Chapter 11
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Chapter II

LAWS IN A POINTED-GROUP

§ 2.1 VWORDS AND LAWS

It will be convenient to have some notation for a
particular free pointed-group (X,y) of countable rank where X
will denote the free group on a generating set consisting of
symbols y, X, ﬁz, ..... The symbols will be called variables.
Any element of X will be called a word. Each and every word w

can be written in the standard form given by:

W= Wy, Xy, Xo, ee-ep Xp) (1)
because it contains only finitely many variables.

Néte that we use the notation (i) for évery word w;
inspite of the fact that there may be words in which the
particular variable y does not actually occur.

Suppose that (G,c) is a pointed-group and suppose «
is a homomorphism from (X,y) to (G,c), so that ya =c. Let w be
a word in X. Then the image wa of w under a is called a value
of w in (G,c). Of course, the value is an element of G.

Suppose

WS WY, Xy, Xg, e, Xp)
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and x;a =g;, X, =gy, ...., X,@ =g,, then we write:

wa = w(c, i Yov ceney gn)

i.e. the value wa is obtained from w by substituting arbitrary

elements of G for the variables Xir X2 -, X, and the
particular element ¢ of G for the variable y.

Convers:ly., 1if g, 9,, ...., g, are «rbitrary
elements of G, then the element w(c, g9, g9, ...., g,) of G

arising by substitution in this way is a value of w in (G,c),
because by Theorem 1.6.2, there is a homomorphism a from (X,y)
to (G,c) such that xy0 = g;, - Xa = g, ...., X, = g,.

Now let w be a word. Let (G,c) be a pointed-group.

Write w(G,c) to denote the sub group of G generated by all

value of w in (G,c).

More generally, 1f W is a set of words, then we

define W(G,c) to be the sub group of G generated by all values

in (G,c) of all the elements of W. We call W(G,c) the word sub

group of (G,c) corresponding to W.

EXAMPLES: (i) Let G = <a,bla’ = b%? = 1, b} ab = a™!>. Let
W=(Y'}. Take the element b in G and consider the pointed-group
(G,b). Now the only value of y? in (G,b) is the element b3=b.
Therefore, W(G,b) = <b>.

(i1) Let G = <a,b]| a’ = b2=1, (a,b] = 1>. Take the word

w=(y,x;] and consider the pointed-group (G,a). Now the values
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of w in (G,a) are the elements of G of the form (a , qg,],
g,E€G. Now since G is abelian we have [a , g,]=1 for all g,&G.

Therefore, 1 is the only value of w in (G,a). Thus w(G,a)={1}.

Suppose a :(G,c) —=(H,d) is a homomorphism and let
W= WY, Xy oaga e eeaa Yo Lo é word in (X,y). Then for
all g9,, 95, -..., 9,&Gwe have, |

w(c, 9y, 95, -++., gyla = w(ca, g,a, ...., g,a},

Therefore, the set of all values of w in (G,c)a is the image
under a of the set of all values of a in tG,c). |

More generally, if W is a set of words then the set
of all values in fG,c) of all the elements of W is the image -
under a of the set of all values in (G,c) of all the elements

of W. Thus we have:

2.1.1 LEMMA: Let a : (G,c} - (H,d) be a homomorphism and let

W be a set of words. Then W(G,c)la = W(Ga,d)

2.1.2 COROLLARY: Let (G,c) be a pointed-group. Let N be
a normal sub group of G. Let W be a set of words. Then

W{G/N , cN) = W(G , C)N/N.

Proof: Let a :(G,c) — (G/N,cN) be the natural epimorphism.
Then by the above Lemma 2.1.1 we have
W(G,c)a = W(G/N,cN)

Thus W(G/N,cN) = W(G,c)N/N.
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2.1.3 LEMMA: Every word sub group W(G,c) of a pointed-group
(G,c) corresponding to a set of words W is an admissible sub

group of (G,c).

Proof: Let & be an endomorphism of (G,c). Then by Lemma
2.1.1, we have W{G,cla = W tse,c). Thus W(G,cja £ W(G,c) for

all «€ End (G,c). Thus the Lemma follows:

Suppose W is a set of words. Then by definition,
. W(X,y) 1s generated by all the elements of the form wa where
wEWand a is an endomorphism of (X,y). Therefore, by Theorem
1.5.2 W(X,y) is l;.he admissible closure of W in (X,y) 1i.e.

W(X,y) = W. Thus we have:

2.1.4 LEMMA: Let W be a set of words and let W be the
admissible closure of W in (X,y). Let (G,c) be a pointed-
group. Then W(G,c} = ?\T(G,c)

Proof: Clearly W(G,c) CW(G,c). Thus it only remains to show .
that W(G,c) € W(G,c). To do this, it is enough to show that
W(G,c) contains every value Va where v € W and a is a
homomorphism from (X,y) to (G,c). Thus it is enough to show
that W a C_:_W(G,c) . But W is generated by elements of the form
w {3 where w €W and § is an endomorphism of (X,y). Thus it is
enough to show that wle&EW(G,c).But this holds, because fBa is
a homomorphism from (X,y} to (G,c): Thus wla is a value of

W EW in (G,c). Thus the Lemma follows.
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2.1.5 COROLLARY: Let W, and W, be wet of words. Then

W,(G,c) = wz(G,c) for every polnted-group (G,c) if and only if

Proof: First suppose that Wl = W,. Then by.thé above Lemma
2.1.4 we nave W (G,c; —= W, (G,u; and WZ(G,C):WZ(G,C). Thus
W,(G,c) = W, (G,c).

Conversely, suppose that W, (G,c) = WZ(G,C) for every

pointed-group (G,c). Then W,(X,y) = W,(X,y). But W (X,y) = W,

.and W,(X,y) = W,. Thus ﬁl = qu

DEFINITION: Let Q =W (Y, X3, X3, -+., X,) be a word and let
(G,c) be a pointed group. The word w is said to be a law of
(G,c), if every value of w in (G,c) is trivial i.e. if
w (¢, 9y, 99,.-., 9,)=1 for all g,, 95,...,9, €Gi.e. if wa = 1
for every homomorphism a from (X,y} to (G,c). Thus w is a law

of {G,c) if an only if “W(G,c) = (1}.

EXAMPLE: Let G =< a,b | ald =1 ="0b% blab=al>. consider

2
the pointed-group {G.a). Take the word w(y , x;) = (Y , ¥].

2
Let g, be any element of G. Then (a , g;] = 1. Therefore

‘ 2
w({y , x;) 1is a law of (G,a) i.e. [y , x;] is a law of (G,a).
2

By contrast if w(y, x;, x3) = (%, , X;] then w(y, x;, X;) 1is

not a law of (G,a), as can be seen by substituting b for x,

and a for Xy
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Note that the laws of (G,c) includes as a special
case the ordinary léws of G. For, if w = wW(Xy;, X3, ...., X
is a law of G, then we write the word w = W(Xy, X5, ..-., X_)
in the standard form
W= w(y, Xy, Xp, -sevy Xp)
where tihe variable y dues not actua:ly oucur. Therwfore, the

idea of a law of (G,c) generalizes the idea of a Law of G.

2.1.6 LEMMA: i. If w is a law of a pointed-group (G,c), then
w is a law of very sub pointed-group and factor pointed-group
of (G,c).

ii. Let ((Gk,ck)|X€h\}be a family of pointed-groups. Then w

is a law of [](Gk,ck) if and only if w is a law of every
eA

pointed—group'(GA,ck) where AEA.

Proof: i. Suppose that w is a law of (G,c). Let (H,c) be a
sub pointed-group of (G,c). Then w(H,c) S w{G,c). But

w{G,c} = {1}. Therefore, w(H,c) = {1}. Thus w is a law of

(H,c) also.

Now let N pbe a normal sub group of G. Then by

Corollary 2.1.2 we have:

Ww(G/N , cl) = w(G , ¢)N/N = (N}

Therefore, w is a law of (G/N , cN) as required.
ii. Suppose that w = w(y, %;, X3, ...., X,;) is a law of every

pointed-group (G,,c,). Then for all £,, f,, ...., £, GE[]GR
eA

and for all A €Awe have:
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w(c,fy,ven.y £ (A) = w (c(N), £1(N), ..., £,(N)) =1

Thus (c¢,f;, ...., £5) =1 i.e. w is a law of E'(GAJCA)
- eA
Conversely, suppose that w is a law of Kl(GA'CA).
eA

Then we have to show that w is a law of (G,,c)) for all AEA.

Let (G,c}) =]] (Gy,c\). Then for each A\eA there is an
hean N :

epimorphism from (G,c) to (G,,cy) i.e the projection m, of
(G,c) onto (Gy,c)). Therefore, by Theorem 1.2.4 (ercxj is
isomorphic to a factor pointed-group of (G,c). Therefore, by
the 1st part of the above lemma, every law of (G,c) is a law

of (Gy,c)) for all AEA.

4.1.7 LEMMA: Let W be a set of words and let (G,c) be a
pointed-group. Let N be a normal sub group of G. Then every

element w of W is a law of (G/N , cN) if and only if W(G,c) &N.

Proof: Every element w of W is a law of (G/N , cN) if and
only if W(G/N,cN) = {(N}. Now by Corollary 2.1.2 we have
W(G/N,cN) = W(G,c)N/N. Therefore, W{(G/N,cN) = (N} if and only

if W(G,c)EN.

§ 2.2 VARIETIES OF POINTED-GROUPS

A variety of pointed-groups 1is the class of all
pointed-groups satisfying each one of a given set W of laws.
The variety corresponding to a set of words W is called the

variety defined by # and is denoted by var W or W. Thus we

have:
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2.2.1 LEMMA: A pointed-group (G,c) belongs to the variety
defined by a set of words W if and only if W(G,c) = {1}.

An immediate consequence of Lemma 2.1.7 is

2.2.2 LEMMA: Let W be a variety defined by a set of words W.
Let {(G,c) be & pointed-group. Let N be a normal sub.group of
G. Then (G/N.scN)EW if and only if W(G,c)CN.

Let H be the normal closure of W(G,c) in G. Then
(G/H,cH)) is the largest factor pointed-group of (G,c) which

lies in the variety defined by the set of words W.

EXAMPLES: Let G= <a,bla’=b%=1, b™! ab=a"!>. Take w={y’} and
consider (G,b). Now the only value of y° in (G,b) is the
element b =b. Thus W(G,b) =<b>. But the normal closure of <b>
in G is G 1itself., Thus the trivial factor ﬁointed-qroup
(G/G,bG) is the largest factor pointed-group of (G,b) which

lies in the variety defined by the set of words W.

2.2.3 THEOREM: Let W be a variety defined by a set of words
W. A pointed-group (G,c) belongs to W if and only if (G,c) is
isomorphic to a factor pointed-group of some free pointed-

group (F,t) with respect to a normal sub group of F containing

W(F,t).

Proof: Suppose that (G,c)& W. Then by Theorem 1.4.3 (G,c) is

isomorphic to a factor pointed-group (F/R,tR) of some free
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pointed-group (F,t) of rank greater than or equal to
cardinality of a generating set of (G,c). Now since (G,c)EW,
by Lemma 2.2.2, we have W(F,t)<ER.

Conversely, suppose that (G,c) is isomorphic. to a
factor pointed-group (F/R,tR) of some free pointed-group (F,t)
where W(F,t) SR. Then by Lemma 2.2.2 {(F/R,tR) € W. Thus
(G,c)E HW.

We shall now examine the conditions under which two
sets of words V and W determine the same variety. -

Suppose V is a set of words and w is a Qord. We
shall say that the word w is a consequence of V if w is a law

of every pointed-group in the variety defined by V i.e. var V.

Now two sets of words V and W are said to be
equivalent if every element of V is a consequence of W and if
every element of W is a consequence of V. Thus clearly V and

W are equivalent if and only if var V = var W.

EXAMPLE: [y , il] is a consequence of {y3 . [il ' iz]}

Proof: Let (G,c) €var {y’ , [gi , QZ]}. Then y3 and [il . xz]
are laws of (G,c). Now to show that [y , xf] is a consequence
,OE v?, [xi . xi]}, it is enough to show that [y , él] is a

law of (G,c).

Now, since ¥? is a law of (G,c), so c’ =1 i.e c=c*
2 2
Also [X; , X;] is a law of (G,c) therefore, for any element g,

of G, we have:

9y + (¢?)] =1
] 2 LY
i.e , [g, . c”] =1
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2
i.e [gl ’ C] =1

2
i.e (c , 9,1 =1

2 .
Thus [y , x;] is a law of (G,c) as required.

A simpie description of equivalence is that two
words obtained from each other by renumbering the variables

“are equivalent.

2.2.4 LEMMA: Let V be a set of words and let w be a word.

, Fal
Then w is a consequence of V if and only if wEV.

Proof: First suppose that w is a consequence of V. Then w is
a law of everf pointed-group (G,c) in var V.
—_ : A
As we have seen that V=V (X,y). Therefore, V(X,y)EV.
Thus by Lemma 2.2.2 we have, (X/G,ya) € var V. Therefore,
w(x/G,yQ)=(G} i.e. wis a law of (X/G,ya). Thus again by Lemma
2.2.2; w(X,y)EG.Therefore, in particular, wEG.

Fal
Conversely, suppose that w&V. Then by corollary

1.5.4 we can write w in the form

w o= ((vlalfl)el..l. ((vnanf“)en

where v eV, a;€End(X,y), w;eX and €¢; = *1 (i=1,2, ., Nn).
Now let (G,c) be any peointed-group in var V and let

f be a homomorphism from (X,v) to (G,c). We want to show that
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w is a law of (G,c). To do this, it is enough to show that

B ¢ w3 €
wi=1. But wl = ( (vlalgp )1.... ( (vnanﬁ)“ y." Therefore,
wfl=1, because v,,v,, ...., v, are the laws of (G,c) and e B
(i=1, ...., n) are homomorphisms from (X,y) to (G,c). Thus the

result follows.

2.2.5 COROLLARY: Two sets of words V and W are equivalent

~OA
i.e. var V = var W if and only if V=W.

2.2.6 THEOREM: There is one-one correspondance between the

set of normal admissible sub groups of  (X,y) and the set of
' ’ /

varieties of pointed-groups given by V +« varV for each normal

Ve
admissible sub group V of (X,y).

Proof: Let var W be any variety of pointed-groups. Then by
A
corollary 2.2.5, we have var W=var W. Therefore, every variety

is defined by some normal admissible sub-group of (X,vy).

7/ /
Suppose V and W are normal admissible sub groups of
’ ’ A, A
(X,y) such that var V = var W. Then by corollary 2.2.5 V = W
I'd r'd
i.e. V = W. Thus different normal admissible sub groups of

(X,y) define different varieties.

REMAREKS: The normal admissible sub group of (X,y)
A

corresponding to var V is V.

Suppose V 1s a varlety of pointed-groups, then the
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corresponding normal admissible sub group of (X,y) is

characterized by V ds follows:

2.2.7 LEMMA: Let V be a variety of pointed-groups. Then the
P
normal admissible sub group V of (X,y) which defines ¥ is the

set of all words which arv ia.8 of «all pointesc-ygroups of

i<

Proof: Let W be the set of all words which are laws of all
”
pointed groups of ¥. Now since V¥ = var V, so W is the set of
P
all consequences of V., Therefore, by Lemma 2.2.4-we have

Id

Ay
W=V =V as required.

Now suppose ﬁ.and W are normal admissible sub groups
of (X,y} such that GEPJ.Then clearly var J € var 6.

Conversely suppose that var ﬁ < var J, then Lemma
2.2.7 shows that 6 gvﬂ Thus the one-one correspondance of the

Theorm 2.2.6 is "inclusion reversing”.

A varlety W which is contained in another variety V¥
is called a sub variety of V.

Let V be any variety of pointed-groups. Let V be the
corresponding nofmal admissible sub group of (X,y) which

defines V. Then we may define V(G,c) to be the word sub group

V(G,c) for any pointed-group (G,c).

2.2.8 LEMMA: Let (G,c) be a pointed-group and let V = var W.
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Then V(G,c) = W(G,c)q
Proof: Clearly W(G,c) E;W(G,cf% Now let W(G,cf;= N. Then by
Lemma 2.2.2 we have, (G/N,cN)& var W. But V = var W = var V
. where V 1is the normal admissible sub group of (X,y)
corresponding to V. Therefore, again by Lemma 2.2.2 we have
V(G,c)ENi.e. V(G,c)EN. Now it only remains to show that N &
V(G,c). To do this, we shall prove that V(G,c) is normal in G.
Now by definition V(G,c) is generated by values in
(G,c) of the elements of V. Therefore, every element say g of

V(G,c) can be written in the form

g = (vlalfl.... (vnanfn

where v;eV and ;- are homomorphisms from (X , y) to (G,c) for
i=1,2, ...., n. |

Now let t Dbe any element of G, then to prove
that V(G,c) 1is normal iﬁ G, it 1is enough to show that
t7'gt €V(G,c). But, tTigt = (t'l(vlal)elt) (t‘l(vnan)e"t).
Thus, it is enough to show that (va)® €V(G,c) for all v €V,
t&€Gand a any homomorphism from (X,y) to (G,c).

Suppose Vv = v( Yy, X;, X5, ...., ¥X; ) and suppose
va = v{ c,9,,95, ..-., 9y ) where g,,9,, .+ 9x €G. Then
(va)t = v( I T - P . 9, )% and this is a value of
VY, X1r Xp, «evny xk;k+l where x,,,a=t for some x,,,€ X. But
V is normal in X. Therefore, v(y,X;, X5, ..., xk)xk”-belongs
to V. Therefore, (va)t € V(G,c¢). Therefore, V(G,c) is normal

in 6. Thus W(G,c)® < v(G,c), because W(G,c) S V(G,c) and
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V(G,c) is normal in G. Hence V(G,c) = W(G,C)Gas required.
The following are the conseguences of Lemma 2.2.8.

2.2.9 COROLLARY: Let ¥ he any variety and let V be the
correspbnding normal admissible sub group of (X,y). Then

Y(G,c) is normal in G for any pointed-group (G,c).

2.2.10 COROLLARY: Let V be a variety of pointed-groups
corresponding to a normal admissible sub group V of (X,y) and
let (G,c) be a pointed-group. Then (G/¥(G,c), ¢ ¥V(G,c)) is the
largest factor pointed-group of (G,c) which lies in the

variety V.

Let (F,t) be an arbitrary free pointed-group with a
generating set § and let V be a variety. Thén by corollary
2.2.10 (F/!(Frt), tV(F,t)) is the largest factor pointed-group
of (F,t) which lies in the variety V. The pointed-group

(F/Y(F,t),tV(F,t)) is called the relatively free pointed-group

of ¥V on S and is denoted by (F,t) (V).

The cardinality of S is called rank of (F,t)(V).
Clearly two sets S; and S, of the same cardinality give

isomorphic relatively free pointed-groups in V.

Relatively free pointed-groups have properties
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analogous to the properties of free pointed-groups described
in the previous section §1.6. Of these we shall state and

prove the analogues of Theorem 1.6.4 and corollary 1.6.6.

2.2.11 THEOREM: Let (G,c) be any pointed-group in a variety
V with a generating se. of cardinality less than or equal to
the rank of a free pointed-group (F,%t). Then (G,c) 1is

isomorphic to a factor pointed-group of (F,t) (V).

Proof: By Theorem 1.6.4 there is a normal sub group R of F
such that (G,c} = (F/R,tR).

Now since (G,c) €V, so (F/R , tR).E V. Therefore, by
Lemma 2.2.2 we have V(F,t) S R. But V(F,t) is also normal in F
(by corollary 2.2.9). Thus by Theorem 1.2.5 we have:

' (F/R , tR) = (F;/N , t,N)

where F,=F/¥Y(F,t), N=R/V(F,t} and t,=tVy(F,t). Therefore,
(G , c) = (FI/N ' th). But (F,/N , t)N) is a factor pointed-

group of (F,t) (V). Thus the theorem follows.

2.2.12 THEOREM: Let (F,t) be a free pointed-group freely
generated by a set S. Let V be a variety of pointed-groups and
write N=V(F,t). Let.é = {sN] s&€S}. Then any mapping a:é -F/N
‘can be extended to an endomcrphism a" of the relatively free

pointed-group (F/N , &tN).

Proof: Let f:S - F be chosen so that (sf)N = (sN) for all
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s€S.By corollary 1.6.6, there is an endomorphism 8 of (F,t)
which extend f. Since N 1is a normal admissihle sub group of
(F,t)} we have NB*CSN. Thus we can define an endomorphism a* of
(F/N,tN) by (fN)a" = (f8")N for all fEF. It is straight

forward to check that a” extends a. Thus the theorem follows:

Chapters III and IV of this thesis will be devoted
to the question of which varieties of pointed groups have a
finite basis for their laws. We now explain what this means.
As we saw in the previous section that two sets of words.v and
W define the same variety if and only if G=% i.e. Vv and W have
the same closure in (X,y). |

Now any set of words which defines a variety V is
called a basis for (the laws of) V. A variety which has a
finite basis is called finitely based. Thus if V denotes the

set of all laws of V then ¥ is finitely based variety if and

only if V is the closure of some finite subset of words.

§ 2.3 BIRKHOFF’s THEOREM

Let Z be any class of pointed-groups. Then Q2
denotes the class of all pointed-groups isomorphic to a factor
pointed-group of a péinted—group in the class Z; SZ the class
of all pointed-group isomorphic to a sub pointed-group of a
pointed-group in Z and CZ denotes the class of all pointed-

groups isomorphic to a cartesian product of pointed-groups in

e



46

We say that 2 is a (Q,S,C) closed class, if Q% <2,
Sz &% and CZ €2 - that is if Z is closed under the formation
of factor pointed-groups, sub pointed-groups and cartesian

products and'pointed—groups isomorphic to these.

An immediate consequence of the Lemma 2.1.6 is that
every variety of pointed-groups is (Q,S,C) closed. The main
result of this section which we want to prove is that every
non-empty (Q,S,C) - closed class of pointed-groups 1is a
‘variety. This fact was first established by Garrett Birkhoff

in [1}, for rather more general systems. We shall splite the

proof into séeveral steps:

2.3.1 LEMMA: Let Z be a class of pointed-groups. Let V be
the set of all elements of (X,y) which are laws in every

pointed-group of the class Z. Then V is a normal admissible

sub group of (X,y).

A
Proof: By Lemma 2.2.4, V is the set of all consequences of V.
sl
Therefore, every element of V is a law of every pointed-group
A
in Z. Thus, by the choice of V we have V=V. Hence V is a

normal admissible sub group of (X,y) as regquired.

2.3.2 THEOREM: Let (A,a) be a pointed-group. Let V be the set
of all laws of (A,a). Let V be the variety defined by V. Then

the relatively free pointed-group (F,£) (V) of V on any set §
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isomorphic to a sub pointed-group of the cartesian power

(A,a)A where A is the set of all functions from § to A.

Proof: We shall write ¢ for the focus of (A,a). Therefore,

c(AN)=a for all AEA.

We shall define, for each s€S5,a certain element f_
of A}, To do this we must specify an element f_(A) of A for
all AEA.But, by the definition of A, A is a function from S
to A. Therefore, we may define f_(A\) =A(s) for all ANEA.Now by
Theorem 1.6.2 we can define a homomorphism a« :(F,t} —-{(A,a) by
taking sa=f_ for all s€S5. Now to prove the theorem we shall
prove that the kernel of a is V(F,t). It will then follow by
Theorem 1.4.3 that (F/Y(F,t),tV(F,t)) is isomorphic to the
image of . Thus we shall have proved that (F,t) (V). is
isomorphic to a sub pointed-group of (A,a)A.

Now let kero = N. Then (F/N,tN) is isomorphic to a
sub pointed-group of (Ar,a)d. But by the definition of ¥V we
have (A,a) €Y. Therefore, by Lemma 2.1.6, (F/N,tN)&E V. Thus
by Lemma 2.2.2, V(F,t)EN. Thus to finish the proof it only
remains to prove that N S V(F,t).

Now every element of (F,t) can be written in the

form

w{t, sy,8,,...., 8,)

where s,,8,,...., s, are distinct elements of S.
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Suppose that w(t,sl,szr...., s,) €N and let
W o= Ww(Y,X;,Xg, -++., X,) be the correspondihg element of
(X,y). To complet the proof we shall show that w(t,s,;,s,,
s,) belongs to V(F,t). To do this, we shall show that w is a
law of (A,a)-where wEV.

Now le< él,az, <.+, i, be the elements of A. Let A
be a function from S to A defined by A(s;)=a; (i=1,2,...., n)

and A(s)=1 for all other s&S. Then consider

wi{a,a;,...., ag) = w{a,Ns;), ..., Nsy,))
= W(C(\) . £ (N ueenn g (M) -
=w(c , fg 4 oeens £g ) (N)
But, w(c,fsl,fSZ,...., fsn) = w(ta, sja, ...., s,a)
= wi{t,s;, s5, ...., 5 )a
=1
Thus w(c, fsl""" fgn)(A) = 1. Hence, w(a, a;, ...., a,)

= 1. Therefore, w is a law of (A,a) as desired.

2.3.3 THEOREM: Let Z be any non-empty class of pointed-

groups. Then QSCZ is a variety.

Proof: Let V be the set of all laws of all pointed-groups in
Z. Let V = var V. We want to prove that V=Q5C3Z.

Now clearly by Lemma 2.1.6 we have QSCZ S V. Thus to
complete the proof, it only remains to prove that V & QSCZ.

For each element w of X/V; let (Gw , C,) be a pointed-group in

Z which does not not have w as a law. (Notice that such a
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pointed-group exists by the definition of V). Let (A,a) be the

cartesian product of the pointed-groups (G, , c,). Thus by
Lemma 2.1.6, every element of V is a law ofh(A,a). But again
by Lemma 2.1.6, no element of X/V is a law of (A,a), because
w is not a law of (G, , c,). Thus V is precisely the set of
all laws ot (A,g). _

Now let (G,c) be any pointed-group in V. Then by
Theorem 2.2.11, (G,c) is isomorphic to a factor pointed-group
. of some relatively free pointed-group of V which by Theorem
2.3.2 is isomorphic to a sub pointed-group of some cartesian
power (A,a)A of (A,a). .

Now since {(A,a) is a cartesian produbt of pointed-

groups in Z, so is (A,a)A. Therefore, (A,a)AGgZ.Thus

(G,c) €Q5CZ, Hence YVSQSCZ as desired and the result follows.

We are now ready to prove the Theorm of Garrett

Birkhoff for pointed-groups. In fact it is an easy consequence

of the Theorem 2.3.3.

2.3.4 THEOREM (BIRKHOFF): A non-empty class of pointed-groups

is a variety if and only if it is (Q,5,C) - closed.

Proof: As we have already observed, Lemma 2.1.6 shows that

every variety is (Q,S,C)-closed.
Conﬁersely, suppose that Z is a non-empty (Q,S,C) -

closed class of pointed-groups. Then QSCZ < Z. But Z < QSCZ
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holds for every class Z of pointed-groups. Thus we have 2 =

QSCZ. Hence by Theorem 2.3.3, 2 is a variety.

Now for any non-empty class Z of pointed—gfoups,
QSCZ contains Z and is a variety by Theorem 2.3.3, Also, every
variety containing Z must contain Q5CZ; because varieties are
(Q,5,C)-closed. Thus QSCZ is called the variety generated by
Z and is denoted by var Z. Now suppose Z is the empty class.
Then we define var Z to be the variety of all trivial pointed-
groups. 1f (G,c) is a pointed-group, then variety generated by
{(G,c)} is called the variety generated by (G,c) and denoted

by var{G,c).

A word which is a law of every member of a class of
pointed-groups Z is called a Iaw of Z. Thus Lemma 2.2.7 stated
that the normal admissible sub group of (X,y) corresponding to

a variety V may be characterized as the set of all laws of V.

Thus we have:

2.3.5 THEOREM: Let V be the variety generated by a class of
pointed-groups Z. Then the normal admissible sub group of

(X,y) corresponding to ¥V is the set of all laws of 2.

Proof: Let V be the normal admissible sub group of (X,y)

corresponding to V. Then, by Lemma 2.2.7, V is the set of all

laws of V.
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Let W be the set of all laws of Z. Since V=var Z we
have, Z £ V. Therefore, V & W. Now-if Z is empty, then the
result is trivial so we assume that 2Z is hon—empty. Then
V = QSCZ and Lemma 2.1.6, yields that W&V, Thus V=W as

required.

" 2.3.6 THEOREM: Every variety is generated by the finitely

generated pointed-groups it contains.

Proof: Let Z be the class of all finitely generated pointed-.
groups in a variety V. Then clearly every law of V is a law of
Z. Thus to prove that V = var 2z it is enough.(by Theorem
2.3.5) to prove that every law of Z is a law of V.

Now let w = w(y,%X;, ...., %x,) be a law of 2, let
(G,c)E€ Y and let w(c,9,, ...., g,) where g,,9,, ...., g, €G,
be the value of w in (G,c). Let {H,c)} be the sub pointed-group
of (G,c¢) generated by {g9,, 9,5,....,9,}- Then (H,c) 1is a
pointed-group in Z. Therefore, w is a law of (H,c). It follows

that w(c,g9;,...., g,)=1. Thus w is a law of (G,c). Hence the

theorem follows.

2.3.7 COROLLARY: Every variety V 1is generated by its
relatively free pointed-group (X/V , yV) of countable rank
where V=V(X,y) is the normal admissible sub group of (X,y)

which defines V. In other words V=var ((X,y) (¥)).
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Proof: Let W be the variety generatéd by (X/V , yV). Then
. (X/V,yV)€EW. Thus by Lemma 2.2.2, we have W(X,y) QV.

Now since W(X,y) is the set of all _léws of W, and V
is the set of all laws of V¥, it follows that ¥ SW. But,

(X/V , yV) €V, so we have W € V. Thus V=W as required.

An immediate consequence of this result is that

every variety is generated by a single pointed-group.

§ 2.4 INTERSECTION AND JOIN VARIETIES

Suppose U and V are pointed-groups varieties, then
clearly U NV is {Q,S,C)-closed and so is a variety. We write

U AV to denote the intersection of U and V. Thus we have:

2.4.1 THEOREM: If U is the normal admissible sub group of .
(X,y) corresponding to the variety U and V 1is the normal
admissible sub group of (X,y) corresponding to the variety V.
Then the normal admissible sub group of (X,y) corresponding to

U AV is UV.

Proof: Clearly UV is a normal admissible sub group of (X,y).

Thus, to prove the theorem, it is sufficient to prove that

il

A V.= var UV.

Now U S UV and V S UV, Thus var UV €U and var UV

S V. Hence var UV S U AV,

On the other hand, if (G,c)€U A Y, then every law
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of (G,c) is an element of UV. It follows that U AV & var UV.

Hence, U AV = var UV, as required.

Now suppose that U and V are pointed-groups
varieties. Then we write U VV to denote the variety generated

by U J ¥, that is, var(U U Y). Thus we have:

2.4.2 THEOREM: Suppose U is the normaal admissible sub group
fo (X,y) corresponding to the variety U and V is the normal
admissible sub group of (X,y) corre;ponding to the variety V.

Then the normal admissible sub group of (X,y) corresponding to

Uvyisuanv.

Proof: Let W be the normal admissible sub group of (X,y)

-corresponding to the variety U v V. We want to prove that

W=unv,

Now since U V V¥ contains U and U V V contains ¥, it
follows that WEUand WSV, which yields that W €U n V. Thus to
complete the proof it only remains to prove that UN Vv SW. To
do this, let w €U N V. Then w&Uand w&EV. Therefore, w is a
law of U and also w is a law of V. Thus, it follows that w is
a law of U U V. But, var(y U ¥) = U V V. Thus by Theorenm
2.3.5, w is a law of U V V. Hence WEW. Thus U N V €W, as

desired and the result thus follows.
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§ 2.5 THE n-VARIABLE LAWS OF A POINTED-GROUP VARIETY

For each positive integer n, let kxn,y) =
<<{Xj,....,X%X,}>> denote the sub pointed-group of (X,y)
generated by the set {x,,x,,....,x,}. Clearly (X,,y) is a free
pointed-group on the set {x;,%X;,...., %X,}, because X  is a free
group on {y,Xj,Xgp,.---, %g}-

A word w which belongs to (X,,y) is called an
n-variable word. Notice that an n-variable word 1is

specifically a word in the variables y and x;,x,,

Let V be any pointed-group variety and let v =
V(X,y) be the set of all laws of ¥, that is, the normal
admissible sub group of (X,y) corresponding to V. Then the
set denoted by Vh =V N X, is the set of all laws of V which

belongs to (X,,y)-that is the set of all n-variable laws of V.

Moreover, for each positive integer n, -let !(“)
denote the variety defnined by V,, that is, ¥!™ is the variety
defined by the set of all n-variable laws of V.

Now since, V N X SVNX, €Co...EVNX, &....8V

@
and v o= U (vnxn),
n=1

@
it follows that ¥y} 2v(?) o, ,2y(M 2, . 2vandy=n ylm

2.5.1 LEMMA: Let V be a variety of pointéd-groups. Then, for

each positive integer n, V™' (X, ,y) = ¥(X,,¥) = V(X,¥y) N X,.
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Proof: Since V¥ <€

fl<

("), we have ¥!™M(x_ ,y) €¥(X,,vy). Also
since ¥(X,,yY) S ¥(X,y), so we have ¥(X,,vy} Ség(x;y) n X,-
"Thus to prove the Lemma, it only remains tq_kprove that
V(X,y) N X, S¥!™(x_ ,y). To do this, let w €¥Y(X,y) N X,. Then
~w is an n-variable law of g. Hence w is a law of y{" . clearly
W 1s a value of w in (X,,¥). Thus w € VU (AL y) - dhus the
Lemma follows.

In the previous section, corollary 1.6.5 shows that
every n-generator pointed-group is isomorphic to a factor
pointed-group of (Xh:Y). Thus, by the procf of Theorem 2.2.11,
an n-generator pointed-group in a variety ¥V is isomorphic to

a factor pointed-group of (X,/V(X,,Y¥), ¥ ¥(X,.Y)

2.5.2 LEMMA: An n-generator pointed-group belongs to the

variety V if and only if it satisfies the n-variable laws of

V.

Proof: Only if is trivial. For the converse, suppose (G,c) is
an n-generator pointed-group bhelonging to V(™. Then by the
comment above, (G,c) is isomorphic to a factor pointed-group
of (X,/N,yN) where N = ¥{™ (X ,y). But, ¥{™M (X, ,y) = ¥(X,,¥) (by

Lemma 2.5.1]. Thus (G,c) €V as required.

The next theorem characterises V'™ as the class of

all those pointed-groups {G,c) whose n-generator sub pointed-

groups are all in V.
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2.5.3 THEOREM: Let V be a variety of pointed—groups} Let n
be a positive integer. Then a pointed-group (G,c} belongs to
v{" if and only if every n-generator sub pointed-group of

(G,c) belongs to V.

Proof: Suppose (G,cC) Eig\“l. Let (H,c)} be an n-generator sub

pointed-group of (G,c). Then by Lemma 2.5.2,we have (H,c) €Y.

Conversely, suppose that (G,c) is a pointed-group
such that every n-generator sub pointed-group of (G,c) belongs
to VY. We want to prove that (G,¢) €v{™. To do this{let W be
an n-variable law of Y. Then every value.-of w in (G,c) is a
value of w in some n-generator sub pointed-group of (G,c) and
so 1is trivial. Therefore, it follows that (G,c) € z“”as

desired.



