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Chapter I

STRUCTURE OF POINTED-GROUFPS

§ 1.1 DEFINITIONS AND NOTATION

An ordered pair (G,c) consisting of a group G and an
element ¢ of G is called a pointed-group. Call G the carrier

of (G,c) and ¢ is the focus of (G,c).

A pointed-group (G,c) wmay be thought of as a group
G with an extra nullary-operation on G which picks'out a

selected element ¢ of G.

Let (G,c) and (H,d) be two given pointed-groups. We
say that (H,d) is a sub pointed-group of (G,c)_and write (H,d)
< {G,c), if the carrier H of (H,d) is the sub group of the
carrier G of (G,c) and the focus d of (H,d) is equal to the
focus ¢ of (G,c). Moreover, a sub pointed~group (H,c) of (G,c)
is called proper and we write (H,c) < (G,c), if H is a proper
sup group of G. Further, let (G,c) be any pointed-group. Let
N be a normal sub group of G {(not necessary containing c).
Then the pointed-group (G/N,cN) is called a factor pointed-

group of (G,c). Here ci denotas the coset of G/N containing c.
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Now we come to examine the collection of sub

pointed-groups of any pointed-group (G,c).

Suppose (H; , c) and (H, , ¢) are two sub.pointed—
groups of a pointed-group (G,c). Then obviously ¢ € H; N H,
and oy N H, is a sub jroup of CG. Therefor« hy the definition
of sub pointed-group, (H; N H, , c) 1s a sub pointed-group of
(G,c). We call (H, n H, , ¢} the intersection of the pointed-
groups (H;,c) where i=1,2.

More generally, if {(H; , c)] i €I} where I is an
index set, is a family of sub pointed-groups of (G,c). Then
we define the intersection of the pointed-groups (H; , c) as
(" H, , c) and this is a sub pointed-group of (G,c). Tﬁus we

lel

make the following definition:

DEFINITION: Let T be a family of sub pointed-groups of a
pointed-group (G,c). Then the intersection NT is the sub

pointed-group of (G,c) whose carrier is the intersection of

the carriers of the members of T.

Now we are ready to define generators of a pointed-

group.

Let (G,c) be a pointed-group. Let S be any set of

elements of the group G. Let T be the set of all sub pointed-
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groups of (G,c} whose carriers contain S. Then the
iﬁtersection, NT is a sub pointed-group of (G,c) whose carrier
contains S. It is the smallest sub pointed-group of (G,c)
whose carrier contains S i.e. it is contained in every other
sub pointed-group of (G,c) whose carrier contains 5. We call

R

it the =ub pointed -group of C c¢) generated by S and denote it
by <<5>>.

Thus it follows from this definition that
<<8>> = (<8U{c}>, c) where <SU{c}>denates the sub group of
G generéted by SU {c}. |
Now suppose <<5>> = (G,c), then we say that S gene-

rates (G,c). Hence from this definition we deduce that:

1.1.1 LEMMA: S generates {G,c) if and only if SU{c)

generates G. .

Moreover, if {(G,c} is generated by a finite set,
then we say that (G,c) is finitely generated and if (G,c) is
generated by a finite set with n or fewer elements, then we

say that (G,c) is an n-generator pointed-group. Thus from

Lemma 1.1.1, we have:

1.1.2 LEMMA: A pointed-group (G,c) is finitely generated if

and only if G is finitely generated.

Now an immediate consequence of Lemma 1.1.2 is:
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1.1.3 LEMMA: Suppose (G,c) is a finitely generated pointed-
group. Let N be a normal sub group of G. Then (G/N., ¢N) is

finitely generated.

§ 1.2 CARTESIAN PRODUCTS

Let ({0, , c),~ ") be a famlly of polited-groups
where A is an index set. We write FLHFA to denote the
cartesian product —— of the group G, - that is the set of all
functions f on A which satisfy f(A) &€G, for all AEA.Thus we
define the cartesian product of ﬁhe pointed-group (Gy , cy)
denoted by rkeéck , Cy) to be the pointed-groups (rkeAG* , C)

where c is the function on A defined by c(N) = ¢, for all ANEA.

One special case of importance to note is that if
(Gy, , ) = (G,c) for all NEA.Then the cartesian product
-FLEAGA . C)) becomes a Cartesian power of (G,c) and is denoted
by (G,c)h.

Now suppose (G,c) =[] (Gy , ©)) 1s a Cartesian
Aeh
product of pointed-groups (G, , ¢)). Let for each AEA, my,

denote the function from G to G, defined by fm=f(X\) for.all
fEG.

By the results from group theory m, 1is an
epimorphism from G to G, - called the projection of G onto Gy.
But cmy = c(A)=cy, for all ASA. Therefore according to the

definition of pointed-groups epimorphism which we shall give
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below in the next section, w, is an epimarphism from (G,c) to
(Gy , c))- We shall call it the projection of (G,c) onto

(G)\ ’ CA) .

§ 1.3 POINTED-GROUP HOMOMORPHISHM

in order te develop “h. theory df pointed-groups,
the idea of homomorphism is our starting point.

Suppose (A,a) and (B,b) are two pointed-groups. A
group homomorphism « from A to B such that ac=b, is called a
pointed-group homomorphism from (A,a) to (B,b).

Suppose a is a homomorphism from (A,a) to (B,b) we

write «: (A,a) -+ (B,b). Now we define some iImportant

homomorphisms below:

Suppose a homomorphism a from (A,a) to (B,b) is
injective then we say that o is a monomorphism and that (A,a)
is embeddable in (B,b).

Suppose a homomorphism « from (A,a) to (B,b) is
surjective, then we say that « is an epimorphism and that

(B,b) is a homomorphic image of (A,a).

1.3.1 THEOREM: The product of pointed-groups homomorphism is

a homomorphism.

Proof: The proof follows from the result of elementary group

theory.
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DEFINITION: A howmomorphism ¢ : (G,c) = (H,d) which is one to

one and onto is called an isomorphism of (G,c) to (H,d).

Suppose there is an isomorphism from (G,c) to (H,d),
then we say that (G,c) is isomorphic to (H,d) and write
(G,c; = (¥,d).

Note that an isomorphism a : (G,c) - (H,d) 1is a
group isomorphism a : G - H such that ca=d. Therefore, if
a:{(G,c) - (H,d) is an isomorphism of pointed-groups, then the
inverse function .a“l: H - G is a group isomorphism (by
elementary result of group theory). But since ca = d, we have

da™! = ¢. Thus a"! is an isomorphism of (H,d) to (G,c).

§ 1.4 IMAGE AND KERNEL

Suppose a : (G,c) - (H,d) is a pointed-group
homomorphism. Then, in general, a is not surjective. In other
words there may be elements of H which are not images of
elements of G. We write Ge for the set consisting of all
images ga, g €G. Obviously ca = d €Ga and Ga is a sub group
of H (by elementary group theory). Therefore, (Ga, d} is a sub

pointed~-group of (H,d). Thus we make the following definition:

DEFINITION: Let a : (G,c} = (H,d) be a homomorphism. Then we
define the image of o denoted by Ima or (G,c)a to be the sub

pointed-group (Ga,d) cf (H,d).
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Next we see and examine the important fact that
eVgry homomorphism of (G,c) is associated with a normal sub
group of G.

Suppose a : (G,c) - (H,d) is.a homomorphism. Let K
be the set of all those elements of G which are mapped under
v to the identity element or H. "his set is called Lthe Kernel
of a, written as Kera.

Note that Kera is the same as Kernel of a regarded

as a group-homomorphism.

1.4.1 THEOREM: Let a : (G,c) - (H,d) be a homomorphism. Then

the kernel of a is a normal sub group of G.

Proof: This is an immediate consequence of the result from

elementary group.theory.

1.4.2 THEOREM: A pointed group homomorphism is injective if

and only if Kera = {1}.

Proof: The proof follows from the result of elementary group

theory.

Let (G,c) be a polinted-group and let N be a normal
sub group of G. The function a : G - G/N defined by ga = gi
for all g&G, is a group-epimorphism (by elementary group

theory] and we have ca = cN. Therefore, « : (G,c) = (G/N , cN)
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is a pointed-group epimorphism. It 1is called the. npatural

homomorphism from (G,c) to (G/N , cN).

Note that the natural homomorphism a from (G,c) to
(G/N , cN) 1is the same as that defined for groups in

elemer'ary group " heo. ;.

The next result will enable us to determine all the

homomorphic images of (G,c) upto isomorphism.

1.4.3 THEOREM: Let & : (G,c) - (H,d) be a pointed-group
homomorphism from (G,c) to (H,d) with kera = K. Then
(G/K , cK) = (Ga , d).

Proof: By the Ist isomorphism theorem of elementary group

theory, there is a group isomorphism § from G/K to Ga in which
(gK)# = ga for all g&G.But since (cK)f = ca =d, so f is a

pointed-group isomorphism, giving the required result.

'1.4.4 THEOREM: Let (G,c) be a pointed-group and let (A,c) be
a sub pointed-group of (G,c}. Let N be a normal sub group of

G. Then

(A/JA NN , c(A N N)) = (AN/N , cN)

Proof: By elementary grcup theory, there is a group-

homomorphism § from A onto AN/N in which a## = aN for all a€aA.
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Clearly 6 is a pointed-group homomorphism from (A,c) to

(AN/N,cN). Thus, by theorem 1.4.3, we have

(A/Kerf , cKerxl) = (AN/N , cN)
But, it is easy to check that Ker § = A N N. Thus the result

tol!ows:

1.4.5 THEOREM: Let (G,c) be a pointed-group. Let M and N be
normal sub groups of G such that N is contained in M. Then
(Gy/M; , ¢M;) = (G/M , cM) where G, = G/N and M; = M/N and

c, = cN

Proof: By elementary group theory, there is a group-
homomorphism # from G/N onto G/M in which (gN)f = gM for all
gEG.Clearlyfl is a homomorphism from (G/N , cN) to (G/M , cM).
Therefore, by Theorem 1.4.3, we have (G,/Kerfl , c,Kerf)

= (G/M , cM). But it is easy to see that Kerf = M/N. Thus the

result follows.

1.4.6 THEOREM: Let (G,c) be a pointed-group. Let N be a
normal sub group of G. Then there is a one-one correspondence

between the sub pointed-groups of {(G/N , cN) and those sub

pointed-groups of (G,c) whose carriers contain N.

Proof: Let § be the natural homomorphism from (G,c) onto

(G/N , cN).
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Now, by elementary group theory, if S is any sub
group of.G containing N, then Sf is a sub group of G/N and if
H is any sub group of G/N, then HO™! is a sub group of G
containing N. In fact there is a bisection ¢ from the set of
all sub groups of G containing N to the set of all sub groups
vf G/i in which $#=5#, :cr every sub group S of T containing
N and H#"! = H§"! for every sub group H of G/N. Clearly, if
(S,c) is any sub pointed—g;oup of (G,c) then (Sf,cN) is a sub
pointed-group of (G/N , cN).

Now define a function ¢ from the set of all sub
pointea-groups (S,c) of (G,c) with carrier S containing N to
the set of all sub pointed groups of (G/N , cN)} by

(S.c)y = (S8,cN)

Thus to prove the theorem we shall prove that y is
a bisection. The fact that y is one to one follows from the
fact that ¢ is one to one. Thus to finish the proof, it only
remains to prove that y is onto. To do this, suppose that
-{H,cN) 1is any sub pointed-group of (G/N , cN}. Then H is a sub
group of G/N and cf = cN € H. Therefore, c€HI™ 1. Also HO™! is
a sub group of G containing N. Therefore, (H§7!, E) is a sub
pointed-group of (G,c) whose carrier Hf™! contains N. Now

(0™ , )y = (e~ , cN)

(H$™ ¢ , cN)

(H , cN).

Thus the theorem follows,
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DEFINITION: Let (G,c) be a pointed—-group. By an endomorphism
of (G,ci we mean a homomorphism a from (G,c) to (G,c) such
that ca = c.

For example, let ¢ = <a , bla’ = b? = (ap)? = 1>
Take the element b in G and consider (G,b). Then there is an
endomorphism @« of G such +‘.at a =1, ba: b. Bu:, since
ba = b, so a is an endomorphism of (G,b).

We write End(G,c) to denote fhe set of all

endomorphisms of (G,c).
DEFINITION: Let (G,c) be a pointed-group. By an automorphism
of (G,é) we mean an isomorphism from (G,c) to (G,c).

For example, let G = <a , b|a’ = p? = (ab)? = 1>.
Take the element b in G and consider (G,b). Then there is an
automorphism a of G such that aa = a? and ba = b. Now since

ba = b, so a is an automorphism of (G,b).

§ 1.5 ADMISSIBLE CLOSURE AND CLOSURE IN POINTED GROUPS

We begin by recalling the definitionrof the normal
closure of a subset § of a group G.

Let S be any set of elements of G. Then consider the
collection of all normal sub groups of G each of which
contains S. This is a non empty collection, because G belongs
to it. Write §® for the intersection of this collection.

Therefore, then s® is a normal sub group of G containing S and
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€ is contained in very other normal sub group of G containing
S. We call s the normal closure of S in G. Thus we have:
1.5.1 THEOREM: s is the sub group of G generated by all

conjugates in G of the elements of S,

Proof: The proof 1s straight forward and follows from

definition.

DEFINITION: Let (G,c) be a pointed-group. Let H be a sub
group of G. We say that H is an admissible sub group of (G,c)

if Ha<H for every endomorphism a of (G,c).

Now suppose {Hy|AEA} is a non empty collection of
admissible sub groups of a pointed-group (G,c). Let H=q j\Hk'

If a is any endomorphism of (G,c) and h is any element of H

then we have

ha<n H)\Of <N HR
hel AeA

because for all A€A, H, is an admissible sub group of (G,c);
Therefore, ha €H and therefore Ha< H. Thus H is an admissible -
sub group of (G,c). Thus the intersection of any non empty
collection of admissible sub groups of (G,c) is agaiﬁ an

admissible sub group of (G,c). Thus we have the following

definition:
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DEFINITION: Let (G,c) be a pointed-group. Let S be any set 6f
elements Qf G. Then consider the collection of all admissible
sub groups of (G,c) each of which contains S. This is a non
empty collection, because (G,c) belongs to it. Write S for the
intersection of this collection. Then S is an admissible sub
yrodp ol (G,e) cuntalning S ard Z in contal.ad .n every cther
admissible sub group of (G,c) containing S. We call 'S the

admissible closure of S in (G,c). Thus we have:

1.5.2 THEOREM: S is-the sub group of G generated by all the

elements of the form sa where s €S and a is an endomorphism

of (G,c).

Proof: Let S’ = {(sa | s €S, a € End(G,c)}. To prove the
theorem we have to prove that S = <S’>. To do this, first we
shall prove that <S’> is an admissible sub group of (G,c). Now
every element x of <5’> can be written in the form:

€1 €2 €n
X = (5,0} (sS,05) .... (S,a,)

where §,,S,,..., s, €8 and «; &€ End(G,c), €;

1 or -1
(i=1,2,...., n).
Now let § be any endomorphism of (G,c). To prove

that <S’>8 < <S’> it is enough to show that xﬁEE<S’>.But,.
E1 E2 Gn
xB = (s; a;8) (s,a,8) .... (s.,a.8) which is the element of

<8’>, because s; €Sand «8& End(G,c), €;=t1 (i=1,2, ...., n).
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Now clearly S & <5’>. Therefore, S €<5’>. But also <S§’> € H,
for each admissible sub group H of (G,c} containing S. There-

fore <§5'> €S and s0 we have S = <57>.

Now we know that the intersection of any non empty
colicciuaon of nocnal cubd groups of G 1s nermal sub groups o
G and the intersection of any non empty collection of admissi-
ble sub groups of (G,c) is admissible, therefore, it follows
that the intersection of any non empty collection of normal
admissible sub groups of (G,c) isrnormal'admissible sub group

of (G,c). Thus we make the following definition:

DEFINITION: Let (G,c) be a pointed-group. Let S be any set of.
elements of G. Then consider the collection of all normal
admissible sub groups of (G,c) each of which contains S. This
is a non empty collection, because (G,c)} belongs to it. Write
g for the intersection of this collection. Therefore, then g
is a normal admissible sub group of {G,c) containing S—and_g
is contained in every other normal admissible sub group of

~
(G,c) containing S. We call S the closure of S in {(G,c). Thus

we have,
~ =G
1.5.3 THEOREM: Prove that § = (5).

Proof: To prove the theorem, We.ﬁave to prove that (E)

A _
and s < (5)C
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N
Now since S is an admissible sub group of {(G,c) and
A — A —
S contains S, so we have SC5, because S is the admissible
s
closure. Also S is a normal sub group of G containing S, it

— G ~
follows that (S)” & S.

To finish the proof it only remains to prove that
5 C Cﬂq Now since 5 < {h? $0 1t is enouglit Lo show thatl
(g)Gis a normal admissible sub group of (G,c). But by
definition, (g)G is normal. fThus it is enough to show that
(E)Gis-an admissible sub group of (G,c). Now by Theorem 1.5.1

every element x of (Ef;can be written in the form

- € _ E2 En
x = (Ep™) (52 L. ((5,) M)

where s, 52,...., Eneg and h; €G,€e; = %1 (i=1,2,...,n).

Therefore, by Theorem 1.5.2, x takes the form

€

1 . E2 €
x = ( (5,009 ( (530 92) "

( (s,a,) I

where s,, s,, ...., s, €sand a;€End(G,c),e; = ¢+ 1, hja; = g;
(i= 1,2,...., n).

Now let 8 be any endomorphism of (G,c). Then to
prove that (E)GB < (5)9 it is epough to show that xBEE(g?.But,
X0 = ( (slalﬁ)glﬁ)el... ( (sno:nB)g”ﬁ)'sn which is the element
of (§)€ because a3, a,8, ...., a8 are endomorphisms of
{G,c). Thus (E)Gis an admissible sub group of (G,c) as

required. Thus the thecrem fcllows:

As a consequence to Theorem 1.5.3 we have:
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1.5.4 COROLLARY: § is the sub group of G generated by all
conjugates in G of the elements of the form sa, s€Sand a€End

(G,c)-

§ 1.6 FREE POQINTED-GROUP

A Lree puinted- yuoup ig a poinced-group (F,t) whare
F is a free group and t is an element of a free generating set
of F.

Suppose that F 1is a free group with a free
generating set SU{t} where t & S. Then S is called a free
generating set of (F,t) and the cardinality of S is called the
rank of (F,t).

In particular, if F is an infinite cyclic group
generated by t then (F,t) is a free pointed-group of rank
zero. o

Now since any two free generating sets for a free
group F have the same cardinality (equal to the rank of F}, so
the definition of the rank of (F,t) is independent of a
particular choice of § i.e. a free generating set of (F,t).

Clearly any two free pointed-groups of the same rank are

isomorphic. Thus we have:

1.6.1 THEOREM: Two free pointed-groups are isomorphic if any
only if they have equal ranks i.e. if and only if their free

generating sets have the same cardinality.
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1.6.2 THEOREM: Let (F,t) be a free pointed-group freely
generateq by‘S. Let (G,c) be any pointed-group and let a :5 -
G be a mapping. Then there exists a unique homomorphism a”
from (F,t) to (G,c} su~h that «”|S = «a.

Loosely, a homomorphism. from (F,t) to (G,c) is
detarmined by assigning srizitrary elenents of ¢ Lo elercnts of

S (and the particular element c of G to t).

Proof: Since (F,t) is freely generated by S, so F is freely
generated by SU({t}.Now define a function:’
a; : SU{t}~ G
by sa, = s& for all s € S and te,=c. Therefore, «; is an
extension of the given « such that a,|S = a.
Now by elementary group theory there is a group
homomorphism a“ from F to G such that a'[SLJ{t}=al.Bﬁt, ta,=

c. Therefore, te* = c. Therefore, a* is the required

homomorphism from (F,t) to (G,c) such that a|S a.

UNIQUENESS: Let §, and f, be two homomorphisms from (F,t) to
{G,c) such that §,|S = 0,]/S. Then we have t #;, =t f#, = c. But,
SU{t} generates F. Therefore, a#}, = ab, for all a € F.

Therefore, §, = 8, as required.

1.6.3 THEOREM: Let (F,t) be a free pointed-group. Let 8 be a
homomorphism from (F,t) to (B,b) and let a be an epimorphism

from (A,a) to (B,b). Then there exists a homomorphism # from
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(F,ty to (A,a) such that fo=f3

Proof:

(F,t) - (B,b)

™\ 1 a

(A, a)
Suppose S is a free generating set of (F,t). Now for each SES
we have sf€B and since o is an epimorphism, so there is an
element a, of A such that aja=sf. Therefore, by 1.6.2 there is

a homomorphism 8 from (F,t) to (A,a) such that sf=a_ for all

sES,

s

Now  and f8a are homomorphisms from (F,t) to (B,b)
such that 59a=asa=sﬁ for all s €8, Therefore, by the unique-

ness part of the Theorem 1.6.2, we have fa=f, as required.

1.6.4 THEOREM: Let (G,c) be a pointed-group with a
generating set M. Let (F,t) be a free pointed-group of rank
greater than or equal to the cardinality of M. Then (G,c) is

isomorphic to a factor pointed-group of (F,t).

" Proof: Let (F,t) be freely generated by S. Then F is
generated by SkJ{t}.Now since the cardinality of M is less
than or equal to the cardinality of S so there is an onto map
a from S to M. Thus by Theorem 1.6.2 the function a yields a

homomorphism a” from (F,t) to (G,c) such that a”|S = a. Since
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the image of a" contains M and also M generates (G,c), it
follows that «" is an epimorphism from (F,t) to (G,c). Thus,
by Theorem 1.4.3, we have (G,c) = (F/R , tR) where R is the

kxernel of «'. Thus the result follows:

From thi. thevrew @ fullows that e.ui'y finitely
generated pointed-group is a factor poiﬁted—group of a free
pointed-group of finite rank (equal to the cardinaiity of a
generating set of that pointed-group). More, explicitdy, évery
n-generator pointed-group is a factor pointed-group of é free
pointed-group of rank n. Clearly, this representation of a
pointed-group tG,c) as a factor pointed-group of some free
pointed-group (F,t) is by no means unique, because it dependé

on the choice of a generating set of (G,c). But we have:

1.6.5 COROLLARY: Let (G,c) be a finitely generated pointed-
group. Then (G,c) is isomorphic to a factor pointed-group of
a finitely generated free pointed-group (F,t) of any rank

greater than or equal to the cardinality of the generating set

of (G,c).

Now an immediate consequence of the Theorem 1.6.2 is:
1.6.6 COROLLARY: Let (F,t) be a free pointed-group with a
free generating set S§. Then any mapping a from S to F can be

extended uniquely to an endomorphism a«" of (F,t) such that



