’, (&))

if and only if there exists ¢ € ¢ such that 1¢ = 1, r¢ = r’,
s = s’ and a; < d1¢ for all a, dl¢ €J and r, r’, s, s’, i,

ip EP.

Now suppose W is the set V x P. We define a relation

%< on W as follows:
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We write (v , p) % (v/, p’') if v X v/ and p < p’.

3.4.3 LEMMA: X is a well-quasi-order on W.

Proof: Since £ is a well—quasi¥order on P and X is a well-

quasi-order on V, the Lemma is a special case of the Theorenm

2.3 of [8].

We have defined above, a set W with aiwell—quasi—
order. The next task is to define a suitable well-order on W.
To do this, first we need to define a well-order < on V(J) as
follows:

We write (a;) < (a;) if either (a;) = (&;) or there
exisfs j such that ay < dj, but a; = &, for all i > j. It is
easy to check that this is a well-order. Now we define a well-

order <€ on V as follows:

We write (r, s, (e;)) < (r’, s’', (4&;) if either
r <r’, s<s’orr=r’, s=s’and (a;} £ (&). It is easy to

check that < is well-order on V.

Now we are ready to define a well-order < on W as

follows:
We write (v , p) < (v’, p’), 1f either v < v’ or
v=v’ and p < p’. It is straightforward to check that < is a

well—-order on W,



76

A A N
3.,4.4 LEMMA: Suppose that (r, s, («;)) and (r, s, (a;)) are
elements of V such that (;, g, (ai)) < (r, s, (a;)). Let ¢ be

any element of ¢. Then (rp, S0, (B8;)) < (re¢, s¢, (B;))

o ~

Where Bi¢ = @; and ﬁi¢ = a; for all i, while ﬁj = 0 and

ﬁj = 0 if J is not in the range of ¢.
Proof: The proof is straight forward.

Fal
3.4.5 LEMMA: Suppose that (r, s, (e;) and (r, %, (&i)) are
the €lements of V such that (;, E, (ai)) < (r, s, (ay)). Let

('Yi_) EV(J)' Then (I', 5, (aj_ + 'Yj_)) < (rl s, (aj_ + 'Yj_))'
Proof: The Proof is straightforward.

Now the next task is to define a suitable function
X: G(IV\{l} -+ W so that this function x has the properties

required in the Lemma 3.4.1.

Let N be the normaf closure 1n G ot the set of all

commutators [z, , 2,) where r , s&P. then G/N is generated.by
Tne elements z;W, z; ‘= G, and Ynese elilements commute. ¥ence-
G/¥ is abelian. Thus G!!' S N.But, (2, , z.] €6l for all r,
s € P. Mence N < G'Y), Thus Gf!) = N. Therefore, G(1} is

generated by the conjugates of the elements (z, , 25]-

Now let w be any element of G. Then we can write w

in the form:
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. a x
= 1 2 n
W h 2,1 254 ... 02

where h €G!} and the a; are integers. Thus

a, a o
W hzl z2.... zn
(2, » 25} = {2 + Zg] '
. a, « 3
. W z b oz2.... zn
i.e. (2, + 23] = [z, , 24171 2 n
: . . h
(because G'!) is abelian and so [z, , 2g] = [2, , 2Z4])

Consequently every element of ¢l is a product of

elements of the form
o a a
2
zy1 z,2.... z 0
[zrl zg]

and their inverses. Moreover, ctl) is abelian, so these

elements commute, since

a, o g
1 1
Z1722 y217%

8,

8
(g = (231252 () (281222 )1} 21T 22

B

(251252 (281292 (g (221252) 1 (251,02 )

= z‘l”l"'ﬂl [5‘;1, 2322 ] (Z‘;z*Bz g 2'20’2"32 )tzfz , Ecl‘l]-zcil-ﬁl

a,+ a,+ —a,—f3 o
=z1161(22232g222 2) 1

(22, 282 2B 7 s h

a;+8, , a,t =0y, | ~a,-
= z}]1 1(z22_32 g 2Py, B,

= (z?l+ﬁl zgz+ﬁ2 ) (g) (Z‘:cll+ﬁl 3202+B2 )_l

a,+08, _a,+f3
_ (g)zll 1222 2
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z“lzaz z“n 251252 ZBn
1 2 . s = n 1 2 - . 0
Thus, ([z, . 25])

a +B8y o8B, a8,
Z z,” ..z,
= (z,, Zg]

Now if we choose $,, 85, ...., 8, to be large enough
positive integers, then a«; + 8,, o, + 85, ...., a5 + (3, Will be

non-negative.

Consequently, if g is any element of G{1) then there

B8,,8

z 222..z

Ba

is a conjugate g n of g such that g is a product of

elements of the form

a a a
zytz,¢. .20
[zr + ZB]
and their inverses where the @, are non-negative integers. We

call such an element of G'!) a positive element. Hence every

element of G(1) is equivalent to a positive element. Now

consider the element;

04 [0 [¢4
1
(z, , Zsfl 222..zn“

where the @; are non-negative integers. With this element we
can associate an element of V namely (r, s, (x;)), where we

take @; = 0 for i > n.

Now suppose g, is a positive element of G!1I\(1}.
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o

271292, . 2%
1“2 n commute, so g, can be

Since the elements [z, , S;]

written as a product of powers of distinct positive elements

1792, .2%n
[z, ., zsfl 2 n ., We choose the power say

a,_« a
1
Zy 222..znnp

({z, . z.] )

where p # 0 in which (r,s, (a;)) is the largest in the well
order £ on V defined above. We call this the leading term of
g,. Now if p 1is negative we consider d}linstead of g, where
ak‘is eéuivalent to g, and if p is positive we may associate
with g,, the element (r , s , (a;),pof W.

Now suppose g € G{1I\{1}. As g, varies over the set
of positive elements equivalent to g, the leadirig terms of the
elements g, give a set of elements (r , s , (a;) , p) of W.

We define x: G{lI\{1} - W such that x(g) is the
least element (r , s , («;)}, p) in this set of elements of W

(using the well-order < we have defined on W). To complete the

proof, it remains to show that if g and h are elements of

cilin(1) satisfying x(g) X x(h), then there is a consequence

g, of g and an element h; equivalent to h such that either
-1
h) =g, or x(h,g,) < x{h).
Now suppose then that g , h € G!})\{1} such that

x(g) = x(h).

Let x(qg)

x (h)

It
~
0

11
~
[}
f25

-
gol
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Now by the definition of x, there is a positive element g’
equivalent to g with leading term

,ala
(2, , 24)20 227 9P,

Ciel -1 theave e o5 reocitics eleamant b eemiivalent. to h with

leading term

&, &
z,z,2. ., .p’
([Zr: ’ ZBI] 1 2 )

Now ¥x(g)-% x(h). Therefore, by the definition of X we have

p < p’ and there 1is an element ¢ of & such that 1¢ = 1,
x¢ =r’, s¢ = s’ and a;, < &; for all i. Now by Theorem 2.2.12
there is an endomorphism § of (G , z,) such that-ziﬂ = z;, for
all i > 2. But, since 1¢ = 1, we have z;0 = z;4 for all i2> 1.

Now clearly g’f is a positive element of G{1)\{1}

and by Lemma 3.4.4 the leading term of g’# is

a o
((Zyy o 2gp)°10 2287 7)P

By, B,

1
i.e. (2., za,]zl 22" ) P

where B; £ &, for all i.

2817B1 62768, -
Now let g, = (g’f) "1 2 . Then clearly g, is

a positive element and by Lemma 3.4.5 the leading term of g,
is

&, &
zy iz 4. . p
((zp + 2g5] )



g1

Clearly g, is a consequence of g and we have p < p’. Now if
P < p’, then the leading term of hlgf is

c&l & -
([Zr" ZB,]zl 222. .) (pf p)

while if p = p’ then either h; = g, or else hlﬁi has leading
term which is a power of an element

1/ C;;
a
1252
z 1z52..
((2pn, 2Zgn) 1 72 ,

in which { r",s", (a";) < (r’, s’, (&;) ). Thus if h,;#g, then

x(hlg'l) < x(h) as required.

Now, by lemma 3.4.1, every normal admissible sub
group of (G , 21), contained in G!!!', is the closure of a
finite set of elements of (G, z;). Hence every sub variety of

A A is finitely based. This proves Theorem 3.3.1,

3.4.6 COROLLARY: The matabalian variety A A of all metabelian

pointed-groups is finitsly based.



